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Preface

Regression analysis has quite a long history. It is conventional to think that it goes
back to the works of Gauss on approximation of experimental data. Nowadays,
regression analysis represents a separate scientific branch, which is based on
optimization theory and mathematical statistics. Formally, there exist two branches
of regression analysis: theoretical and applied.

Up to recent time, developments in regression analysis were based on the
hypothesis that the domain of regression parameters has no restrictions. Divergence
from that approach came later on when equality constraints were taken into
account, which allowed use of some a priori information about the regression
model. Methods of constructing the regression with equality constraints were first
investigated in Rao (1965) and Bard (1974).

Usage of inequality constraints in a regression model gives much more pos-
sibilities to utilize available a priori information. Moreover, the representation of
the admissible domain of parameters in the form of inequality constraints naturally
includes the cases when constraints are given as equalities.

Properties of the regression with inequality constraints are investigated in many
papers, in particular, in Zellner (1971), Liew (1976), Nagaraj and Fuller (1991) and
Thomson and Schmidt (1982), where some particular cases are considered. Detailed
qualitative analysis of the properties of estimates in case of linear regression with
linear constraints is given in the monograph (Malinvaud 1969, Section 9.8).

Asymptotic properties of the estimates of regression parameters in regression
with finite number of parameters under some known a priori information are studied
in Dupacova and Wets (1986), Knopov (1997a–c), Korkhin (1985), Wang (1996),
etc. We note that the results obtained in Korkhin (1985) and Wang (1996) under
different initial assumptions, almost coincide. There are many results concerning
practical implementation of regression models with inequality constraints, for
example, Liew (1976), Rezk (1996) and McDonald (1999), Thomson (1982),
Thomson and Schmidt (1982). This problem was also studied in Gross (2003,
Subsection 3.3.2).

In this monograph, we present in full detail the results on estimation of unknown
parameters in regression models under a priori information, described in the form
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vi Preface

of inequality constraints. The book covers the problem of estimation of regression
parameters as well as the problem of accuracy of such estimation. Both problems
are studied is cases of linear and nonlinear regressions. Moreover, we investigate
the applicability of regression with constraints to problems of point and interval
prediction.

The book is organized as follows.
In Chapter 1, we consider methods of calculation of parameter estimates in linear

and nonlinear regression with constraints. In this chapter we describe methods
of solving optimization problems which take into account the specification of
regression analysis.

Chapter 2 is devoted to asymptotic properties of regression parameters estimates
in linear and nonlinear regression. Both cases of equality and inequality constraints
are considered.

In Chapter 3, we consider various generalizations of the estimation problem
by the least squares method in nonlinear regression with inequality constraints on
parameters. In particular, we discuss the results concerning robust Huber estimates
and regressors which are continuous functions of time.

Chapter 4 is devoted to the problem of accuracy estimation in (linear and
nonlinear) regression, when parameters are estimated by means of the least squares
method.

In Chapter 5, we discuss/consider statistical properties of estimates of parameters
in nonlinear regression, which are obtained on each iteration of the solution to the
estimation problem. Here we use algorithms described in Chap. 1. Obtained results
might be useful in practical implementation of regression analysis.

Chapter 6 is devoted to problems of prediction by linear regression with linear
constraints.

Kiev, Ukraine Pavel S. Knopov
Dnepropetrovsk, Ukraine Arnold S. Korkhin
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Chapter 1
Estimation of Regression Model Parameters
with Specific Constraints

Consider the regression

yt D Qf .xt ; ’0/ C "t ; t D 1; 2; : : : ; (1.1)

where yt 2 <1 is the dependent variable, xt 2 <q is an argument (regressor),
’0 2 <n is a true regression parameter (unknown), Qf .xt ; ’/ is some (nonlinear)
function of ’, "t is a noise, and t is an observation number.

In what follows the symbol “0” denotes the transposition.
We will use the function Qf .xt ; ’/, where ’ 2 <n is a dependent variable, for

estimation of ’0 and for investigation of the obtained estimates.
For convenience we write

ft .’/ D Qf .xt ; ’/; t D 1; 2; : : : (1.2)

and call such a function the regression function.
Assume that a priori parameter constraints are known:

gi .’
0/ ! 0; i D 1; m: (1.3)

System of inequalities (1.3) involves equalities as a particular case due to the fact
that any equality can be represented in the form of two inequalities:

gi .’
0/ ! 0 and " gi .’

0/ ! 0:

Suppose that for t 2 Œ1; T! the values of yt and xt 2 <n are known. In the
present chapter the estimation of the parameter ’0 will be done by means of the
least squares method, i.e.

S.’/ D 1

2

TX

tD1

.yt " ft .’//2 ! min; (1.4)

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
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2 1 Estimation of Regression Model Parameters with Specific Constraints

under the constraints
gi .’/ ! 0; i D 1; m; (1.5)

where T is the length of the observed dynamic (time) series xt and yt .
Since the case of the linear regression and linear constraints on ˛ is extremely

important and is used for nonlinear estimation algorithms, it will be discussed
separately in Sect. 1.1.

Section 1.2 is dedicated to nonlinear estimation, i.e., to solving the problems (1.4)
and (1.5) under rather general setting. Section 1.3 is dedicated to the perspective
for economical applications in the case when the multivariate linear regression
parameter with nonlinear equality constraints is analysed.

1.1 Estimation of the Parameters of a Linear Regression
with Inequality Constraints

Assume that in (1.2) ft .’/ D Qft .xt ; ’/ D x0
t’; t D 1; 2; : : : and take in (1.5)

gi .’/ D g0
i’; i D 1; m, where gi 2 <m, i D 1; m are known vectors. Then the

estimation problems (1.4) and (1.5) can be written in the following form:

S.’/ D 1

2

TX

tD1

.yt " x0
t’/2; gi .’/ D g0

i ’ " bi ! 0; i D 1; m (1.6)

or
1

2
jjY " X’jj2 ! min; G’ ! b; (1.7)

where Y D Œy1 y2 : : : yT !
0; X is some .T # n/ matrix. The rows of this matrix

are the vector rows x0
t , t D 1; T ; G is an .m # n/ matrix with rows g0

i , i D 1; m;
b D Œb1 b2 : : : bm!

0.
We pose some additional assumptions on the regressor and the constraints, which

will be used later on.

Assumption 1.1. Matrix X in (1.7) is of full rank.

Assumption 1.2. Matrix G in (1.7) is of full rank.

1.1.1 Method of Estimating the Solution to (1.7)

Taking into account the fact that the rank of X is equal to n (Assumption 1.1), we

obtain its orthogonal expansion X D M1

!
M2

OT !n;n

"
M0

3, M1 D ŒM11 M12!, where
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M1 is an orthogonal T # T matrix, T # n is the dimension of the submatrix M11,
M2 is a non-degenerate .n # n/ matrix, M3 is an orthogonal .n # n/ matrix.

Put x D M2M!1
3 ’ " M0

11Y. From the orthogonal decomposition of the matrix X
and the properties of orthogonal matrixes mentioned above we obtain the following:
for the cost function in (1.7),

kY " X’k2 D
####Y " M1

!
Jn

OT !n;n

"
.x C M0

11Y/

####
2

D M1

####M0
1Y "

!
x

OT !n

"
"

!
M0

11Y
OT !n

"####
2

D
####

!
On

M0
12Y

"
"

!
x

OT !n

"####
2

D jjM0
12Yjj2 C jjxjj2;

while for the constraints in (1.7)

N1x ! N2

holds true, where N1 D GM3M!1
2 ; N2 D b " GM3M!1

2 M0
11y.

Getting rid of the term independent of x, we obtain the transformed
problem (1.7):

1

2
jjxjj2 ! min; N1x ! N2: (1.8)

This problem has a solution (as well as problem (1.7)) if the constraints are
consistent.

Consider the following minimization problem (Lawson and Hanson 1974,
Chapter 23 "5),

P.U/ D 1

2
jjNU " ˆjj2 ! min; U $ Om; (1.9)

where U 2 <m; N D ŒN1

::: N2!
0, ˆ0 D ŒO0

n

::: 1 !.
Unlike (1.8), (1.9) always has a solution. In order to establish the connection

between the problems (1.9) and (1.8) we introduce the following notation: OU is the
solution to (1.9), r D N OU " ˆ.

The necessary and sufficient conditions for the existence of the minimum in
(1.9) are:

N0.N OU " ˆ/ C ƒ D Om; ƒ $ Om; OU0ƒ D 0: (1.10)

Hence, we obtain

N0.N OU " ˆ/ ! Om (1.11)

and
OU0N0.N OU " ˆ/ D Om: (1.12)
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By arguments similar to those given in Lawson and Hanson (1974, Chapter 23
"4), we have jjrjj2 D r0r D OU0N0.N OU " ˆ/ " rnC1, where rnC1 is .n C 1/th
component of r. Using this equality and (1.12) we obtain jjrjj2 D "rnC1 $ 0.

Suppose that jjrjj > 0, and assume that Ox D "rnC1N0
1

OU. Then

N0.N OU " ˆ/ D
h

N1

::: N2

i !
N0

1
OU

rnC1

"
D
h

N1

::: N2

i !
Ox

"1

"
."rnC1/

D .N1 Ox " N2/jjrjj2 ! Om; (1.13)

which implies N1 Ox ! N2. We also would like to mention that if jjrjj D 0 the con-
straints in (1.8) are not consistent, see Lawson and Hanson (1974, Chapter 23 "4).

Now we can demonstrate that Ox is the solution to (1.8).

Theorem 1.1. If the constraints in (1.8) are consistent, then the solution is given
by x D Ox D jjrjj!2N0

1
OU, where OU is the solution to (1.9).

Proof. The necessary and sufficient conditions for the existence of the minimum in
(1.8) are:

x C N0
1œ D On; œ $ Om; œ0

i .N1i x " N2i / D 0; i D 1; : : : ; m; (1.14)

where N1i is the i th row of the matrix N1, N2i is the i th component of the vector
N2, œ 2 <m is the Lagrange multiplier, and œi denotes the ith component of œ.

Substituting in (1.14) x D Ox D jjrjj!2N0
1

OU, we obtain

œ D jjrjj!2 OU $ Om: (1.15)

Next we show that œ also satisfies the third condition in (1.14). From (1.10),
(1.11), and (1.15) we derive

OU0ƒ D 0 D OU0N0.N OU " ˆ/ D OU0.N1 Ox " N2/jjrjj2 D œ0.N1 Ox " N2/:

Taking into account that œ $ Om, and according to (1.13) N1 Ox " N2 ! Om, we
obtain from the latter equation the third condition in (1.14). Then the pair .Ox; œ/
satisfies the necessary and sufficient conditions for existence of the minimum in
(1.8). Therefore, Ox is the solution to (1.8). Theorem is proved. ut

Thus, the solution to the problem (1.9) allows us to answer two questions: to
determine the compatibility of the constraints in (1.8) (and, consequently, in (1.7)),
and in case of compatibility to obtain the solution ’ by means of relatively easy
transformation of the solution to (1.9). Namely,

˛ D M3M!1
2 .jjN OU " ˆjj!2N0

1
OU C M0

11y/:
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Corollary 1.1. If Assumption 1.1 holds true and the problem (1.7) has a solution,
then the related vector of Lagrange multipliers is given by œ D OUjjN OU " ˆjj!2.

Proof. The necessary and sufficient conditions for the existence of the minimum to
(1.7) are:

X0X’ " X0Y C Gœ D On; œ
0
.G’ " b/ D 0; œ $ Om:

From above, using the orthogonal transformation X, we obtain

x C N0
1œ D On; œ $ Om; œ

0
i .N1i x " N2i / D 0; i D 1; : : : ; m;

where œi is the ith component of œ.
We see that these relations are satisfied when x D Ox, œ D œ, compared with

(1.14). However, the pair of vectors .Ox; œ/ is unique due to uniqueness implied by
Assumption 1.1. On the other hand, as it was shown in the proof of Theorem 1.1, œ
is given by (1.15). Hence the corollary follows. ut

1.1.2 Algorithm of Finding the Solution to (1.9)

Assume that Assumptions 1.1 and 1.2 are satisfied. According to Lawson and
Hanson (1974, Chapter 23 "3), we can proceed as follows.

Step 1 Let P D ¿, = D f1; 2; : : : ; mg, U WD Om.
Step 2 Calculate the vector w D N0.ˆ " NU/ 2 <m.
Step 3 If the set = is empty or wj ! 0 for all j 2 =, go to Step 12. Here wj is the

j th component of w.
Step 4 Find the index i 2 = such that wi D max.wj ; j 2 =/.
Step 5 Move the index i from the set = to the set P.
Step 6 Denote by NP the ..nC1/ # mP/-matrix, whose j th column is j th column

of matrix N, if j 2 P, j D 1; m.
Here mP is the number of columns in the matrix NP.
If n C 1 $ m, then calculate the vector zP D .N0

PNP/!1N0
Pˆ 2 <mP .

If n C 1 < m, then find zP with a minimal norm: zP D N0
P.NPN0

P/!1ˆ 2
<mP .
Denote the components zP by zj ; j 2 P.
Put zj D 0; j 2 =.
Form a vector z D Œzj !; j D 1; m.
Note that if nC1 < m, then the first mP "1 components of zP are zero, the
mP of the component is equal to the element .mP; .n C 1// of the matrix
N0

P.NPN0
P/!1 provided that n C 1 < m.

Step 7 If zj > 0 for all j 2 P, then put U WD z and go to Step 2.
Step 8 Find the index k 2 P such that

Uk

Uk " zk
D min

$
Uj

Uj " zj
W zj ! 0; j 2 P

%
:
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Step 9 Put # WD Uk=Uk " zk .
Step 10 Put U WD U C #.z " U/.
Step 11 Move all indices j 2 P for which Uj D 0 from the set P to the set =. Then

go to Step 6.
Step 12 Stop. The solution OU D U is obtained.

1.1.3 Special Case of the Problem (1.7)

Usually a regression has a free term on which the constraints are often not imposed.
Let us show that in the case when xt D Œ1 Qx0

t !
0, Qxt 2 <n!1, the solution of the

estimation problem can be simplified by reducing the number of variables to one.
The theorem presented below takes place.

Theorem 1.2. If Assumption 1.1 holds true and no constraints are imposed on the
free term ˛1, then the solution to the problem (1.7) is of the form ’ D Œ Ǫ1 ’

0
!0,

where Ǫ1 D y " ’
0 Qx, ’ 2 <n!1 is the solution to

1

2
’0r’ " ’0d ! min; A’ ! b: (1.16)

Here ’ 2 <n!1, r D PT
tD1 .Qxt " Qx/.Qxt " Qx/0, d D Pv

tD1 .Qxt " Qx/.yt " y/,Qx DPT
tD1 Qxt =T , y D PT

tD1 yt =T , and A is the m # .n " 1/ matrix composed of n " 1
last columns of the matrix G.

Proof. We write the Lagrange function for the minimization problem (1.7) in the
form L.’; œ/ D 1

2
’0R’ " ’0X0Y C œ0.G’ " b/, where œ is the m-dimensional

vector of Lagrange multipliers.
According to Assumption 1.1, the necessary and sufficient conditions for the

existence of the minimum in (1.7) are of the form

r’L.’; œ/ D R’ " X0Y C G0œ D On; (1.17)

$i .g0
i’ " bi/ D 0;$ i $ 0; i D 1; m; (1.18)

where r’L.’; œ/ is the gradient of the Lagrange function along the vector ’, and
$i is ith component of œ.

Since no constraints are imposed on the free term ˛1, the matrix G and its ith row
g0

i are of the form

G D
!

Om

::: A
"

; g0
i D Œ 0 Ai !; (1.19)

where Ai is the ith row of the matrix A. Then we have

G0œ D
!

O0
m

A0œ

"
: (1.20)
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Let us consider the condition (1.17). We consider the first of these equations,
which by (1.20) can be rewritten as

@L.’; œ/

@˛1
D ˛1T C ˛2

TX

tD1

xt1C˛2

TX

tD1

xt2 C % % % C˛n

TX

tD1

xt;n!1 "
TX

tD1

yt D 0:

Dividing both sides of the above equation by the number of observations T , we
obtain

˛1 C ˛2x1 C ˛3x2 C % % % C ˛nxn!1 " y D 0; (1.21)

where xi D PT
tD1 xti=T , i D 1; n " 1, is the ith component of Qx.

Equation (1.21) must be satisfied for the estimates of the parameters, i.e.,

Ǫ1 D y " Ǫ2x1 " Ǫ3x2 " % % % " Ǫ nxn!1 D y " OQ’0 Qx; (1.22)

which proves the first statement of the theorem.
Consider the ith equation .i D 2; n/ in the system of equations (1.17),

@L.’; œ/

@˛i
D ˛1

TX

tD1

xtiC˛2

TX

tD1

xtixt1

C˛3

TX

tD1

xtixt2 C % % % C˛n

TX

tD1

xtixt;n!1

"
TX

tD1

xtiyt C aiœ D 0; i D 2; n;

where ai is the ith row of the matrix A0.
Substituting ˛i from equality (1.21) in the above equation, we obtain

nX

j D2

˛j

"
"xj !1

TX

tD1

xti C
TX

tD1

xtixt;j !1

#
"
"

"y

TX

tD1

xtiC
TX

tD1

xtiyt

#
C ai$ D 0:

(1.23)

After transformations, we get

"xj !1

TX

tD1

xtiC
TX

tD1

xtixt;j !1 D
TX

tD1

.xti " xi/.xt;j !1"xj !1/ " y

TX

tD1

xtiC
TX

tD1

xtiyt

D
TX

tD1

.xti"xi /.yt "y/:
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Substituting the last two expressions in equality (1.23), we find

nX

j D2

˛j

TX

tD1

.xti " xi /.xt;j !1 " xj !1/"
TX

tD1

.xti " xi /.yt " y/Cai œ D 0; i D 2; n:

We express the obtained system of equations in the vector form using the notation
for problem (1.16):

r’ " d C A0œ D On: (1.24)

Consider the condition (1.18). Taking into account the structure of the matrix G
(see representation (1.19)), we obtain

œi .Ai ’ " bi/ D 0; œi $ 0; i D 1; m: (1.25)

Since (1.17) and (1.18) have a unique solution, the (1.24) and (1.25) obtained
from them possess the same property. Then these equations are the necessary and
sufficient conditions of the existence of the minimum in problem (1.16), which holds
true for the vector ’ D ’. Hence, the subvector ’ of the vector ’ is the solution to
(1.16). Theorem is proved. ut

Based on Theorem 1.2, one can reduce the estimation of the regression parameter
to solving a quadratic programming problem in which the elements of the matrix of
the objective function are by modules less than one. Put

“ D B’; (1.26)

where

B D %!1
y ¢x; ¢x D diag.%xi/; i D 1; n;

%D
y

vuutT !1

TX

tD1

.yt " y/2; %xi D

vuutT !1

TX

tD1

.xti " xi /2; i D 1; n:

Denoting r“ D ¢!1
x r¢!1

x , d“ D .%y¢x/!1d, and A“ D AB!1, we obtain from
problem (1.16) that

1

2
“0r““ " “0d“ ! min; A““ ! b: (1.27)

The advantage of the solution “ of such estimation problem is that “ does not
depend on the scale of measurement of variables. The elements of the matrix r“ and
of the vector d“ vary in the same range: from "1 to 1, which allows to reduce the
round-up errors.
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Therefore, as is well known (Draper and Smith 1998, Sect. 2.1.3; Maindonald
1984, Sects. 1.8 and 1.10), the numerical solution to the problem (1.27 is more exact
than that obtained as a numerical solution to (1.7) (if no constraints are imposed on
both problems). Under constraints, the accuracy of the numerical solution to (1.27)
will also be higher than that of problem (1.7) since the main error is due to the
inversion of matrices involved in the objective functions of the problems above.

The components of “ are standardized estimates of .n" 1/ last component of the
vector ’. We call them “beta weights” in analogy with the term used in regression
analysis without constraints. Such weights can be conveniently used for estimation
and comparison of the influence force of independent variables on the dependent
variable.

For the problem described in (1.27) we use the calculation scheme described
in Sect. 1.1.1. For this we reduce problem (1.27) to the least squares estimation
problem with constraints, see (1.7).

Let X! be a T # .n " 1/ matrix, with t th row Qx0
t " Qx0

, and let Y! be a vector
whose tth element is yt " y.

Let us transform the objective function in (1.16) by adding the element
1
2
.Y!/0Y!, which is a constant; thus, adding this element has no impact on the

solution of our optimization problem. After transforming (1.26) we have

1

2
’0r’ " ’0d C 1

2
.Y!/0Y! D 1

2
’0.X!/0X!’ " ’0.X!/0Y! C 1

2
.Y!/0Y!

D 1

2
jjY! " X!’jj2 D 1

2
jjY0 " X0“jj2%2

y

D
&

1

2
“0r““ " “0d“ C 1

2
.Y0/Y0

'
%2

y ;

where X0 is the T # .n " 1/ matrix with .t; i/th component given by xti " xi =%xi;
and tth element of Y0 2 <T is yt " y=%y , t D 1; T .

Therefore we have

1

2
“0r““ " “0d“ D 1

2
jjY0 " X0“jj2 " 1

2
.Y0/0.Y0/: (1.28)

It follows from (1.28) that solution to the problem

1

2
jjY0 " X0“jj2 ! min; A““ ! b (1.29)

coincides with solution to (1.27).
The problem (1.29) is similar to (1.7), and thus can be solved by orthogonal

transformation of the matrix X0 described in Sect. 1.1.1. We only need to replace Y
by Y0, X by X0, ’ by “, G by A“ in every equation of Sect. 1.1.1.
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Thus we obtained the solution “ to (1.29), and taking into account (1.26) we can
find ’ D B!1“, since the matrix B is non-degenerate and diagonal.

To find ’1 we use (1.22). Finally, the solution to the original problem (1.7) is
given by ’ D Œ’1 ’

0
!0.

1.2 Estimation of Parameters of Nonlinear Regression
with Nonlinear Inequality Constraints

1.2.1 Statement of the Problem and a Method of Its Solution

Consider a regression yt D ft .’
0/ C "t , where yt 2 <1 is the dependent variable,

’0 2 <n is the unknown parameter; "t is the noise; t is the index of the observation.

1.2.1.1 Estimation with Constraints

Let yt 2 <1 and xt 2 <n be known vectors, t 2 Œ1; T! . The estimate ’ for the
regression parameters can be found by solving the problem (1.4) and (1.5):

S.’/ D 1

2

TX

tD1

.yt " ft .’//2 ! min;

gi .’/ ! 0; i 2 I D f1; 2; : : : ; mg: (1.30)

The solution to (1.30) can be obtained by iterations. Let us linearize at each itera-
tion the components f.’/ D Œf1.’/ : : : fT .’/!0, and the functions gi .’/; i D 1; m,
in neighborhood of the point determined at the previous iteration.

The auxiliary problem obtained after linearization has the following form at the
current point ’:

8
<

:

1

2
jjY " f.’/ " D.’/Xjj2 C 1

2
vX0A.’/X ! min;

Gı.’/X C gı.’/ ! Omı ;
: (1.31)

where Y is the vector defined in (1.7), v is a positive number; D.’/ is a T #n matrix,
D.’/ D Œ@ft .’/=@˛j !, t D 1; T , j D 1; n, the matrix Gı.’/ D Œ@gi .’/=@˛j !,
i 2 Iı.˛/ & I , j D 1; n, is of dimension mı # n, where mı is the number of
elements in Iı.’/; gı.’/ D Œgi .’/!, i 2 Iı.’/, A.’/ is a positive definite matrix
with elements independent of X.
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Transformation of the objective function in the auxiliary problem yields

1

2
X0 QR.’/X C rS 0.’/X ! min; Gı.’/X C gı.’/ ! Omı; (1.32)

where QR.’/ D D0.’/D.’/ C vA.’/, rS.’/ D "D0.’/.Y " f.’//.
In applied problems it might happen that the matrix R.’/ D D0.’/D.’/ is

degenerate (within the computation accuracy). In such cases the solution to (1.31)
is Tikhonov regularized at v > 0 (Tikhonov and Arsenin 1979). It may be treated as
a ridge estimate of the linear regression parameters obtained by taking into account
the imposed constraints, where the vector Y " f.’/ represents the values of the
dependent variable, and the related columns of the matrix D.’/ represent the values
of independent variables.

To construct an algorithm for calculation of regression parameters estimates
which implements the iterative computing scheme described above, we pose some
conditions on the regression function ft .’/. The Definition below is taken from
Demidenko (1989, Chapter 1 "1).

Definition 1.1. The value SE D limr!1 infjj’jj"r S.’/ is called the greatest lower
bound of the function S.’/ at infinity.

Methods of finding of SE are described in Demidenko (1989).
Put

ˆ.’/ D max
1#i#m

f0; gi .’/g; Iı.’/ D fi D 1; m W gi .’/ $ ˆ.’/ " ıg: (1.33)

Assumption 1.3. There exists the initial approximation ’0 and the constants
‰ > 0, ı > 0, such that:

(a) u.’0; ‰/ < SE

(b) For ’ 2 K‰ D f’ W S.’/ ! u.’0; ‰/g problem (1.31) has a solution, and its
Lagrange multipliers $i .’/, i 2 Iı.’/ satisfy the condition

P
i2Iı.’/ $i .’/ ! ‰,

’ 2 K‰ . Here u.’; ‰/ D S.’/ C ‰ˆ.’/.

Assumption 1.4. The functions ft .’/ and gi .’/; i D 1; m, are differentiable on
<n and on any compact set K their gradients satisfy the Lipschitz condition with
constants which might depend on K for e.g.

jjrft .’1/ " rft .’2/jj! l0t jj’1 " ’2jj; l0t > 0; t D 1; T ; (1.34)

jjrgi .’1/ " rgi .’2/jj! l1jj’1 " ’2jj; l1 > 0; i D 1; m: (1.35)

Lemma 1.1. Let ft .’/; t D 1; T be a family of functions continuous on <n and
satisfying Assumption 1.3. Then the set K‰ is compact.

The proof follows by continuity of S.’/ on <n, see Demidenko (1989,
Theorem 1.1).
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Algorithm A1.1
Step 1 Set the initial approximation ’0 and positive values v0; &1;&2. Put k D 0.
Step 2 Find the solution Xk D X.’k/ and the Lagrange multipliers corresponding to prob-

lem (1.31).
Step 3 If ˆ.’k/ # &1 and jjX.’k/jj# &2, then stop.
Step 4 Determine a step factor #k by halving a unity until the condition

u.’k C #kXk; ‰/ ! u.’k; ‰/ # !#2
k X0

k QR.’k/Xk (1.36)

is satisfied.
Step 5 Calculate ’kC1 D ’k C #kXk .
Step 6 Calculate the regularization parameter

vkC1 D
8
<

:

vk if #k D 1;

vk if #k < 1; cvk > V;

cvk if #k < 1; cvk # V:

(1.37)

The value V is set in order to avoid large values of the matrix QR.’k/, which can make
impossible (computationally) its inversion, especially for large n. In (1.37) c is a positive
constant.

Step 7 Put k D k C 1 and proceed to Step 2.

Let us consider the convergence of this algorithm.

Lemma 1.2. Under Assumption 1.4 the gradient of the function S.’/ on a compact
set K satisfies the Lipschitz condition:

jjrS.’1/ " rS.’2/jj! l2jj’1 " ’2jj; ’1; ’2 2 !: (1.38)

Proof. After some transformations we obtain from (1.38)

jjrS.’1/"rS.’2/jj!
TX

tD1

Œjjrft .’1/"rft .’2/jj.jyt jCjft.’2/j

Cjjrft.’1/jj%jft .’2/"ft .’1/j!: (1.39)

Since the set K is compact the following inequalities hold true:

jft .’/j ! l1t ; jjrft.’/jj! l2t ; ’ 2 K; t D 1; T ; (1.40)

where l1t > 0; l2t > 0.
By differentiability of ft .’/ on K we have

jft .’2/ " ft .’1/j ! l3t jj’1 " ’2jj; l3t > 0; t D 1; T : (1.41)
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Taking into account (1.34), we obtain from (1.39), (1.41) the estimate (1.38) with
l2 D PT

tD1 Œl0t .l1t C l4/ C l2t l3t !2 since there always exists a number l4 > 0 such
that jyt j ! l4, t D 1; T . Lemma is proved. ut
Theorem 1.3. Let Assumptions 1.3 and 1.4 be fulfilled. Then the process of compu-
tations by Algorithm A1.1 has the following properties:

1. limk!1 Xk D On

2. limk!1 ˆ.’k/ D 0
3. Any limit point ’ of the sequence ’k , k D 0; 1; :::, satisfies the necessary

conditions for the existence of the minimum in the (1.30)
4. If V is sufficiently large there exists an index k0, such that for all k $ k0 we have
#k D 1, vk D const.

Proof. 1. Expanding S.’/ in Taylor series in the neighborhood of ’ D ’k ,
we obtain

S.’k C #Xk/ D S.’k/ C #.Xk; rS.’k// C #.Xk; rS.’k C '2#Xk/

"rS.’k//;' 2 2 Œ0; 1!: (1.42)

The necessary and sufficient conditions for the existence of the minimum in
(1.32) are:

rS.’k/ C QR.’k/X C
X

i2Iı.˛k/

œi .’k/rgi .’k/ D On;

œi .’k/Œrg0
i .’k/X C gi .’k/! D 0; i 2 Iı.’k/: (1.43)

From (1.32), the first equation in (1.43) and the Lipschitz property (1.38) we
obtain

S.’k C#Xk/ ! S.’k/"#X0
k

QR.’k/Xk C#
X

i2Iı.’k/

œi .’k/gi .’k/C#2l2jjXkjj2;

(1.44)
where we used the equality

X0
k

X

i2Iı.˛k/

œi .’k/rgi .’k/ D "
X

i2Iı.˛k/

œi .’k/gi .’k/;

which follows from the second condition in (1.43).
Expanding gi .’/, i 2 Iı.’k/ in Taylor series in the neighborhood of ’ D ’k ,

we obtain

gi .’k C #Xk/ ! gi .’k/ C #X0
krgi .’k/ C #X0

k.rgi .™ik/ " rgi .’k//;

where ™ik D ’k C (ik#Xk , 0 ! (ik ! 1.
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Taking into account that Xk is the solution to (1.31) we derive

X0
krgi .’k/ ! "gi .’k/:

According to (1.35) we have

X0
k.rgi .™ik/ " rgi .’k// ! #l1jjXkjj2:

From the last three inequalities and (1.33) we obtain

gi .’k C #Xk/ ! .1 " #/ˆ.’k/ C #2l1jjXkjj; i 2 Iı.’k/: (1.45)

Applying the mean value theorem to the constraint with the index i … Iı.’k/,
we obtain

gi .’k C #Xk/ ! gi .’k/ C #X0
krgi .™ik/ ! ˆ.’k/ " ı C #)jjXkjj;

where " is a constant bounding the norms of gradients of the objective function
and constraints in K‰ W rS.’/ ! ", jjgi .’/jj! "; i 2 I , ’ 2 K‰ .

Put

# ! #1k D min
&

1;
ı

ˆ.’k/ C )jjXkjj

'
: (1.46)

From (1.46) we obtain

.1 " #/ˆ.’k/ $ ˆ.’k/ " ı C #)jjXkjj:

From above and from inequality (1.45), we have

gi .’k C #Xk/ ! gi .’k/ C #X0
krgi .™ik/ ! .1 " #/ˆ.’k/; i … Iı.’k/:

From this inequality and (1.45) we obtain (see the notation in (1.33))

ˆ.’kC1/ ! .1 " #/ˆ.’k/ C #2l1jjXkjj2: (1.47)

Let ‰ satisfy Assumption 1.3. Then taking to account Assumption 1.3(b)
(the condition

P
i2Iı.’/ œi .’/ ! ‰/ and formulas (1.33) and (1.47), we obtain

from (1.44)

S.’k C #Xk/ C ‰ˆ.’k C #Xk/ ! S.’k/ C ‰ˆ.’k/ " #X0
k

QR.’k/Xk

C#2l.‰ C 1/jjXkjj2; (1.48)

where l D max.l1; l2/.
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Since vk > 0, the matrix QR.’/ is positive definite for ’ 2 K‰ . Therefore

X0
k

QR.’/Xk $ vk*min.A.’k//jjXkjj2; (1.49)

where *min.A/ > 0 is the minimal eigenvalue of the matrix A. Taking into
account (1.49), (1.48), putting # D #k and assuming that the inequality

1 " #kl.‰ C 1/

vk*min.A.’k//
$ #k (1.50)

holds true, we obtain the condition tested in Step 4 of the algorithm. From (1.50)
we see that

#k ! #2k D vk*min.A.’k//

l.‰ C 1/ C vk*min.A.’k//
: (1.51)

It follows from (1.45) and (1.51) that the inequality which is tested in Step 4
will be satisfied for fixed vk after finite number of subdivisions of unity, i.e.,

1

2
min.#1k; #2k/ < #k ! min.#1k; #2k/: (1.52)

Since QR.’k/ is positive definite, the function u.’k/ is decreasing (see (1.36))
as k increases. Therefore all points ’k belong to the set K‰ . Further, since K‰ is
compact and the function u.’/ is continuous on <n, it is bounded on K‰ . Thus,

lim
k!1

#2
k X0

k
QR.’k/Xk D 0: (1.53)

Assume that X0
k

QR.’k/Xk does not converge to 0. Then according to (1.53),
#k ! 0 for some subsequence of indexes k. Then for large k it follows from
(1.46), (1.51), and (1.52) that

#k $ ı

2.ˆ.’k/ C )jjXkjj/ : (1.54)

Since the function ˆ.’/ is continuous on the compact set K‰ , it has an
upper bound. Therefore the right-hand side of (1.54) tends to 0 as jjXkjj ! 1.
By positive definiteness of QR.’/ we have from first equation in (1.43) and the
condition

P
i2Iı.’/ $i .’/ ! ‰ , ’ 2 K‰ , that jjXkjj! ).‰ C 1/jj QR!1.’k/jj <

1. Since this contradicts to our assumption, we arrive at X0
k

QR.’k/Xk ! 0. Since
vk $ v0 > 0, it follows from (1.49) that X0

k
QR.’k/Xk $ v0*min.A.’k//jjXkjj2.

Hence, we obtain the statement (1).
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2. From the constraints in (1.32) and the formula (1.33), we have

0 ! ˆ.’k/ D max
1#i#m

gi .’k/ ! )jjXkjj:

The statement (2) follows from the last inequality.
3. Since ’k 2 K‰ and K‰ is a bounded set, the limit point ’ of the sequence f’kg,

always exists. Since Xk is the solution of (1.32), we have $i.’k/ D 0, i … Iı.’/.
Further, from (1.43) we see that

rS.’k/ C QR.’k/Xk C
mX

iD1

œi .’k/rgi .’k/ D On: (1.55)

According to Assumption 1.3(b), we have

mX

iD1

$i c.’k/ ! ‰ :

It follows from the last two expressions that there exists the limit of the
sequence $i.’k/. Suppose that $i.’k/ ! O$i as k ! 1. Then from the
statement (1) and (1.55) it follows that rS.’/ C Pm

iD1
O$irgi .’/ D On. From

second condition in (1.43) we have O$igi .’/ D 0, i D 1; m. Both last equalities
hold by the necessary conditions for existence of the minimum of the problem
(1.31), which proves statement (3).

4. Put Vc D l.‰ C 1/=*min.A.’k//. According to the assumptions of the theorem,
this quantity is bounded. Suppose that Vc ! V , and for some k D k1, vk1 $
Vc . Then according to (1.51), #2k $ 1. On the other hand, from (1.46) and
limk!1 ˆ.ak/ D 0 we have #1k D 1 for k $ k2, which together with (1.52) and
(1.37) implies that vk D const, #k D 1, k $ k0 D max.k1; k2/. This proves (4).

Theorem is proved. ut
We can divide Algorithm A1.1 in two cases: only # changes, v D 0

(Algorithm A1.2); only v changes, # D 1 (Algorithm A1.3).
Consider the calculations performed by Algorithm A1.2, which can be used

for estimation of the regression parameters provided that the condition below is
fulfilled.

Assumption 1.5. The matrix D.’/ is of full rank (i.e., in any compact set the
multicollinearity in regression models is absent).

In this case, the inequality X0 QR.’/X $ *min.R.’//jjXjj2 holds true, where
QR.’/ D R.’/DD0.’/D.’/, *min.R.’// is the smallest eigenvalue of the ma-
trix R.’/. Clearly, *min.R.’// $ * > 0, ’ 2 !‰ . Put 1".#l.‰ C1/=*/ $ + > 0:
From here and (1.48) we obtain the condition for determination of the step factor # :

u.’k C #kXk; ‰kC1/ " u.’k; ‰kC1/ ! "+#kX0
kR.’k/Xk; 0 < + < 1; (1.56)
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where #k is determined by halving the unity until (1.56) holds true. It is easy to
verify that #k > 1

2
min.#1k; *..1 " +/=l.‰ C 1///, where #1k is determined by

expression (1.46).

Algorithm A1.2
Step 1 Set the initial approximation ˛0 and positive quantities &1;&2, and + 2 .0; 1/. Put

v D 0, k D 0.
Steps 2, 3 Coincide with the Steps 2, 3 of Algorithm A1.1.

Step 4 Determine the step factor #k from Condition (1.56).
Steps 5, 6 Coincide with the Steps 5, 7 of Algorithm A1.1.

Theorem 1.4. Let Assumptions 1.3–1.5 be satisfied. Then for the iterative process
of calculation by Algorithm A1.2 statements (1)–(3) of Theorem 1.3 hold true.

This result obviously follows from Theorem 1.3. It was also obtained
in Pshenichnyi (1983) who as applied to the general problem of nonlinear
programming without indication of the method of calculation of R.’/.

Consider Algorithm A1.3 which can be obtained from Algorithm A1.1 for vk $
v0, k D 1; 2; : : :; #k D 1, k D 0; 1; 2; : : : From (1.48) to (1.49) we derive for # D 1
the condition for finding vk :

u.’k C Xk; ‰kC1/ " u.’k; ‰kC1/ ! "+X0
k

QR.’k/Xk; 0 < + < 1: (1.57)

For this condition to be satisfied, it is sufficient that

vk $ l.‰ C 1/

*min.A.’k//.1 " +/ :

Algorithm A1.3
Step 1 Set the initial approximation ’0 and positive quantities &1;&2, v D 0, and + 2

.0; 1/. Put k D 0.
Steps 2, 3 Coincide with the Steps 2, 3 of Algorithm A1.1

Step 4 Determine the regularization parameter under the assumption that vk D v0 $ 10k ,
where vk is the minimal number of the sequence k D 0; 1; 2; : : :, for which inequality
(1.57) is satisfied.

Step 5 Put ’kC1 D ’k C Xk .
Step 6 Coincides with the Step 7 of Algorithm A1.2.

The statement below follows from Theorem 1.3.

Theorem 1.5. Let Assumptions 1.3 and 1.4 be satisfied. Then for the iterative pro-
cess of calculations by Algorithm A1.3, statements (1)–(3) of Theorem 1.3 hold true.
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1.2.1.2 Estimation Without Constraints

Consider the case when the constraints are absent .‰ D 0/. Then the algorithms for
the regression parameters estimation follow from the algorithms described above:

’kC1 D ’k C #kXk; k D 0; 1; 2; : : : ;

where Xk D " QR.’k/!1rS.’k/, QR.’k/ D D0.’k/D.’k/ C vkA.’k/.
We describe below algorithms for estimation of parameters of nonlinear regres-

sion, which naturally follow from Algorithms A1.1 to A1.3. We use the notation B
(the first letter in the name of the algorithm) for the algorithms describing estimation
without constraints.

Algorithm B1.1
Parameter #k is determined by sequential halving of a unity until the condition

S.’k C #kXk/ # S.’k/ ! #2
k X0

k QR.’k/Xk

is satisfied. The parameter vk is determined according to the expression (1.37).

Algorithm B1.2
Parameter #k is determined by sequential halving of a unity until the condition

S.’k C #kXk/ # S.’k/ ! +#kX0
kR.’k/Xk; 0 < + < 1 (1.58)

is satisfied. In this case, vk D 0 for all k.

Algorithm B1.3
Parameter #k D 1 for all k, and vk D ,0 $ c,k , where c > 0, and vk is the minimal number in the
sequence k D 0; 1; 2; : : :, for which condition

S.’k C #kXk/ # S.’k/ ! +X0
k QR.’k/Xck ; 0 < + < 1

is satisfied.

This inequality is obtained from (1.57) when ‰ D 0.
For A.’/ D diag.rii..’//, i D 1; n (where rii.’/ is an element of the matrix

R.’//, the above algorithms are modifications of the well-known Levenberg-
Marquardt algorithm which is the best algorithm in nonlinear optimization without
constraints for estimation of nonlinear regression parameters by the least squares
method.

An important part of these algorithms is the solution of the auxiliary problem.
We consider this solution below in more general situation.
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1.2.2 Solution to the Auxiliary Problem

Consider the solution to (1.31).
In this case, we assume that the rows of G.’k/ are sorted in decreasing order of

gi .’k/. Putting e.’/ D y " f.’/,

E.’k/ D
"

D.’k/

v1=2
k A1=2.’k/

#
; F.’k/ D

!
e.’k/

On

"
;

we obtain the transformed problem (1.31):

8
<

:

1

2
jjE.’k/X " F.’k/jj2 ! min;

Gı.’k/X ! "gı.’k/:
(1.59)

Up to notation (1.59) coincides with the problem (1.7). Comparing (1.59) with
(1.7), we see that F.’k/ D y, E.’k/ D X, X D ’, Gı.’k/ D G, "gı.’k/ D b for a
fixed ’k . Therefore, to solve the problem (1.59) one can use all the results obtained
in Sect. 1.1.

Taking into account the fact that the rank of E.’k/ is equal to n, we obtain its
orthogonal expansion E.’k/ D M1

h
M2

OT n

i
M0

3; M1 D Œ M11 M12 !, where M1

is an orthogonal .T C n/ # .T C n/ matrix, .T C n/ # n is the dimension of its
submatrices M11; M12 is a non-degenerate .n # n/ matrix, M3 is an orthogonal
.n#n/ matrix. Hereafter, the argument ’k in the transformation matrices is dropped
for brevity.

According to Sect. 1.1.1, to solve (1.59) we need to solve

P.U/ D 1

2
jjNU " ˆjj2 ! min; U $ Omı ; (1.60)

where U 2 <mı , N D ŒN1

::: N2!
0, ˆ0 D ŒO0

mı

::: 1 !. Here N1 D G.’k/M3M!1
2 ,

N2 D "g.’k/ " G.’k/M3M!1
2 M0

11F.’k/.
The algorithm for solving (1.60) is described in Sect. 1.1.2.
Let OU be the solution to (1.60). According to Sect. 1.1.1, the solution to the

auxiliary problem (1.31) is

Xk D X.’k/ D M3M!1
2 .jjN OU " ˆjj!2N0

1
OU C M0

11F.’k//:

1.2.3 Compatibility of Constraints in the Auxiliary Problem

An important aspect of solving problem (1.59) lies in finding compatible constraints.
According to Sect. 1.1.1, constraints are incompatible at p D P. OU/ D 0, where OU
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is the solution to problem (1.60). In case of incompatibility of constraints, we have
to pick up a set of indices of joint constraints included in the auxiliary problem.
To reduce the amount of time used for calculations it is desirable not to solve the
problem (1.60) several times in one iteration. This might be particularly important
if the dimension of (1.60), or the number of constraints in (1.59), is large. Consider
the problem more in detail.

There might be two possibilities:

1. The number of constraints is mı ! n C 1. We assume that G.’k/ is of full rank.
Indeed, if the rank G.’k/ is incomplete, then due to round-off errors this matrix
is regarded as having a completed rank. Thus the rank of N1 is min.n; mı/. Then
the rank of N is equal to mı. Denote by U% the solution to the problem

P.U/ ! min : (1.61)

Then we find the rule by which we can regard the constraints as compatible
without solving (1.60). The constraints are compatible if P.U%/ > 0 regardless
of the sign of U%, because P. OU/ $ P.U%/. If P.U%/ D 0 and the constraints in
(1.60) are not fulfilled for U D U%, then the constraints of the auxiliary problem
are also not compatible. Let us calculate P.U%/.

The matrix N can be transformed as QN D M, where M is an upper triangular
matrix of dimension ..nC1/#mı/, Q is an orthogonal .nC1/# .nC1/ matrix.
According to Sect. 1.1.1, P.U/ D 1

2
jjrjj2, where r is the .n C 1/ " mı vector,

whose components are equal to the last .n C 1/ " mı components of the vector
Qˆ, respectively. Thus, we obtain P.U%/ D 0 at mı D n C 1 and

P.U%/ D 1

2

nC1X

iDmC1

Q2
nC1;i ; mı < n C 1; (1.62)

where Qni is the (n, i)th element of the matrix Q. Using (1.62), we recursively
determine compatibility of constraints. Introduce the matrix Nl D Œz1 z2 : : : zl !,
i D 1; mı, where zi is the ith column of the matrix N.Nmı D N/. The orthogonal
transformation which reduces Nl to an upper triangular matrix is determined by
the .n C 1/ # .n C 1/ matrix Ql . Here, according to Lawson and Hanson 1974,
Chapter 24), QlC1 D qlC1Ql , where qlC1 is the Hauscholder transformation,
which is selected so that components of the vector qlC1QlzlC1 with indexes l C
2; : : : ; n C 1 are equal to zero. According to (1.62),

P.U%
l / D 1

2
jjNlU%

l " ˆjj2 D 1

2

nC1X

iDlC1

.Q
.l/
nC1;i /

2;

where Q
.l/
nC1;i is the .n; i/th element of the matrix Ql , U%

l is a solution to (1.61)
for N D Nl .
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We have

P.U%
1 / D 1

2

 
1 "

&
z1;nC1

jjz1jj

'2
!

:

For l > 1, taking into account the fact that Ql is the orthogonal matrix, we
can speed up the computation of P.U%

l / by using the following relation:

P.U%
l / D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1

2

 
1 "

lP
iD1

.Q
.l/
nC1;i /

2

!
if l < n C 1 " l;

1

2

nC1P
iDlC1

.Q
.l/
nC1;i /

2 if l $ n C 1 " l:

Thus, by recursion relation for calculation of the matrix Ql and the formula
for P.U%

l /, the constraints with indexes 2; 3; : : : ; mı, are sequentially tested for
compatibility (it is assumed that the constraints are arranged in the increasing
order of the sequence fgi.’k/g/.

2. The number of constraints is mı $ nC1. Similar to the first case, we assume that
G is of full rank. Then for l > nC1 the rank of Nl is equal to nC1. In this case,
P.U%

l / D 0, l > n C 1 and the solution to (1.61) is not unique. It has the form

U%
l D Ql

!
y
y

"
D Q1ly C Q2ly D U0

l C Q2ly;

where Q1l and Q2l are submatrices of the orthogonal matrix Ql of dimensions
l # .n C 1/ and l # h, respectively, h D l " n " 1, y and y are the vectors of
dimensions n C 1 and h, respectively. The vector y is a solution of the system
of equations My D ˆ, where the lower triangular matrix M is determined from
the relation Nl Ql D ŒMOnC1;h!. If the solution to (1.61) with minimal norm
U%

l D U0
l D Q1ly $ OnC1, then the first l constraints of the auxiliary problem

are compatible. Otherwise, it is necessary to establish whether there is at least one
solution U%

l with the non-minimal norm, which satisfies the constraints in (1.60)
(then the constraints in (1.59) are incompatible). For this purpose, we solve the
problem

F.y/ D 1

2

X

i2Jl

Œmax.0; a0
i y " u0

il/!
2 ! min; (1.63)

where Jl is the set of indices of the first l constraints that are included in the set
Iı.’/ (the constraints are arranged in increasing order of sequence fgi .’k/vg/;
ai is the ith line of Q2l taken with the inverse sign; u0

il is the ith component of U0
l .

We solve (1.63) iteratively:

yj C1 D yj C ,j dj ; j D 0; 1; 2; : : : ; y0 D Oh: (1.64)
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Let us determine dj . Denote Jl .yj / D fi W a0
i y " u0

il > 0; i 2 Jl g, Aj is a
.*j # h/ matrix composed of the rows a0

i , i 2 Jl .yj /; Bj is a vector of dimension
*j with the components u0

il, i 2 Jl.yj /. Then

dj D "yj C AC
j Bj ; (1.65)

where

AC
j D

(
.A0

j Aj /!1A0
j Bj if*j > l " n " 1;

A0
j .Aj A0

j /Bj if*j < l " n " 1:

We find the step factor ,j from the condition

min
,"0

F.yj C ,dj /: (1.66)

From here we obtain the condition for determination of ,j :

X

i2Jl

Œmax.0; c0.i/ " c1.i/,/!c1.i/, D 0; (1.67)

where c0.i/ D a0
i yj " u0

il, c1.i/ D "a0
i dj .

We solve (1.67) by taking into account the fact that the left-hand side in (1.67)
is a piecewise linear function. Denote by K D fi W c0.i/c1.i/ > 0; i 2 Jl g the
set of indices of the constraints, which change their sign when , changes. Let
,.i/ D c0.i/=c1.i/, i 2 K. Arranging ,.i/ in increasing order we obtain the
sequence f,.iq/g D 0, q D 0; 1; : : :, where ,.i1/ D 0. For , 2 Œ,.iq!1/; ,.iq/!
the indices of the constraints for which a0

i .yj C ,dj / " u0
il > 0 do not depend on ,.

Moreover, there is an index L such that ,j 2 Œ,.iL!1/; ,.iL/!. From here and from
(1.33) we obtain the algorithm for finding ,j .

Algorithm A1.4
1. Put l D 1. Calculate

w1 D
X

i2Jl .yj /

c2
1.i/ C

X

i2J l .yj /

c2
1.i/;, 1 D

X

i2Jl .yj /

c0.i/c1.i/;

where J l D fi WD 0; c1.i/ < 0; Jl g.
2. Calculate ,!.l/ D ,l =wl .
3. If ,.il"1/ # ,!.l/ # ,.il /, then ,j D ,!.l/. Otherwise, put l D l C 1 and calculate

wl D wl"1 C '.il"1/c2
l .il"1/;, l D ,l"1 C '.il"1/ C c0.il"1/c1.il"1/; il"1 2 K;

where '.il / D !sign c1.il /; the indices il increase with the increase of the indices in the
sequence f,.il /g. Go over to the Step 2.
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Theorem 1.6. Suppose that the matrix G.’k/ is of full rank. Then the iterative
process (1.64)–(1.66) converges to the solution of (1.63) in finite number of steps
H ! 2l .

Proof. Denote the set of the minimal points by M % D arg miny2<h F .y/, where
h D l " n " 1; J %

l D fi W a0
i y " u0

il > 0; i 2 Jl ; y 2 M %g.
The necessary and sufficient conditions for the existence of the minimum of F.y/

are:
rF.y/ D

X

i2Jl

Œmax.0; a0
i y " u0

il/!
2
ai D Oh: (1.68)

If a0
i y " u0

il ! 0, i 2 Jl , then rF.y/ D Oh, y 2 M %, J %
l D ¿.

Let a0
i y " u0

il > 0, i 2 J %
l ¤ ¿, y 2 M %. From (1.68), we have A0%A%y "

A0%B% D Oh, y 2 M %, where A% is a *% # h-matrix composed of the rows a0
i ,

i 2 J %
l ; u0

il, i 2 J %
l are the components of the vector B%. If *% ! h, then A0%y "

B% D O*! for y 2 M %, which contradicts to the condition J %
l D ¿. Therefore, if

J %
l ¤ ¿ the number of elements in the set J %

l is *% > h, and M % contains one
element.

It follows from above that

yj 2 M % if Jl.yj / D J %
l ; j D 0; 1; : : : : (1.69)

We show that if yj … M % then Jl.yj C1/ ¤ Jl.yj /. Assume the converse:

Jl .yj C1/ D Jl .yj /; yj … M %: (1.70)

From (1.65) to (1.67), we obtain

d0
j A0

j Aj dj ., " 1/ D 0: (1.71)

Let *j $ h. Since yj … M %, we have rF.yj / D A0
j Aj yj " A0

j Bj ¤ Oh.
It follows from (1.65) that .A0

j Aj /dj D ".A0
j Aj /yj C A0

j Bj ¤ Oh, hence
dj ¤ Oh. By positive definiteness of the matrix A0

j Aj , we have d0
j A0

j Aj dj > 0.
From above and from (1.71) we obtain ,j D 1. Then, according to (1.64)
and (1.65), yj C1 D .A0

j Aj /!1A0
j Bj . However, Jl .yj C1/ D Jl .yj /; therefore,

rF.yj C1/ D A0
j Aj yj C1 " A0

j Bj D Oh, i.e., yj C1 2 M %, and thus Jl .yj C1/ D
J %

l . Therefore, by our assumption Jl.yj / D J %
l . However, according to (1.69),

yj 2 M %, which contradicts (1.70).
Let *j < h. Since Aj yj " Bj > O*j , then d0

j A0
j Aj dj D jjAj yj " Bj jj2 > 0.

Then, by (1.71) we have *j D 1. Repeating the arguments for the case where *j $
h, we conclude that for any *j and h, the sets Jl.yj / will be different at different
iterations of the algorithm. Taking into account the fact that the objective function
is bounded from below and decreases at each iteration, we obtain the statement of
the theorem. ut
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The results presented for mı ! n C 1 allow us to solve (1.63) and to
determine the compatibility of constraints in (1.59): the constraints are incompatible
if miny2<h F .y/ D 0, and are compatible otherwise. The compatibility of the
constraints arranged in increasing order of gi .’k/ is sequentially determined for
l D 2; 3; : : :.

1.2.4 Calculation of the Constants ‰ and ı

In Sect. 1.2.1 we assumed that ‰ and ı are known, which is not always the case. If
‰ and ı are unknown, they can be estimated using the results of Sect. 1.2.3. In order
to include their estimates in our general estimation problem, we need to modify
Algorithm A1.1.

Algorithm A1.1.1
1. Set ’0, ‰0 > 0, ı0 D 1, v0; &1;&2. Put k D 0
2. Determine the set Iık .’k/. Arrange the constraints, whose indices belong to this set, in the

decreasing order according to gi.’k/. Determine according to Sect. 1.2.3 the set of compatible
constraints Ilk .’k/ & Iık .’k/, where lk is the number compatible constraints in Iık .’k/. Put

ıkC1 D ˆ.’k/ ! min
i2Ilk .’k /

gi .’k/: (1.72)

3. Put Iık .’k/ & Ilk .’k/. By (1.15), find the Lagrange multipliers œ.’k/ D œ D OUjjN OU!ˆjj"2,
i 2 Iık .’k/ of problem (1.31) and its solution Xk D X.’k/. Here OU is the solution to (1.60).

4. If ˆ.’k/ # &1 and jjX.’k/jj# &2, then stop.
5. If the condition ‰0

k D P
i2Iık .’k / $i .’k/ # ‰k is fulfilled, then ‰kC1 D ‰k . Otherwise

‰kC1 D 2‰0
k .

6. Determine ’kC1 according to Steps 4–6 of Algorithm 1.2.1.1 (see Sect. 1.2.1). Put k D k C 1
and go over to Step 2.

We have mini2Ilk
.’k/ gi .’k/ $ ˆ.’k/ " ık . Then using (1.72) we obtain ıkC1 !

ık. According to Algorithm A1.1.1, ‰kC1 $ ‰k . Since ık is decreasing and ‰k

is increasing, the algorithm will stop when some values ı and ‰ are achieved, see
Assumption 1.3.

In Pshenichnyi (1983, Chapter 3 "9), compatible constraints are sequentially
determined assuming that ık WD ık=2 until the compatible constraints in (1.31)
are selected.

According to Sect. 1.1, to determine compatible constraints, it is not necessary
to solve (1.31). If lk ! n C 1, then the compatible constraints can be determined
rather easily. When lk > nC 1 and nC1 ! l ! lk , the unconstrained-minimization
problem is solved with l " .n C 1/ variables instead of l . This method allows us to
reduce significantly the time spent for determination of the sets Iı.’k/ in (1.31).
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1.3 Estimation of Multivariate Linear Regression Parameters
with Nonlinear Equality Constraints

In Sect. 1.2 we described algorithms for estimation of parameters under some
constraints which can be given in the form of equalities or inequalities. However
if we have only equality constraints, the calculations are much simpler, since
the auxiliary problem (1.31) can be solved in one step. Taking into account that
the problem of estimation with equality constraints is rather specific, consider its
solution in more detail. Such a problem appears, for example, in econometrics, when
one needs to construct multidimensional regression models. Therefore, we consider
the case of multidimensional regression, which generalizes the case treated in (1.30).

Multivariate regression which generalizes (1.1) is of the form:

ypt D fpt.’
0/ C "pt; p D 1; P ; t D 1; T ; (1.73)

where ypt is the dependent variable, fpt.%/ is the regression function, "pt is the noise,
’0 2 <n is a vector of required parameters, and P is the number of regression
equations.

Parameters of the regression (1.73) are subjected to a priori constraints

gi .’
0/ D 0; i 2 I D f1; 2; : : : ; mg; m < n:

Let ©t D Œ"1t ; : : : ; "pt!
0. We assume that "t satisfies the assumption below.

Assumption 1.6. Assume that the expectation of the vector ©t is 0, and there exists
the covariance matrix %2s0. For t ¤ - the vectors ©t and ©- are independent. The
.P #P / -matrix s0 is known and is positive definite. If the matrix s0 is unknown, then
its estimate Os is known, which is also positive definite. Suppose that %2 is unknown.

Define †0 D s0 ˝ JT ; O† D Os ˝ JT . We estimate ’0 under the condition

S.’/ D 1

2
.Y " f.’//0†!1.Y " f.˛// ! min (1.74)

and the constraints

gi .’/ D 0; i 2 I D f1; 2; : : : ; mg; m < n: (1.75)

In (1.74) the matrix † can be equal to †0 or to †, Y and f.’/ are N -dimensional
vectors, N D PT. Their .p"1/T Ct th components .p D 1; P ; t D 1; T / are equal,
respectively, to ypt and fpt.’/. According to Bard (1974, "4.3), the criterion (1.74)
allows to get the estimate of ’0 close to the optimal, provided that T is finite, and
the Assumption 1.6 holds true.

The solution to (1.74) and (1.75) can be found by means of Algorithms A1.2
with the following modifications. The function which satisfies (1.75) is of the form
ˆ.’/ D max1#i#m jgi .’/j. The auxiliary problem at the current point ’ becomes
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8
<

:

1

2
.y"f.’/ " D.’/X/†!1.y " f.’/"D.’/X/C1

2
vX0A.’/X ! min;

Gı.’/X C gı.’/ ! Omı ;
(1.76)

where , > 0; D.’/ D diag.D1.’/; : : : ; DP .’// is the matrix of the size N # n,
n D PP

lD1 nl , @flt .’/=@˛j ; j D 1; nl are the elements of the T # nl submatrix
Dl .’/. Matrix Gı.˛/ D Œ@gi .’/=@˛j !, j D 1; n, i 2 Iı.’/ D fi W jgi .’/j $
ˆ.’/ " ı; i D 1; mg, ı > 0, is mı # n dimensional, where mı is the number of
elements in Iı.’/, gı.’/ D Œgi .’/!, i 2 Iı.’/, and A.’/ is a positive definite
matrix.

If ı is such that the constraints in (1.76) are consistent, then the solution to
(1.76) is

X.’/ D .Jn " E0.˛/Gı.’// QR!1.’/D0.’/†!1.y " f.’// " E0.’/gı.’/; (1.77)

where

QR.’/ D D0.˛/†!1D.’/ C ,A.’/;

E.’/ D .Gı.’/ QR!1.’/G0
ı.’//!1Gı.’/ QR!1.’/:

Passing to the limit in (1.76) as , ! 1, we get

jjX.’/jj ! g0
ı.’/.Gı.’/A!1.’/G0

ı.’//!1Gı.’/A!2.’/

#G0
ı.’/.Gı.’/A!1.˛/G0

ı.’//!1gı.’/: (1.78)

Under the convergence of Algorithm A1.1 it is necessary to make some remarks:
Assumptions 1.3 and 1.4 should be replaced by Assumptions 1.30 and 1:40, see
below.
Assumption 1.30 There exists an initial approximation ’0 and constants ‰ > 0,
ı > 0, such that

(a) u.’0; ‰/ < SE I
(b) For ’ 2 K‰ D f’ W S.’/ ! u.’0; ‰/g the problem (1.76) has a

solution, and its Lagrange multipliers œi .’/; i 2 Iı.’/ satisfy the conditionP
i2Iı.’/ jœi .’/j ! ‰, ’ 2 K‰ .

Assumption 1.40 The functions fpt.’/ and gi .’/, i D 1; m are differentiable on
<n and their gradients satisfy in any compact set K the Lipschitz condition with
constants that may depend on K:

jjrfpt.’1/ " rfpt.’2/jj! lptjj’1 " ’2jj; lpt > 0; p D 1; P ; t D 1; T ;

jjrgi .’1/ " rgi .’2/jj! l1jj’1 " ’2jj; l1 > 0; i D 1; m: (1.79)
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Similarly to Lemma 1.2, we have

Lemma 1.3. Suppose that the matrix † is positive definite and (1.79) is valid for
any compact set. Then the gradient of the function S.’/ defined in (1.74) satisfies
in this set the Lipschitz condition (1.38).

Proof. If the matrix † is positive definite, then † D .# 0#/!1 , where # is a non-
degenerate matrix with bounded elements. Let F.’/ D #f.’/, Y% D #Y. Then
S.’/ D jjY% " F.’/jj2.

By (1.79), jjrFq.’1/ " rFq.’2/jj! L0q jj’1 " ’2jj, where Fq.’/ is the
component of F.’/, and L0q D PN

iD1 j.qjj!j > 0. Here .qj is the matrix element
# , and !j D lpt when j D .p " 1/T C t , p D 1; P , t D 1; T .

The proof follows by the same arguments as the proof of Lemma 1.2, if we
substitute rft .’/ and ft .’/ by rFq.’/ and Fq.’/, respectively. ut

By Lemma 1.3 one can show that the convergence results given above remain
true for the estimation of regression parameters which are subject to inequality
constraints.

Now we discuss a special case of the regression (1.73), where regression function
and restrictions are linear in ’0, i.e. fpt.’

0/ D x0
pt’

0, p D 1; P ; t D 1; T , where
xpt 2 <n is a regressor in pth regression and ’0 satisfies G˛0 ! b, where G is the
.m # n/ dimensional matrix, and b is the m dimensional vector.

In such a way (1.74) can be written as f.’/ D D˛, where D D diag.D1; : : : ; DP /
is the N # n matrix, n D PP

lD1 nl , Dl is the T # nl submatrix, l D 1; P , whose t th
row is equal to x0

pt. Obviously D is a special case of D.’/ from (1.76).
Therefore the estimation problems (1.74) and (1.75) can be rewritten as

1
2
.Y " D’/0†!1.Y " D’/ ! min; (1.80)

G’ ! b: (1.81)

The problems (1.80) and (1.81) has a solution under weaker conditions (com-
pared with the general nonlinear case). If Assumptions 1.2 and 1.6 hold true and
matrixes Dl , l D 1; P have full rank, then this solution is unique. It can be
obtained by comparing (1.76), (1.80), and (1.81). Therefore, putting in (1.77) v D 0,
Gı.’/ D G, D.’/ D D, gı.’/ D "b and replacing Y " f.’/ by Y, we derive

˛ D .Jn " E0G/’% C E0b; (1.82)

where ’% D .D0†!1D/!1D0†!1Y is the solution to (1.80),

E D .G.D0†!1D/!1G0/!1G.D0†!1D/!1: (1.83)
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In case of only one regression equation (P D 1), which corresponds to the
regression problem

1

2
jjY " X˛jj2 ! min; G’ b;

(in notations of (1.7)), estimation of the regression parameter is given by (1.82) and
(1.83) with D D X, † D JT . Therefore

E D .G.X0X/!1G0/!1G.X0X/!1: (1.84)

The proposed method allows to obtain easily well-known results for special
cases of (1.74) and (1.75); (1.82)–(1.84) were proposed earlier, for example, by
Johnston (1963, Section 5.6).



Chapter 2
Asymptotic Properties of Parameters
in Nonlinear Regression Models

In this chapter, we investigate some regression models with unknown coefficients.
We assume that the parametric set of unknown parameters is closed and, generally
speaking, unbounded. The case of open sets is easier to study, because in most of
the cases the asymptotic distribution of estimates is normal. This is not always true
when the constraints are compact sets. Everywhere in the text we consider discrete
time observations. It is known that the observation errors taken at different times
can be dependent. We do not consider here the continuous time version, although in
that case many statements listed below also take place.

In Sect. 2.1 we give some general statements which are useful for proving
consistency of estimates. Using them, we prove the results on consistency for
types of estimates that are best known in practice, including least squares and least
modules estimates. In Sect. 2.2 we investigate the asymptotic distribution of the least
squares estimates. In Sects. 2.3 and 2.4 we investigate the asymptotic properties
of the least squares estimates method in the context of problems where the set of
restrictions on the parameter is convex or non-convex. In Sect. 2.5 a linear regression
model with non-stationary variables is studied. As a rule, by jj!jj we denote the norm
in <l or in some functional space, if it would not lead to misunderstanding.

2.1 Consistency of Estimates in Nonlinear Regression Models

In this section, we focus on getting the consistency conditions for nonlinear
regression models of rather general form. From these conditions one can derive the
consistency conditions for many known estimates, for example, for the least squares
estimates, which we is discussed later.

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0 2, © Springer Science+Business Media, LLC 201
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We give some examples of regression models, which are widely known to
specialists in the field of theoretical and applied statistics.

1. yt D
pX

iD1
xit˛

0
i C ".t/: (2.1)

Here ".t/ are independent or stationary dependent random variables, xt D
fxit; i D 1; pg; t D 1; : : : ; n are independent identically distributed random vectors
with Ext D at ¤ 0, independent of ".t/ (or observed without errors), such that

1

T

TX

tD1
x2it ! b2i asT ! 1: (2.2)

The vector ’0 D .˛01; : : : ; ˛
0
p/ is unknown and is to be estimated.

2. yt D f .t;’0/C ".t/; t D 1; : : : ; T: (2.3)

This model is nonlinear in the vector of the unknown parameters ’0; the errors ".t/
are the same as in model 1.

3. yt D f .x.t/;’0/C ".t/; x.t/ 2 Rp; (2.4)

where the p-dimensional vector x.t/ and ".t/ are mutually independent, and each
of the sequences fx.t/g and f".t/g; t D 1; : : : ; T , is the sequence of independent or
stationary random vectors or variables.

4. ytT D ˛0
!
t

T

"
C "tT ; t D 1; : : : ; T; T " 1; (2.5)

where "tT is a sequence of series of independent random variables. This is a
nonparametric regression model, because we have to estimate the function ˛0.t/ 2
K , whereK is a compact set from some Banach space.

We restrict ourselves with these examples, and only note that each of the
models is of independent interest. Of course, the examples above do not exhaust
all regression models.

In the models above we assume that the parameter vector ’0 or the function ˛0

is unknown and is a priori contained in some set QK. The specific form of the set QK
is discussed later.

Let us consider some cost functions characterizing the accuracy of the
estimate.

1. Least squares method. For our model the cost functions are, respectively, of the
form

QT .’/ D 1

T

TX

tD1

"
yt #

pX

iD1
xit˛i

#2
; (2.6)



2.1 Consistency of Estimates in Nonlinear Regression Models 31

QT .’/ D 1

T

TX

tD1
Œyt # f .t;’/!2; (2.7)

QT .’/ D 1

T

TX

tD1
Œyt # f .x.t/;’/!2; (2.8)

QT .˛/ D 1

T

TX

tD1

#
yt # ˛

!
t

T

"$2
: (2.9)

2. Least absolute values method. In formulas (2.6)–(2.9), the square of the differ-
ence is replaced by the absolute value of the difference. Least squares estimates
and least absolute values estimates are particular cases of Lp-estimates, which
use a cost function with the absolute value of the difference raised to the power p.

3. Maximum likelihood method. The distribution of observed random variables is
assumed to be known, and the cost function for model (2.1), for instance, has
the form

QT .’/ D 1

T

TY

tD1
f

 
yt #

pX

iD1
xit˛i

!
: (2.10)

Similar criteria are used for maximum likelihood estimations in other models.
Here we give only the best known classical estimation criteria of unknown

parameters in various observation models. Of course, these criteria do not exhaust
all possible estimates. In particular, we consider estimates of functions of the form

QT .’/ D 1

T

TX

tD1
".xt ;’/; (2.11)

where ".x;’/ is known and depends on observations and an unknown parameter ’.
The function ".x;’/ may be quite general and is not necessarily everywhere

differentials (Ermoliev and Norkin 2003). Estimates of the unknown parameter
’ are also classified as Huber’s M -estimates (Huber 1981; Hampel et al. 1986;
Vapnik 1982, 1996). Various non-classical examples of M -estimates are given in
Ermol’eva and Knopov (1986), Ermoliev and Knopov (2006), Knopov (1997a),
Liese and Vajda (1994), and Van de Geer (1995). Many researches focus on consis-
tency of estimates of linear regression in the case of independent observations. Main
results are presented in Demidenko (1989), Dorogovtsev (1982), Ivanov (1984a, b,
1997), Kukush (1989), Le Cam (1953), and Malinvaud (1969), and we will not
dwell on them in detail. For the case of dependent observations in discrete time we
mention the works (Ajvazyan and Rozanov 1963; Holevo 1971; Dorogovtsev 1982).

Apparently, the analysis of consistency conditions for nonlinear regression
models originated from classical works of Jennrich (1969) and Malinvaud (1969),
further significant progress in this area was obtained in Dorogovtsev (1982) and
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Ivanov (1997), and in many others. We discuss some of these results below. Let us
focus on some essential points that arise in proving the consistency of estimates.

Some statements from which the properties of consistency or strong consistency
of the above assessments follow, are given in Dorogovtsev (1982). We present
theorems that give some common properties for all these estimates.

Theorem 2.1. 1. Let.!; F; P / be a probability space, =n $ = a sequence of
" -algebras such that =n $ =nC1, and K a compact set from some Banach space
with norm jj !jj .

2. Let fˆn.s/ D ˆn.s; !/; .s; !/ 2 K % !; n " 1g be a sequence of a separable
real functions continuous everywhere on sets of the form jjs # s0jj" ı for any
ı > 0, where s0 2 K , semi-continuous at the point s0 for a fixed ! 2 !, and
=n-measurable for fixed n " 1 and s 2 K .

3. P flimn!1 ˆn.s; !/ D ˆ.s/g D 1, where ˆ.s/ is a separable real function
continuous everywhere on sets of the form jjs # s0jj > ı for any ı > 0, semi-
continuous at the point s0, and such that ˆ.s/ > ˆ.s0/; s 2 K; s ¤ s0.

4. For any ı > 0 there exist #0 > 0 and function c.#/; c.#/ ! 0 for # ! 0, such
that for any s0 2 K and any 0 & # < #0 we have

P

(
lim
n!1 sup

fjjs!s0jj"#;jjs!s0 jj#ıg
jQn.s/ #Qn.s

0/j < c.# /
)

D 1:

Assume that sn D sn.!/ 2 K is defined by Qn.sn/ D mins2K Qn.s/.
Then the element sn can be chosen =n-measurable and satisfying

P f lim
n!1

jjsn # s0jj D 0g D 1:

Remark 2.1. Theorem 2.1 for continuousQn.s/was proved in Dorogovtsev (1982),
but with slight changes in the proof the theorem remains valid also when Qn.s/ are
only lower semicontinuous at the point s0.

Remark 2.2. If conditions 3 and 4 of Theorem 2.1 hold true in the sense of
convergence in probability, then the assertion also takes place in the sense of
convergence in probability.

In some cases the following modification of Theorem 2.1, given in Nemirovskii
et al. (1984) is useful.

Let .$; =; P / be a probability space, .F;A/ is a measurable space, .E; jj !jj / is
a Banach space containing F , fJng is a sequence of functionals, which map ! % F
in Œ#1;1!. The functionalR W $%F ! Œ#1;1! is called the normal integrand
on $ % F , if it is measurable on = % A, and lower semi-continuous in f (i.e. the
sets ff W R.!; f / & cg are closed) for almost every ! 2 ˝ . Suppose that the
minimal contrast estimate, i.e. the measurable mapping fn W $ ! F , satisfying the
condition fn.!/ D arg minf 2F Jn.!; f /, ! 2 $, is defined.

Let us give the results on the convergence of the sequence of minimal contrast
estimates to some fixed f $2F . These results are simple modifications of the results
proved in Dorogovtsev (1982), Huber (1981), Jennrich (1969), and Pfanzagl (1969),



2.1 Consistency of Estimates in Nonlinear Regression Models 33

and therefore we formulate them without a proof. For brevity we drop the depen-
dence on ! in Jn. Let =n.f / D Jn.f /#Jn.f $/. Fix " > 0 and a natural number n0.

Let W;U be some subsets from the class F . The assertion “condition .W;U /
holds almost sure” means that

A1: inf
f 2W

lim
n!1

=n.f / > 0 .a:s:/;

A2: lim
ı!0

lim
n!1

sup
gWjjg!f jj"ı

jJn.g/ # Jn.f /j D 0 .a:s:/8f 2 U:

The statement “the condition .W;U / holds in probability” means that

A0
1: 9dw > 0 W lim

n!1
P f=n.f / " dwg D 1; 8f 2 W;

A0
2: lim

ı!0
lim
n!1

P

(
sup

gWjjg!f jj"0
jJn.g/ # Jn.f /j " %

)
D 0; 8% > 0; 8f 2 U:

Remark 2.3. The supremum in A2 and A0
2 may be not &-measurable. Then we need

to assume that A2 and A0
2 are satisfied for its &-measurable majorant.

Theorem 2.2. Suppose that the functionals Jn W !%F!R1 are normal integrands
on ! % F for all n > n0. Then jjfn # f ! jj ! 0; n ! 1, a.s. (or in probability) in
each of the following cases:

1. The set F is completely bounded in E and the condition .Sı [ .F nBı/; F / is
satisfied a.s. (in probability) for all 0 < ı < ".

2. The set F is convex and locally completely bounded in, E the functionals Jn are
convex in f , and the condition .Sı; B"/ is satisfied a.s. (in probability) for all
0 < ı < ".

(We say thatF is a locally completely bounded set if all the balls in F are completely
bounded.)

Remark 2.4. If we replace in Theorem 2.2 the requirement that U is completely
bounded with the requirement that U is compact, then conditions A1 and A0

1 can be
reduced, respectively, to

A3: lim
n!1

=n.f / > 0; 8f 2 '; f ¤ f $;

A4: lim
n!1P f=n.f / > 0g D 1; 8f 2 '; f ¤ f $:

Theorems 2.1 and 2.2 generalize known results of Le Cam (1953), Jennrich
(1969), Pfanzagl (1969), Pfanzagl and Wefelmeyer (1985) and others, and are quite
useful tools for proving consistency of estimates in different models. A wide range
of regression models, for which the statements of consistency of estimates are
proved by using Theorem 1, are given in Dorogovtsev (1982).
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Traditionally, from the early works in the field of regression analysis, the
estimation problem have been studied for the case when there are no restrictions
on the range of admissible values of unknown regression parameters. There are
many rather general conditions for consistency of some estimates (for example, least
squares estimates, least modules estimates, maximum likelihood estimates and some
others). The proof of consistency is more difficult and uses a priori restrictions on
unknown parameters. Sometimes these difficulties are hardly possible to overcome.
Therefore the statement concerning the relation between the consistency in case of
a priori constraints on parameters and the consistency in case of estimation in the
whole space might be useful. This statement is formulated in the lemma below.

Lemma 2.1. Suppose that S is some set in a Banach space, .!;=; P / is a
probability space, f=n; n " 1g is a sequence of " -algebras such that =n $ =nC1,
=n $ =; n " 1. Assume that the following conditions hold true:

1. fQn.s/ D Qn.s; !/; .s; !/ 2 S % !; n " 1g is a sequence of real functions,
which are =n-measurable for fixed s, and are uniformly continuous in s for fixed
n and !.

2. There is a function Q.s/ and a unique element s0 2 K $ S such that
P flimn!1Qn.s/ D Q.s/g D 1 andQ.s/ > Q.s0/; s ¤ s0.

3. Let sn D arg mins2S Qn.s/; Qsn D arg mins2K Qn.s/, and P flimn!1 jjsn # s0jj
D 0g D 1. Then P flimn!1 jjQsn # s0jj D 0g D 1.

Proof. It is obvious that Qn.s0/ ! Q.s0/ and limn!1Qn.s/ D Q.s/ > Q.s0/
with probability 1. The convergence is uniform on any set ˆı D f! W jjs# s0jj" ıg
with ı > 0.

We prove that jjQsn # s0jj ! 0 as n ! 1 with probability 1. Indeed, if such
a convergence does not take place, then there exists a subsequence nk ! 1 such
that snk ! s0 ¤ s0 as k ! 1. We have Qnk.Qsnk / ! Q.s0/ > Q.s0/ as k ! 1
because the convergence with probability 1 is uniform on ˆı with ı < jjs0 # s0jj.
On the other hand, according to the definition of Qsnk , Qnk.Qsnk / & Qnk.s0/, and
Qnk.s0/ ! Q.s0/ with probability 1. This contradiction proves the lemma. ut

Before proceeding to the problem of finding the consistency conditions in
some regression models we would like to discuss briefly the problem of the
measurability of considered estimates. These problems were first investigated in the
fundamental paper (Pfanzagl 1969). Further, in Dorogovtsev (1982) and Knopov
and Kasitskaya (2002) some questions concerning the measurability of studied
estimates are investigated. We present some of the results below.

Theorem 2.3. Let X be an arbitrary subset of some separable metric space with
a metric "; .Y;Q/ be a measurable space, f D f .x; y/ W X % Y ! R be
a function, continuous in the first argument for each y and measurable in the
second argument for each x. Then the mappings g.y/ D infx2X f .x; y/; h.y/ D
supx2X f .x; y/; y 2 Y are Q-measurable.
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Proof. Let X 0 be a discrete everywhere dense subset of X . The properties of
measurable functions imply that the mapping g1.y/ D infx2X 0 f .x; y/; y 2 Y , is
Q-measurable. Fix an arbitrary element y 2 Y . It will be shown that g.y/ D g1.y/.
It is sufficient to prove that f .x; y/ " g1.y/, x 2 X .

Fix x 2 X . There exists a sequence fxng of elements from X 0, converging to
x as n ! 1. Since f is continuous in the first argument, f .xn; y/ ! f .x; y/
as n ! 1. Then f .xn; y/ " g1.y/, n 2 N . Hence f .x; y/ " g1.y/. Then the
function g.y/ D g1.y/, y 2 Y is Q-measurable.

We can write h.y/ D # infx2X.#f .x; y//, y 2 Y . The same arguments can be
applied to the function #f . Hence the mapping h.y/, y 2 Y is Q-measurable. ut
Theorem 2.4. (Schmetterer 1974) Let S be an arbitrary closed or open subset of
Rl , l " 1, .X;@/ is some measurable space. Suppose that f W S %X ! Œ#1;1!
is a function satisfying the following conditions:

1. f .s; x/; s 2 S , is continuous for all x 2 X
2. f .s; x/; x 2 X is @-measurable for each s 2 S
3. For any x 2 X there exists s 2 S with Qf .x/ D infs2S f .s; x/.

Then there exists a measurable mapping ( W X ! T such that

f .(.x/; x/ D inf
s2S
f .s; x/; x 2 X:

To illustrate Theorem 2.1 we consider below a model in which the function is a
nonlinear regression of unknown parameter ’0, time-dependent with parameter t .
Consider the model (2.3) with criterion (2.7). For this purpose we formulate the
problem more clearly.

1. We have the observation model yt D f .t;’0/ C ".t/, where ".t/ is a Gaussian
stationary process with discrete time,E".t/ D 0, r.t/ D E".t/".0/ and jr.t/j &
c=jt j1Cı; ı > 0; Ej".0/j4 & c.

2. The function f .t; ˛/ is continuous in the second argument and satisfies the
following conditions:

a. limT!1.1=T /
PT

tD1 Œf .t;’/# f.t;’0/!2 D ˆ.’/ > 0 for ’ ¤ ’0

b. jf .t;’/ # f .t; N’/j & cjj’ # N’jjˇ; 0 < ˇ & 2, wherethe constant c does not
depend on t;’; N’;

c. f .t;’/ ! 1; jj’jj ! 1
Let QT .’/ D .1=T /

PT
tD1 Œyt # f .t;˛/!2 and ’T 2 arg min˛2J QT .’/, where J

is a closed subset in Rp. The following assertion holds true.

Theorem 2.5. Let conditions 1 and 2 be satisfied. Then

P

%
lim
T!1

jj˛T # ’0jj D 0

&
D 1:
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Proof. We first prove that there exists c > 0 such that with probability 1 only a finite
number of elements in the sequence ’T lies outside the sphereK D f’ W jj’jj& cg.
Let '.yt ;’/ D Œyt # f .t;’/!2. Note that  t.c/ D infjj’jj#c '.yt ;˛/ ! 1 as
c ! 1 with probability 1. Then E t.c/ ! 1, c ! 1. Consequently, there is
c > 0 such that E t.c/ > E'.yt ;’0/, and by ergodic theorem we have

1

T

TX

tD1
 t .c/ >

1

T

TX

tD1
'.yt ;’

0/ D FT .’
0/

with probability 1 for sufficiently large T .
Thus with probability 1 all ’T belong to K for some T .
Using this fact, we check the conditions of Theorem 2.1.
Let

ˆT .’/ D 1

T

TX

tD1
Œyt # f .t;˛/!2 #

1

T

TX

tD1
"2.t/;

EˆT .’/ D 1

T

TX

tD1
Œf .t;’0/# f .t;’/!2:

Let %T D ˆT .’/# EˆT .’/. Then

E%4T D E

(
2

T

TX

tD1
Œf .t;’0/# f .t;’/!".t/

) 4

D 16

T 4

TX

t1D1

TX

t2D1

TX

t3D1

TX

t4D1
Œf .t1;˛

0/ # f .t1;’/!Œf .t2;’0/ # f .t2;’/!

%Œf .t3;’0/ # f .t3;’/!Œf .t4;’0/# f .t4;’/!E".t1/".t2/".t3/".t4/ &
c

T 2
:

Therefore, by Borel-Cantelli lemma P flimT!1 %T D 0g D 1 implying that

P flimT!1 ˆT .’/ D ˆ.’/g D 1:

Thus, condition 3 of Theorem 2.1 is satisfied. Let us verify condition 4 of this
theorem. For fixed ’ we have

sup
jj’! N’jj<#

jˆn.’/ #ˆn. N’/j

& sup
jj’! N’jj<#

1

T

ˇ̌
ˇ̌
ˇ

TX

tD1
Œyt # f .t;’/!2 #

TX

tD1
Œyt # f .t; N’/!2

ˇ̌
ˇ̌
ˇ
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& sup
jj’! N’jj<#

1

T

ˇ̌
ˇ̌
ˇ

TX

tD1
fŒf .t;’0/ # f .t;’/!2 # Œf .t;’0/# f .t; N’/!2

C2 Œf .t; N’/ # f .t;’/!".t/g

& sup
k’! N’k<#

1

T

TX

tD1
jf .t; N’/# f .t;’/j ! j2f .t;’0/# f .t;’/ # f .t; N’/j

C sup
k’! N’k<#

ˇ̌
ˇ̌
ˇ
2

T

TX

tD1
Œf .t;’/# f .t; N’/!".t/

ˇ̌
ˇ̌
ˇ

& c# C 2 sup
jj’! N’jj<#

(
1

T

TX

tD1
Œf .t;’/ # f .t; N’/!2

) 1=2
!
(
1

T

TX

tD1
"2.t/

) 1=2

& c# C c1

(
1

T

TX

tD1
"2.t/

) 1=2
#ˇ ! c# C c1#

ˇr.0/ asT ! 1:

Let c.#/ D c# C c1#
ˇr.0/. Then condition 4 of Theorem 2.1 holds true, which

finishes the proof of the theorem. ut
In order to prove the consistency let us consider another example of application

of Theorem 2.1.
Consider the regression model (2.4) with the least modules cost function (2.7).

Theorem 2.6. Let the following conditions be satisfied:

1. Ej".t/j < 1
2. Efmaxf’2J;jj’jj"cg jf .x.t/;’/jg < 1
where f .’;“/ is continuous with respect to the first argument and measurable in
the second;

3. For any sequence fuj g such that jjuj jj!1 as j!1, we have f .x.t/; uj /!1
as j ! 1 with probability 1

4. P f".t/ < 0g D 1
2

for t D 1; 2; : : :
5. ’T is the solution to the minimization problem

QT .’T / D min
˛2J

1

T

TX

tD0
jyt # f .x.t/;’t /j:

Then P flimT!1 jj’T # ’0jj D 0g D 1.
In the proof we essentially use the following lemma proved in Knopov and

Kasitskaya (1995).

Lemma 2.2. Let ' be a random variable on the probability space .!;=; P /; Ej'j <
1, and let ˇ > 0 be some real number. Assume that

1. P f' < 0g D 1
2
:
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2. P f' 2 Aˇg > 0; where Aˇ D
(
Œ0; ˇ/; ˇ > 0;

Œˇ; 0/; ˇ < 0:

If the condition (1) is satisfied, then Ej' # ˇj " Ej'j. If conditions (1) and (2)
are satisfied, then Ej' # ˇj > Ej'j.

The proof of Theorem 2.6 follows by the same scheme as the proof of Theorem 2.5.
Using the strong law of large numbers we get

P

%
lim
T!1

QT .˛/ D Ejyt # f .x.t/;’/j
&

D 1;

where QT .’/ D .1=T /
PT

tD0 jyt # f .x.t/;’/j.
Applying Lemma 2.2 we see that the point ’0 is the only minimum point of the

functionEjyt #f .x.t/;˛/j. Using this fact, we can get the assertion of Theorem 2.6
in the same way as that of Theorem 2.5. The complete proof of this theorem is given
inKnopov (1997a–c).

Obviously, if xt D fxit; i D 1; pg are independent or stationary dependent
vectors, the model (2.3) includes the model (2.1). If xt is a non-random vector
satisfying (2.2), then one can show that if the criterion (2.6) holds true, the
conditions of Theorem 2.1 are be fulfilled with the functions ˆ.’/ and ˆT .’/ of
the following form:

ˆ.’/ D
pX

iD1
b2i .˛i # ˛0i /2;

ˆT .’/ D 1

T

TX

tD1

"
yt #

pX

iD1
xit˛i

#2
# 1

T

TX

tD1
Œ".t/!2;

provided that the values of ".t/ are independent and Ej".t/j4 < 1. Similar
conclusion, but subject to the conditions of Lemma 2.2, can be made for model (2.1)
in the case of the least modules criterion.

2.2 Asymptotic Properties of Nonlinear Regression Parameters
Estimates Obtained by the Least Squares Method Under
a Priory Inequality Constraints (Convex Case)

2.2.1 Introduction

In Sect. 1.2 we formulated the problem of estimation of parameters of nonlinear
regression. For studying the statistical properties of regression parameters estimates
it is more convenient to rewrite the estimation problem (1.16) as below:

ST .’/ ! min; gi .’/ & 0; i 2 I D f1; 2; : : : ; mg; (2.12)
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where

ST .’/ D .2T /!1
TX

tD1
.yt # ft .˛//2: (2.13)

In what follows we use the index T to emphasize the dependence of the criterion
on T . Further, in this section we use the notation ˛T for the solution to (2.12). The
true value ˛0 of the regression parameter may satisfy both inequality and equality
constraint:

gi .’
0/ D 0; i 2 I 01 ; gi .˛0/ < 0; i 2 I 02 ; I 01 [ I 02 D I D f1; : : : ; mg: (2.14)

We assume that the numberm1 of elements in the set I 01 is less than n.
Set

G.’/ D Œrg1.˛/; : : : ;rgm.’/!0; RT .’/ D T !1D0
T .’/DT .’/;

where matrix DT .’/ D Œ@ft .’/=@˛j !, t D 1; T , j D 1; n is of dimension T % n.
Thus, the elements of the matrix RT .’/ are

rTkl.’/ D T !1
TX

tD1

@ft .’/

@˛k

@ft .’/

@˛l
; k; l D 1; n: (2.15)

In the sequel we assume that the following assumptions hold true.

Assumption 2.1. Random variables "t are independent and identically distributed
with zero mathematical expectation and variance " 2.

Assumption 2.2. A. Functions ft .’/, tD1; T and gi .’/, i2I , are twice continu-
ously differentiable on <n.

B. For all ’2MDf’ W g.’/ & On;’ 2 <ng and all possible values of independent
variables xt there exist constants c1 and c2 such that

ˇ̌
ˇ̌@ft .’/
@˛i

ˇ̌
ˇ̌ & c1;

ˇ̌
ˇ̌@
2ft .˛/

@˛i @˛j

ˇ̌
ˇ̌ & c2; t D 1; T ; i; j D 1; n:

C. Functions gi .’/, i 2 I , and their derivatives up to and including the second
order are bounded in the neighborhood of ’ D ’0.

Assumption 2.3. The estimate ’T is consistent and converges in probability to ’0.
The problem of estimating the consistency of ’T was discussed in the preceding

Sect. 2.1.

Assumption 2.4. Gradients rgi .’0/, i 2 I 01 are linearly independent.

Assumption 2.5. The matrix RT .˛
0/ converges as T ! 1 to a positive definite

matrix R.’0/.
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Assumption 2.6. Functions gi .’/, i 2 I are convex.

Assumption 2.7. There exists ’! such that g.’!/ < Om.

This assumption means that there exists at least one interior point in some
suitable set M (the Slater condition).

From the last two assumptions it follows that the gradients rgi .’T /, i 2 Ia,
Ia D fi W gi .’T / D 0; i 2 I g, are linearly independent.

2.2.2 Auxiliary Results

We prove two lemmas on properties of random matrices. Here, as well as in the
sequel, we use some theorems on convergence of random variables from Rao (1965).
The precise references will be given later in the text.

Lemma 2.3. Let AT be a random symmetric matrix of dimension n%n, converging
in probability as T ! 1 to a positive definite matrix A. Then:

1. The eigenvalues akT ; k D 1; n of AT converge in probability to the eigenvalues
ak; k D 1; n of the matrix A.

2. The model matrix CT of AT converges in probability to the model matrix
C of A.

3. limT!1 pT D 1, where pT is the probability that AT has positive eigenvalues.

Proof. We arrange the eigenvalues of AT in non-decreasing order; these eigenvalues
are random, see Girko (1980, Chap. 3). Since eigenvalues of a matrix are continuous
functions of its elements, we have

p lim
T!1

akT D ak; k D 1; n: (2.16)

For the proof of the second statement one requires that

jjxkT jj D jjxkjj D 1; k D 1; n; (2.17)

where xkT and xk are, respectively, the eigenvectors of AT and A. Assume that the
eigenvectors of AT are distinct and random. If there are multiple eigenvalues (among
the variables akT , k D 1; n, for some T there are identical ones), then, in addition,
fix some components of xkT . Thus, with probability 1, the vectors are determined
uniquely from (2.16) and from equations AT xkT D akTxkT , k D 1; n. Taking into
account that Axk D akAk , we have

.A # akJn/.xk # xkT/ D bkT # ckT D #BkT ; k D 1; n; (2.18)

where

bkT D .ak # akT /xk # .A #AT /xk;
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ckT D Œ.AT #A/ # .akT # a/Jn!.xk # xkT/:

Taking into account (2.17), we have

jjckT jj& .jjAT #Ajj C jak # akT j/ jjxk # xkT jj& 2 .jjAT # Ajj C jak # akT j/ :

According to the conditions of the lemma and (2.16) we obtain p limT!1 bkT D
p limT!1 ckT D On, kD 1; n. From this equation and (2.18) we derive p limT!1
BkT D On, kD 1; n. Taking into account that .A#akJn/xk D On, we get from (2.18)
the equality .A # akJn/xkT D BkT . The general solution of this inhomogeneous
equation is the sum of any of its partial solutions NxkT and the general solution of the
homogeneous equation .A#akJn/yDOn, which is equal to qxk , where q is random
scalar, and xk belongs to the linear subspace of dimension r , generated by r linearly
independent eigenvectors A corresponding to ak , 1 & r & n # 1. Thus, we have
xkT D NxkT C qT xk , where qT have be chosen such that xkT is the solution to (2.17).
We arrive at the equation for determining qT :

jjxkT jj2 D
nX

iD1

h
Nx.i/kT C qT x

.i/
k

i2
D 1;

where Nx.i/kT , x.i/k are components of Nxk and xk , respectively. By (2.17), the solutions
to this equation are

q1;2T D #
nX

iD1
Nx.i/kT x

.i/
k ˙

vuut
"

nX

iD1
Nx.i/kT x

.i/
k

#2
# jjNxkT jj2 C 1:

Without loss of generality we may assume that Nx.i/kT D 0, i D n# rC1; : : : ; n. Then

NNxkT D

2

64
x
.1/
kT
:::

x
.n!r/
kT

3

75 D A!1
n!r

2

64
B
.1/
kT

:::

B
.n!r/
kT

3

75 ;

where A!1
n!r is a submatrix of the matrix .A # akJn/, obtained by deleting the last

r columns and rows, and B.i/
kT is i th component of vector BkT . Since the rank of

.A # akJn/ is n # r , the matrix An!r is non-degenerate. We have p limT!1 NNxkT D
On!r , whence p limT!1 NxkT D On, k D 1; n. Thus p limT!1 qT D 0, and we
obtain

p limT!1 xkT D xk; k D 1; n: (2.19)

The columns of the matrix CT are the vectors xkT , k D 1; n. From here and (2.19)
we get p limT!1 CT D C, which proves the second statement of the lemma.

Let us prove the third assertion. According to (2.16), for arbitrary ">0 and ı > 0
there exists T0k > 0, such that P fjakT # akj < "g " 1 # ı, T > T0k , k D 1; n. We
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select " such that it is less than the minimal eigenvalue of A. Then

pT " P fjakT # ak j < "; k D 1; ng " P fja1T # a1j < "g

#
nX

iD2
P fjakT # akj " "g " 1 # nı; T > max

kD1;n
T0k:

Thus, the third statement of the lemma is proved. ut
Lemma 2.4. Assume that the random matrix AT of dimension n % n converges in
probability to the positive definite matrix A. Then p limT!1 QAT D A!1, where
QAT D .AT C #T .ja1T j C c/Jn/!1. Here #T D 1 if the matrix AT is degenerate and
#T D 0 otherwise, a1T is the least eigenvalue of AT , and c is some positive number.

Proof. First we prove that #T converges in probability to 0. The determinant det AT

of AT is a continuous function of elements of AT ; therefore, it converges in
probability to det A > 0. We select a number " > 0 such that " < det A. Then
for arbitrary "1 > 0 and ı0 > 0, we have

P fj#T j < "1g " P f#T D 0g D P fdet AT ¤ 0g
" P fj det AT # det Aj < "g " 1 # ı0; T > T0:

Thus, p limT!1 #T D 0. By convergence in probability of AT to A and of a1T
to the minimal eigenvalue a1 of A (according to the first statement of Lemma 2.3),
we derive the statement of the lemma. ut

We establish some property of the solution to the quadratic programming
problem, required in the sequel.

Lemma 2.5. The quadratic programming problem

1

2
’0R˛#Q0’ ! min; G˛ & b (2.20)

has a solution ’.G;Q/, continuous in G and Q. Here ’;Q 2 <n;R is the positive
definite matrix of dimension n % n;G is the matrix of dimensionm % n;b 2 <m.

Proof. For a nonsingular matrix H there always exists a positive definite matrix
R such that R D H0H. Put “ D H’, P D .H!1/0Q, S D GH!1. Under such
rearrangements the quadratic programming problem (2.20) is transformed to

min
%
1

2
“0“# P0“

ˇ̌
ˇ̌ S“ & b

&
: (2.21)

Denote its solution by “.S;P/. For arbitrary Q1 and Q2 D Q1 C #Q, G1 and
G2 D G1 C #G, we have P2 D P1 C #P, S2 D S1 C #S, where Pi D .H!1/Qi ,
Si D H!1Gi , i D 1; 2. Then P2 D P1 C )P, S2 D S1 C #S for random Q1 and
Q2 D Q1 C #Q, G1 and G2 D G1 C #G; here Pi D .H!1/Qi . Hence
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#Q D H0#P; #G D H#S0: (2.22)

For ’.Gi ;Qi / D H!1“.Si ;Pi /, i D 1; 2, we have

#’ D H!1#“; (2.23)

where #’ D ’.G2;Q2/# ’.G1;Q1/, #“ D “.S2;P2/# “.S1;P1/.
Let #Q ! On, #G ! Omn; then by non-degeneracy of H it follows from

(2.22) that #S ! Omn and #P ! On, which leads to #“ ! On (Khenkin and
Volinsky 1976), which together with (2.23) gives #’ ! On. Lemma is proved. ut

We introduce now a series of relations based on the necessary conditions for the
existence of the extremum in problem (2.12), satisfied by ˛T (see Assumptions 2.6
and 2.7):

rST .’T /C
mX

iD1
*iTrgi .’T / D On; (2.24)

*iTgi .’T / D 0;* iT " 0; i 2 I; (2.25)

where *iT are the Lagrange multipliers.
Set FT .’/ D rST .’/. Applying the mean value theorem to the kth component

of FT .˛/, k D 1; n, we obtain

FT .’T / D FT .’0/C ˆT .’T # ’0/; (2.26)

where ˆT is the n % n matrix, whose .k; l/th elements are of the form

ˆT
kl D rTkl .Ÿ1T /C T !1

TX

tD1
.yt # ft .Ÿ1T //

@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌
ˇ
’D$1T

: (2.27)

Here Ÿ1T is a random variable, satisfying jjŸ1T #’0jj &jj ’T #’0jj. It follows from
(2.15) and (2.27) that ˆT is symmetric. Let us find its limit in probability. First we
find the limit of rTkl.Ÿ1T /. For arbitrary " > 0 we have

P
˚ˇ̌
rTkl .Ÿ1T / # rkl .’0/

ˇ̌
" "

'
& P

nˇ̌
rTkl .Ÿ1T /# rTkl .’

0/
ˇ̌
" "

2

o

CP
nˇ̌
rTkl .’

0/ # rkl.’
0/
ˇ̌
" "

2

o
: (2.28)

To estimate the first term in the right-hand side of (2.28) we perform some
calculations. By the mean value theorem

rTkl .Ÿ1T / D rTkl .’
0/C .rrkl..Ÿ2T //

0.Ÿ1T # ’0/;
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where '2T is a random variable, satisfying

jjŸ2T # ’0jj &jj Ÿ1T # ’0jj:

Obviously, Ÿ1T ; Ÿ2T 2 M by convexity of the set M (Assumption 2.6); therefore,
if Assumption 2.2B holds true, then one can easily show, making use of (2.15),
that jjrrTkl .Ÿ2T /jj& 2c1c2

p
n. From the last two relations and the convergence in

probability of Ÿ1T to ’0, we have for arbitrary ı > 0

P
nˇ̌
rTkl .Ÿ1T /# rTkl .’

0/
ˇ̌
" "

2

o
& P

%
jjŸ1T # ’0jj" "

4c1c2
p
n

&
< ı; T > T1:

According to Assumption 2.5, the second term in the right-hand side of (2.28) is
equal to 0 for all sufficiently large T . From the estimates in the right-hand side of
(2.28) it follows that

p lim
T!1

rTkl .Ÿ1T / D rkl.’
0/: (2.29)

Consider the second term in (2.27), which we denote by BT . Using again the mean
value theorem, we get

ft .Ÿ1T / D ft .’
0/C .rft .Ÿ3T //0.Ÿ1T # ’0/;

where Ÿ3T is a random variable, satisfying the condition

jjŸ3T # ’0jj &jj Ÿ1T # ’0jj:

Then

BT D 1

T

TX

tD1
"t
@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌
’DŸ1t

# 1

T

TX

tD1

"
.rft .Ÿ3t //0.Ÿ1t # ’0/

@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌
’DŸ1t

#

D B1T # B2T :

Consider the random variable B3T D T !1PT
tD1 "t .@

2ft .’/=@˛k@˛l /. By Assump-
tion 2.2B and the law of large numbers, B3T converges in probability to 0 uniformly
with respect to ’ 2 M. Then, since Ÿ1T converges in probability to ’0 and ’0 2 M
according to Wilks (1962, Sect. 4.3.8), we have p limT!1 B1T D 0.

By Assumption 2.2B, the fact that Ÿ3T 2 M and M is convex, we obtain
jjrft.Ÿ3T /jj2 & nc21. Then, since Ÿ1T converges in probability to ’0 and the second
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derivative of ft .’/ at ’ D Ÿ1T 2 M is bounded, we obtain for arbitrary " > 0 and
ı > 0

PfjB2T j " "g & P
%

jjŸ1T # ’0jj" "

c1c2
p

n

&
< ı; T > T2:

Consequently, the limit in probability of B2T , as well as that of B1T , is equal
to 0, implying p limT!1 BT D 0. From here, (2.27), and (2.29), we obtain under
Assumptions 2.2B, 2.3, 2.5, and 2.6,

p lim
T!1

ˆT D R.’0/: (2.30)

According to (2.8) we have

@ST .’/

@˛k

ˇ̌
ˇ̌
’D’0

D #T !1
TX

tD1
"t
@ft .’/

@˛k

ˇ̌
ˇ̌
ˇ
’D’0

: (2.31)

From (2.31), Assumption 2.2B and the law of large numbers, we get
p limT!1 rST .v/ D On. Then, using (2.26), (2.30), and Assumption 2.3 and
taking into account that the elements of R.’0/ are finite, we obtain

p lim
T!1

rST .’T / D On: (2.32)

From (2.25) and Assumption 2.2C we derive

p lim
T!1

*iT D 0; i 2 I 02 ; (2.33)

since by continuity of gi .’/ with respect to ’ we have

p lim
T!1

gi .’T / D gi .’
0/; i 2 I: (2.34)

Similarly,

p lim
T!1

rgi .’T / D rgi .’0/; i 2 I: (2.35)

According to Assumptions 2.6 and 2.7, gradients rgi .’T /, i2Ia are linearly
independent. Thus, from the system of (2.24) we can determine uniquely *iT ,
i 2 I 01 \ Ia, by using (2.14), and putting *iT D 0 if i 2 I 01 nI 01 \ Ia. According
to (2.32), (2.33), (2.35), and Assumption 2.2C, the right-hand side of this system
converges to 0 in probability. Then according to Assumption 2.4 and the condition
m1 < n, we have p limT!1 *iT D 0, i 2 I 01 . Thus,

p lim
T!1

*iT D *0i D 0; i 2 I:

We have proved the following lemma.
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Lemma 2.6. Assume that Assumptions 2.1–2.7 hold true and the number of ele-
ments in the set I 01 is less than n. Then the Lagrange multipliers *iT , i2I , in problem
(2.12) converge in probability to 0 as T ! 1.

According to Lemma 2.6, set VT D
p
T .œT #œ0/D

p
TœT , UTD

p
T .’T #’0/,

where œT D Œ*1T : : : * mT !0, œ0 D
(
*01 : : : * 0

m

)0. From (2.24)–(2.26) and
(2.31) we have

# D0
T .’

0/ET C ˚TUT C G0.’T /VT D On; (2.36)

viTgi .’T / D 0; viT " 0; i 2 I; (2.37)

where QD0
T .’

0/ D .
p
T /!1DT .’

0/, ET D Œ"1 : : : "T !0, G.’/ is anm%nmatrix,
whose i th row is rg0

i .’/, i 2 I , VT D Œv1T ; : : : ; vmT !0.
Set

QT D QD0
T .’

0/ET : (2.38)

To find the asymptotic behavior of the distribution function of QT we use Corollary
2.6.1 of Theorem 2.6.1 from Anderson (1971), which includes this particular case.
The conditions of the corollary are satisfied if Assumptions 2.1 and 2.5 hold true and
elements of DT .’

0/ are uniformly bounded (i.e., Assumption 2.2B holds true). Then
QT converges in distribution to a normally distributed random variable Q with zero
expectation and covariance matrix &2R.’0/.

Set VT D ŒV0
1T

::: V0
2T !0, G.’/ D ŒG0

1.’/
::: G0

2.’/!
0, where V1T and

V2T are vectors with components viT , i 2 I 01 and viT , i 2 I 02 , respectively; G1.’/
is m1 % n matrix whose i th row is rg0

i .’/, i 2 I 01 ; G2.’/ is .m #m1/ % n matrix,
rg0

i .’/, i 2 I 02 is its i th row. In terms of the introduced notation we obtain from
(2.36) to (2.38)

#QT C ˆT UT C G0.’T /V1T C G0
2.’T /V2T D On: (2.39)

According to (2.7), gi .’T /C ziT D 0, i 2 I , where ziT " 0, i 2 I . From here and
(2.25) we derive

*iT ziT D 0; i 2 I
or

viTwiT D 0; i 2 I; (2.40)

where wiT D
p
T ziT . Moreover, according to (2.25),

viT " 0; i 2 I: (2.41)

By definition, wiT " 0, i 2 I . Expanding gi .’/ in Taylor series in the
neighborhood of ’ D ’0, we obtain

 i.’T /.’T # ’0/C ziT D 0; i 2 I 01 ; (2.42)
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where the row vector equals to

 i.’T / D rg0
i .’

0/C 1

2
.’T # ’0/0gi2.’0 C %T1#’T /: (2.43)

Here +1 2 Œ0; 1!; )’T D ’T # ’0; gi2.’/ is the Hessian matrix of dimension
n % n, with elements @2gi .’/=@˛j @˛k , j; k D 1; n. Multiplying both sides of (2.42)
by

p
T , we write this expression in the matrix form:

‰1.’T /UT C W1T D Om1; (2.44)

where ‰1.’T / is an m1 % n matrix whose i th row is  i.’T /, i 2 I 01 ; W1T

is m1-dimensional vector with components wiT , i 2 I 01 .
Based on the results obtained above, we prove the following three lemmas.

Lemma 2.7. Assume that Assumptions 2.1–2.7 hold true. Then

p lim
T!1

V2T D Om2: (2.45)

This expression follows easily from (2.34) to (2.37) since gi .’0/ < 0, i 2 I 02 .

Lemma 2.8. Assume that Assumptions 2.1–2.7 hold true. Then for any ı > 0 there
exist " > 0 and T0 > 0 such that

P fjjV1T jj" "g < ı; T > T0: (2.46)

Proof. Denote by Q̂
T D .ˆT C #T .jƒ1T j C c/Jn/!1 the matrix defined as in

Lemma 2.4, i.e., #T D 1 ifdet ˆT D 0, and #T D 0 otherwise; ƒ1T is the smallest
eigenvalue of ˆT , and c > 0, and the elements of the matrix ˆT are defined by
(2.27). As follows from the proof of Lemma 2.4, we have

P f Q̂
TˆT D Jng " P f#T D 0g D P fdet ˆT ¤ 0g " 1# ı0; T > T 0

0;

where ı0 is an arbitrary positive number. From the expression above and (2.39) we
obtain

P f Q̂
TˆT D Jng D P

n
UT D Q̂

T QT # Q̂
TG0

1 .’T /V1T

# Q̂
T G0

2.’T /V2T

o
" 1 # ı0; T > T 0

0: (2.47)

Set

BT D ‰1.’T / Q̂
TG0

1.’T /;qT D ‰1.’T / Q̂
T QT ;

hT D ‰1.’T / Q̂
TG0

2.’T /V2T : (2.48)
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Then V0
1T BTV1T D V0

1TATV1T , where AT is a symmetric matrix with
elements aTij D 1

2
.bTij C bTji /, i; j D 1; n (where bTij are the elements of BT ). Thus,

using (2.40), (2.44), (2.47), and (2.48), we obtain

P f Q̂
TˆT D Jng D P fV0

1TATV1T C V0
1T .hT # qT / D 0g " 1 # ı0; T > T 0

0 :
(2.49)

For the matrix AT we have
C0
T ATCT D NT ; (2.50)

where CT is orthogonal matrix, NT D diag .,1T ; ! ! ! ; ,nT/, ,iT is the i th eigenvalue
of AT . Applying Lemma 2.2 to ˆT and using (2.30), we obtain

p lim
T!1

Q̂
T D R!1.’0/: (2.51)

By consistency of ’T and Assumption 2.2C, we get from (2.43) to (2.35)

p lim
T!1

‰1.’T / D p lim
T!1

G1.’T / D G1.’
0/: (2.52)

Then from (2.48) to (2.51),

p lim
T!1

BT D p lim
T!1

AT D G1.’
0/R!1.’0/G0

1.’
0/ D A:

Therefore, taking into account Assumptions 2.4 and 2.5, we derive that A is
positive definite. According to Lemma 2.3, we see that

p lim
T!1

NT D N; p lim
T!1

CT D C; (2.53)

where N D diag .,1; : : : ; ,n/, ,i is the i th eigenvalue of matrix A, and C is the
orthogonal matrix such that C0AC D N.

Set Q,iT D ,iT if ,iT > 0, and Q,iT D 1 otherwise. Using the first relation in (2.53),
we arrive at

p lim
T!1

QNT D N; (2.54)

where QNT D diag. Q,1T ; : : : ; Q,nT/. By statement 3 of Lemma 2.3 for given number
ı0 > 0 there exists T 0

1 > 0 such that

pfNT D QNT g D P f,iT > 0; i D 1; ng > 1 # ı0

3
; T > T 0

1 :

Denote

YT D QN1=2
T C!1

T V1T : (2.55)
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Substituting V1T from (2.55) in (2.49), we obtain, taking into account (2.50), the
equality above and the inequality

P fdet ˆT D 0g & ı0; T > T 0
0;

that

P fY0
TYT C 2Y0

TKT D 0g" P f,iT > 0; i D 1; nI det ˆT ¤ 0g
D P f,iT > 0; i D 1; ng # P f,iT > 0; i D 1; nI det ˆT D 0g

" P f,iT > 0; i D 1; ng # P fdet ˆT D 0g " 1 # ı

3
;

where ı D 3ı0 C ı0, i.e.

P fY 0
T YT C 2Y 0

TKT D 0g " 1 # ı

3
; T > T1: (2.56)

Here

KT D 1

2
N1=2
T C0

T .hT # qT /: (2.57)

As it was shown above,

QT

p
) Q; T ! 1; (2.58)

where QT is defined in (2.38), and Q is a normally distributed random variable.
From (2.48), according to (2.35), (2.45), (2.51), (2.52), and (2.58), we obtain

that qT
p

) q, T ! 1; and p limT!1 hT D Om1 . It follows from (2.57), (2.53),
(2.54) and the last two expressions, that the limit distribution of KT coincides with
the distribution of the random variable K D # 1

2
N!1=2C0q. One can show that

components of the m1-dimensional random variable K are independent, centered,
normally distributed with variance equal to 1. Therefore the limit distribution of
4jjKT jj2 is -2. Set YT D QYT #KT . Then we obtain from (2.56)

P fjj QYT jj D kKT kg " 1 # ı

3
; T > T1: (2.59)

The random variable KT has a limit distribution, which implies that for a given
ı > 0 there exist T2 > 0 and "1 > 0 such that

ı

6
> P

n
jjKT jj" "1

2

o
" P

n
jj QYT jj" "1

2
; jjKT jj" "1

2

o

" P
n
jj QYT jj" "1

2

o
# P fjj QYT jj ¤ jjKT jjg; T > T2:
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Then, taking into account (2.59), we obtain P fk QYTk " ."1=2/g < ı=2; T > T3 D
max.T1; T2/. Since jjYT jj &jj QYT jj C jjKT jj, for an arbitrary ı > 0 there exists
"1 > 0 such that

P fjjYT jj < "1g " P
n
jj QYT jj < "1

2

o
# P

n
jjKT jj" "1

2

o
> 1 # 2ı

3
; T > T3:

(2.60)
We have from (2.55)

jjV1T jj &jj C1T jj !jj YT jj; (2.61)

where C1T D CTN!1=2
T . It follows from (2.53) to (2.54) that p limT!1 C1T D

C1 D CN!1=2. Hence, for a given ı > 0 there exists " > 0 such that

P fkC1T k "1 < "g " 1 #
ı

3
; T > T4: (2.62)

Obviously, (2.60) and (2.62) are simultaneously satisfied for T0 D max.T3; T4/.
Inserting in the inequality

P fa " bg " P fa " .g # P fb " .g (2.63)

the values a D jjC1T jj !jj YT jj, b D jjC1T jj"1, and . D ", we obtain from (2.60) to
(2.62)

2

3
ı > P fkC1T k ! kYT k " kC1T k "1g " P fkC1T k ! kYT k " "g # ı

3
; T > T0:

Then (2.64) follows from the inequalities above and (2.61). The lemma is proved.
ut

Lemma 2.9. Suppose that Assumptions 2.1–2.7 hold true. Then for given ı > 0
there exist " > 0 and T0 > 0 such that

P fkUT k " "g < ı; T > T0: (2.64)

Proof. Set

˙ T D Q̂
T QT # Q̂

TG0
1.’T /V1T # Q̂

TG0
2.’T /V2T :

For some number "3 > 0 we have

P fkUT k " "3; kUT k D k†T kg " P fkUT k " "3g # P fkUT k ¤ k†T kg:

Then, taking into account (2.47) it follows that

P fkUT k " "3g & P fkUT k " "3; kUT k D k†T kgCı0&P fk†T k""3gCı0; T >T 0
0:
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From the inequalities above we obtain

P fkUT k " "3g & P fk†T k " "3g C ı0 & P
n
jj Q̂

T G0
1 .’T / jj !jj V1T jj" "3

3

o

CP
n
jj Q̂

T G0
2.’T /jj !jj V2T jj" "3

3

o
C P

n
jj Q̂

T QT jj" "3

3

o
C ı0; T > T 0

0 :

(2.65)

Let us estimate the terms in the right-hand side of (2.65). According to (2.51) and
(2.52), for given ı > 0 and "1 > 0 we have

P fjj Q̂
TG0

1.’T /jj#jjR!1.’0/G0
1.’

0/jj < "1g"P fjj Q̂
T

G0
1.’T /#R!1.’0/G0

1.’
0/jj<"1g"1#ı; T >T1:

From above, setting "2 D "jjR!1.’0/G0
1.’

0/jj C ""1, where " > 0 is arbitrary,
we obtain

P f"jj Q̂
TG0

1.’T /jj < "2g " 1 # ı; T > T1: (2.66)

Multiply both sides of the inequality in curly brackets in the expression (2.66)
by jj Q̂

TG0
1.’T /jj. Set in (2.63) a D jj Q̂

T G0
1.’T /jj !jj V1T jj, b D jj Q̂

T G0
1.’T /jj",

. D "2. According to (2.46) and (2.63), we have

ı > P fjj Q̂
TG0

1 .’T / jj !jj V1T jj" "2g # P fjj Q̂
TG0

1.’T /jj" " "2g; T > T2:

From the line above and (2.66) we obtain, setting ı D ı1=6,

P fjj Q̂
T G0

1.’T /jj! kV1T k " "2g <
ı1

3
; T > max.T1; T2/: (2.67)

According to (2.51), (2.35), and (2.45), Q¥TG0
2.’T /V2T converges in probability

to 0. Thus, for given "2 > 0 and ı1 > 0 we can find T3 > 0 such that

P fjj Q̂
TG0

2.’T /V2T jj" "2g <
ı1

3
; T > T3: (2.68)

It follows from (2.58) and (2.51) that for given ı1 > 0 one can find "4 > 0 and
T4 > 0 for which

P fjj Q̂
T QT jj" "4g <

ı1

3
; T > T4:

Varying "1 one can always achieve that "2 D "4; therefore, setting in the right-hand
side of (2.65) "3 D 3"4 D 3"2, we obtain (2.64) from (2.65), (2.67), (2.68) and the
last inequality setting " D "3, ı D ı1 C ı0, T0 D max.T 0

0; T1; T2; T3; T4/.
Lemma is proved. ut
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2.2.3 Fundamental Results

In this subsection we determine the limit of the sequence of random variables UT .
To do this we consider the convex programming problem:

8
ˆ̂<

ˆ̂:

'T .X/ D 1
2
X0ˆT .!/X #Q0

T .!/X ! min;

ˇi .X/ D rg0
i .’

0/X C li .X/ & Om1; i 2 I 01 ;
ˇi .X/ D

p
T gi .’

0/C rg0
i .’

0/X C li .X/ & Om2; i 2 I 02 ;

: (2.69)

where X 2 Rn, ˆT .!/ D ˆT , QT .!/ D QT , ! 2 $, $ is a sample space.
The last two expressions in (2.69) can be rewritten as

ˇi .X/ D
p
T gi

!
Xp
T

C ’0
"
; i 2 I; (2.70)

li .X/ D 1

2
p
T

X0gi2

!
˛0 C +T1.!/

Xp
T

"
X; i 2 I; (2.71)

where functions gi2 and +T1 D +T1.!/ are defined in the same way as in (2.43).
By the solution to the problem (2.69) we understand the vector U$

T .!/, calculated
for fixed !. Since ˆT .!/ is a symmetric matrix, the necessary conditions for the
existence of an extremum in (2.69) can be formulated as follows:

ˆT .!/U$
T .!/ #QT .!/C

mX

iD1
rˇi .U$

T .!//v
$
iT.!/ D On;

v$
iT.!/ˇi .U

$
T .!// D On; v$

iT.!/ " 0; i 2 I: (2.72)

The necessary conditions for the existence of an extremum in (2.12) can be
written, according to (2.37) and (2.39), in the following form:

ˆT .!/U$
T .!/ #QT .!/C

mX

iD1
rgi .’T .!//viT.!/ D On;

viT.!/gi .’T .!// D 0; viT.!/ " 0; i 2 I: (2.73)

Setting X D UT .!/, we obtain according to (2.70)

ˇi .UT .!// D
p
T gi .’T .!//; rˇi .UT .!// D rgi .’T .!//;

which implies together with (2.72) and (2.73) that vectors UT .!/ and VT .!/ are
the solutions to the system of equations (2.72), i.e. UT .!/ satisfies the necessary
conditions of extremum in (2.69). This observation leads to Theorem 2.7.



2.2 Asymptotic Properties of Nonlinear Regression Parameters Estimates . . . 53

Theorem 2.7. Under Assumptions 2.1–2.7, the random variable UT .!/ D
p
T .’T

.!/ # ’0/, is the solution to (2.12), converging in distribution as T ! 1 to the
random variable U.!/, which is the solution to the quadratic programming problem

'.X/ D 1

2
X0R.’0/X #Q0.!/X ! min; rg0

i .’
0/X & 0; i 2 I 01 : (2.74)

Here Q.!/ is a normally distributed centered random variable with covariance
matrix &2R.’0/.

Proof. Consider the quadratic programming problem:

Q'T .X/ D 1

2
X0R.’0/X #Q0

T .!/X ! min; rg0
i .’

0/X & 0; i 2 I 01 : (2.75)

Denote its solution by QUT .!/. According to Lemma 2.5, QUT .!/ is a continuous

function of QT W QUT .!/ D f .QT .!//. Then by (2.58) we have f .QT .!//
p

)
f .Q .!//. On the other hand, according to (2.74), U.!/ D f .Q.!//. Thus,

QUT .!/
p

) U.!/; T ! 1: (2.76)

Let

OT D fX W ˇi .X/ & 0; i 2 I g; O D fX W rg0
i .’

0/X & 0; i 2 I 01 g:

By Assumption 2.6 and (2.70), OT is a convex set. According to Assumption 2.6,
li .X/ " 0; X 2 Rn. Therefore, (2.69) implies that rg0

i .’
0/UT .!/ & 0; i 2 I 01 ,

since ˇi .UT .!// & 0, i 2 I 01 (see (2.70)). Thus, UT .!/ 2 O.
SinceR.’0/ is positive definite (see Assumption 2.5), Q'T .X/ is a strongly convex

function of X. For such a function we have, since UT .!/ 2 O , the following relation
with some constant / > 0 (Karmanov 1975):

jjUT .!/# QUT .!/jj2 &
2

/
Œ Q'T .UT .!// # Q'T . QUT .!//!:

To shorten the notation we omit below the argument !.
For arbitrary " > 0,

P fjjUT # QUT jj2 < "2g " P
%
2

/
Œ Q'T .UT / # Q'T . QUT /! < "

2

&

" P
n
j Q'T .UT /# 'T .UT /j <

"1

2

o
C P

n
Œ'T .UT /# Q'T . QUT /!<

"1

2

o
# 1;

(2.77)

where "1 D /"2=2.
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We estimate the probability in the right-hand side of (2.77). From (2.69), and
(2.75) we have for arbitrary "2 > 0 and ı > 0

P fj Q'T .UT /!'T .UT /j < "2g # 1!P fkUT k #
p
bg!P

%
jjR.’0/!ˆT jj# 2"2

b

&
> 1!ı; T>T1;

(2.78)
where b is a positive number (to derive (2.78) we used Lemma 2.9 and (2.30)).

Based on (2.30) and (2.76), we obtain in a similar manner

P fj Q'T . QUT /# 'T . QUT /j < "2g > 1 # ı; T > T2: (2.79)

Let us estimate the second term in the right-hand side of (2.77). After some
transformations we arrive at

P
n
'T .UT / # Q'T . QUT / <

"1

2

o
" P f'T .UT /# 'T . QUT / & 0g (2.80)

CP
n
j'T . QUT / # Q'T . QUT /j <

"1

2

o
# 1:

Consider the first term in the right-hand side of (2.81). If the matrix ˆT is positive
definite, problem (2.69) has a unique solution, because OT is a convex set and
Assumption 2.7 holds true. Then, on the basis of the analysis of expressions (2.72)
and (2.73) carried out above, we conclude that UT satisfies the necessary conditions
for the existence of the minimum in (2.69). Therefore, U$

T D UT if ƒiT > 0,
i D 1; n, where ƒiT is the i th eigenvalue of ˆT . Thus,

P f'T .UT / # 'T . QUT / & 0g " P f QUT 2 OT ;ƒiT > 0; i D 1; ng
D P fˇi . QUT / & 0; i 2 I IƒiT > 0; i D 1; ng

implying that

P f'T .UT / # 'T . QUT / & 0g " P f0iT > 0; i D 1; ng #mC
mX

iD1
P fˇi . QUT / & 0g:

(2.81)

From (2.71) to (2.76), continuity of the function gi2 and its boundedness in ’ D
’0, it follows that

p lim
T!1

li . QUT / D 0: (2.82)

Using (2.76) and (2.82), as well as the inequalities rg0
i .’

0/U & 0, i 2 I 01 , and
gi .’

0/ < 0 i 2 I 02 , it is easy to show that for arbitrary %i > 0 there exists T3i > 0
such that

P fˇi . QUT / & 0g " 1 # %i ; T > T3i ; i 2 I: (2.83)

Applying the statement 3 of Lemma 2.3 to ˆT and taking into account (2.30) and
Assumption 2.5, we have for arbitrary % > 0 P fƒiT > 0; i D 1; ng > 1 # .%=2/,
T > T5.
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From the last inequality, (2.83) and (2.81), setting % D 2
Pm

iD1 %i , T4 D
maxi2I T3i , we obtain

P f'T .UT /# 'T . QUT / & 0g > 1 # %; T > T6 D max.T4; T5/: (2.84)

From (2.84) and (2.81) with "2 D "1=2, it follows from (2.79) that

P f'T .UT /# 'T . QUT / & "2g > 1 # ı # %; T > max.T2; T6/: (2.85)

Inserting in the right-hand side of (2.77) with "2 D "1=2 the estimates (2.85) and
(2.78), we obtain

p lim
T!1

jjUT # QUT jj D 0: (2.86)

The statement of the theorem follows from (2.86) and (2.76). ut
Corollary 2.1. If I 01 D ; (i.e., all constraints for ’ D ’0 are inactive), then
by (2.74) we have U D R!1.’0/Q, i.e., the vector UT D

p
T .’T # ’0/ is

asymptotically normal. It is known that UT has the same asymptotic distribution
when there are no constraints .I D ;/. Obviously, both cases I D ; and I 01 D ;
(for I ¤ ;) are asymptotically equivalent.

Theorem 2.8. If Assumptions 2.1–2.7 hold true, then the random variable V1T with
components viT D

p
T *iT , i 2 I 01 where *iT are the Lagrange multipliers from

problem (2.12), converge in distribution as T ! 1 to the random variable V1 D
V1.!/, where V1 D V1.!/ is a vector of Lagrange multipliers from problem (2.74).

Proof. Consider the dual problems to (2.74) and (2.75), respectively:

1

2
Y0AY #H0Y ! min; Y " On; (2.87)

1

2
Y0AY #H0

TY ! min; Y " On; (2.88)

where A D G1.’
0/R!1.’0/G0

1.’
0/ is a positive definite matrix,

H D H.!/ D G1.’
0/R!1.’0/Q.!/;

HT D HT .!/ D G1.’
0/R!1.’0/QT .!/:

The solutions to (2.87) and (2.88) are V1.!/D Nf .H.!// and QV1T .!/ D Nf .HT .!//,
respectively, where Nf is a continuous function (see Lemma 2.5). By (2.58) and
continuity of Nf we have

Nf .HT .!//
p

) Nf .H.!//; T ! 1;
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i.e.,

QV1T .!/
p

) V1.!/; T ! 1: (2.89)

Consider one of the equations which give the necessary conditions for the existence
of an extremum in (2.75):

R.’0/ QUT .!/ #QT .!/CG1.’
0/ QV1T .!/ D On:

Subtracting this equation from (2.39) we obtain after some transformations

.G0
1.’T / #G0

1.’
0//V1T C G0

1.’
0/.V1T # QV1T /C &T D On; (2.90)

where &T D ˆT UT#R.’0/ QUT CG0
2 .’T /V2T . As above, we omit the argument!.

Using (2.30), (2.35), (2.45), (2.86), and Theorem 2.7, one can show that

p lim
T!1

&T D On: (2.91)

According to Assumption 2.4, the matrix G1.’
0/ is of full rank. Therefore after

some rearrangements we obtain from (2.90)

jjV1T # QV1T jj &jj QG.’0/G1.’
0/&T jjCjj QG.’0/G1.’

0/.G0
1.’T /#G0

1.’
0//V1T jj;

(2.92)
where QG.’0/ D .G1.’

0/G0
1.’

0//!1.
According to (2.91), for arbitrary " > 0 and ı> 0 we have

P
n
jj QG.’0/G1.’

0/&T jj < "
o
" P

%
&T <

"

jj QG.’0/G1.’0/jj

&
" 1 # ı; T > T1:

By (2.52) and Lemma 2.8 for the same " and ı, one can find b > 0 and T2 > 0
for which

P
n
jj QG.’0/G1.’

0/.G0
1.’T /#G0

1.’
0//V1T jj < "

o

" 1#P
n
jjG0

1 .˛T /#G0
1.’

0/jj" "1

b

o
# P fjjV1T jj" bg " 1 # ı; T > T2;

where "1 D "=jj QG.’0/G1.’
0/jj.

From the last two inequalities and (2.92) it follows that jjV1T # QV1T jj converges
in probability to 0 as T ! 1, which together with (2.89) proves the theorem. ut

Using Theorems 2.7 and 2.8 one can determine in the case of large samples the
accuracy of estimation of parameters and check statistical hypotheses. We show
that the distribution of V1 is not concentrated at 0. Assume the opposite: V1 D Om1

almost surely. According to the necessary conditions for the extremum in (2.74),
we have R.’0/U # Q C G1.’

0/V1 D On. Hence, if the assumption holds true,
the vector U is normally distributed. In this case, by (2.44), Theorem 2.7 and the
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equality p limT!1 ‰1.’T / D G1.’
0/ (see (2.52)) we obtain that the distribution of

the vector W1T , defined in (2.44), converges as T ! 1 to the normal distribution,
which is not possible since W1T " Om1 . Thus, P fV1 ¤ Om1g > 0. Taking into
account Lemma 2.7 the obtained result can be formulated as below.

Theorem 2.9. If Assumptions 2.1–2.7 hold true, then P fvi > 0g > 0, i 2 I 01 ;
P fvi D 0g D 1, i 2 I 02 , where vi is a limit of viT as T ! 1.

In mathematical programming the following result is known. If the so-called
strict complementary slackness conditions hold, then the Lagrange multiplier,
corresponding to an active constraint, is greater than 0, and the multiplier
corresponding to an inactive constraint is equal to 0. The statement of the theorem
can be regarded as an analogue of this property for Lagrange multipliers.

2.3 Asymptotic Properties of Nonlinear Regression Parameters
Estimates by the Least Squares Method Under a Priory
Inequality Constraints (Non-Convex Case)

2.3.1 Assumptions and Auxiliary Results

The results described above are based on the assumption of convexity of the
admissible region M, given by restrictions (2.12). In order to make the restrictions
on the region less strict, we change Assumption 2.2B by putting M D Rn. This
means that the first and second derivatives of the regression function are bounded on
whole space of regression parameters. In what follows we use the assumption below.

Assumption 2.20. A. Functions ft .’/, t D 1;T and gi .’/, i 2 I are twice
continuously differentiable on Rn.

B. For all ’ 2 Rn and all possible values of independent variables xt there exist
constants c1 and c2 such that

ˇ̌
ˇ̌@ft .’/
@˛i

ˇ̌
ˇ̌ & c1;

ˇ̌
ˇ̌@
2ft .’/

@˛i @˛j

ˇ̌
ˇ̌ & c2; t D 1; T ; i; j D 1; n;

C. Functions gi .’/; i 2 I and their first and second derivatives are bounded in the
neighborhood of ’ D ’0.

Furthermore, we replace Assumptions 2.6 and 2.7 by the assumption below.

Assumption 2.60. Gradients rgi .’T /, i 2 Ia are linearly independent.
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Thus, we consider Assumptions 2.1, 2:20, 2.3–2.5, and 2:60. These assumptions
allow after some changes in the restrictions on ft .˛/ and gi .’/, i2I , to get rid of
the convexity of constraints. Let us discuss how the new assumptions will influence
the auxiliary results obtained before.

Lemmas 2.3–2.5 remain unchanged, since Assumptions 2.2–2.7 are not used in
the proofs. Lemmas 2.6–2.9 rely on these assumptions. Note that Assumptions 2.2
and 2:20 differ only in property B. One can check that the new Assumption 2.20B
includes Assumption 2.2B as a particular case. Assumptions 2.6 and 2.7 imply
linear independence of gradients in left-hand side parts of active restrictions at
’ D ’T , which belongs to the admissible set. Recall that linear independence of
gradients was used in the proofs of Lemmas 2.6–2.9. Assumption 2.60 provides such
a property for gradients for any ’T 2 Rn. Therefore, Lemmas 2.6–2.9 hold true also
for the case considered in this subsection.

2.3.2 Fundamental Result

We prove the theorem about the limit distribution of
p
T .’T # ’0/ in the

non-convex case. In the proof we use Lemmas 2.3–2.9, which also hold true in the
non-convex case.

Theorem 2.10. Under Assumptions 2.1, 2:20, 2.3–2.5, and 2:60, the random vari-
able UTD

p
T .’T#’0/, where ’T is the solution of (2.12), converges in distribution

as T ! 1 to a random variable U which is the solution to quadratic programming
problem (2.74).

Proof. In the proof we follow the same scheme as in the proof of Theorem 2.7.
Consider the quadratic programming problem

8
ˆ̂<

ˆ̂:

'T .X/ D 1
2
X0ˆT .!/X #Q0

T .!/X ! min;

ˇi .X/ D rg0
i .ŸT .!//X & Om1; i 2 I 01 ;

ˇi .X/ D
p
T gi .’

0/C rg0
i .ŸT .!//X & Om2; i 2 I 02 ;

(2.93)

where X 2 Rn; QT .!/DQT and ˆT .!/DˆT have the same meaning as in (2.71),
the function ˇi .X/ is determined in (2.70), ŸT D ŸT .!/ D ’0C+.!/.’T .!/#’0/
and +.!/ 2 Œ0; 1!, ! 2 $, $ is the sample space. The solution U$

T D U$
T .!/

to problem (2.93) satisfies the minimum conditions (2.72), as well as the vector
UT D UT .!/ (compare the expression (2.72) with necessary conditions for the
minimum (2.73) in the problem (2.12)).

Consider the quadratic programming problem

Q'T .X/ D 1

2
X0R.˛0/X #Q0

T .!/X ! min;

rg0
i .ŸT .!//X & 0; i 2 I 01 : (2.94)
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Denote its solution by QUT D QUT .!/. According to Lemma 2.5, QUT is the continuous
function of QT and rgi .ŸT /, i 2 I 01 :

QUT D q.QT I rgi .ŸT /; i 2 I 01 /:

It follows by the definition of ŸT that p limT!1 ŸT D ’0, which implies, by
continuity of rgi .’/, i 2 I in Rn (see Assumption 2.20), that

p lim
T!1

rgi .ŸT / D rgi .’0/; i 2 I 01 :

Then by the continuity of the function q.!/ we have

q.QT I rgi .ŸT /; i 2 I 01 /
p

) q.QI rgi .’0/; i 2 I 01 /; T ! 1: (2.95)

Here we used that from the convergence in probability to a constant we get its
convergence in distribution.
The solution to problem (2.74) can be written in the form

U D q.QI rgi .’0/; i 2 I 01 /:

Thus, from this expression and (2.95) we get (2.76).
Define

OT D fX W ˇi .X/ & 0; i 2 I g; O D fX W rg0
i .ŸT /X & 0; i 2 I 01 g:

In terms of the notation (2.70) and the constraints in (2.93), we have
rg0

i .ŸT /UTDˇi .UT /D
p
T gi .’T /&0, i2I 01 , which implies UT2O. Then all the

considerations used for obtaining (2.77)–(2.81) will remain true (see the proof
of Theorem 2.7).

Let us estimate (2.81). Consider the first term in the right-hand side of this
expression. If the matrix ˆT is positive definite, the square programming problem
(2.93) has a unique solution. Therefore, comparing (2.72) and (2.73), we derive that
U$
T D UT , where U$

T is the solution to (2.93). We obtain

P f'T .UT / # 'T . QUT / & 0g " P f QUT 2 OT ;ƒiT > 0; i D 1; ng
D P fˇi . QUT / & 0; i 2 I 02 I ƒiT > 0; i D 1; ng (2.96)

" P fƒiT > 0; i D 1; ng #m2 C
X

i2I 02

P fˇi . QUT / & 0g;

wherem2 is the number of elements in I02, and ƒiT is the i th eigenvalue of the matrix
ˆT .

We find the limit of P fˇi . QUT / & 0g as T ! 1 based on (2.76), inequalities
gi .’

0/ < 0, i 2 I 02 and the limit p limT!1 ŸT D ’0.
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For " > 0 we have

P fˇi . QUT / & 0g D P
n
#rg0

i .$T / QUT "
p
T gi .’

0/
o

D P
n
rg0

i .’
0/ QU# rg0

i .ŸT / QUT "
p
T gi .’

0/C rg0
i .’

0/ QU
o

" P
n
rg0

i .’
0/ QU# rg0

i .ŸT / QUT "
p
T gi .’

0/C jrg0
i .’

0/ QUj
o

" P
n
rg0

i .’
0/ QU# rg0

i .ŸT / QUT " #";
p
T gi .’

0/C jrg0
i .’

0/ QUj " #"
o

" P frg0
i .’

0/ QU#rg0
i .ŸT / QUT " #"g#1CP

np
T gi .’

0/Cjrg0
i .’

0/ QUj < #"
o

" P fjjrg0
i .’

0/ QU#rg0
i .ŸT / QUT jj & #"g#1CP

np
T gi .’

0/Cjrg0
i .’

0/ QUj< #"
o

" 1# %1i # %2i ; T > T3i ; i 2 I 02 ; (2.97)

where %ki > 0 are arbitrary. For such values and " > 0 there exists T3i for which
(2.97) holds true. Then, taking %i D %1i C %2i , we obtain

P fˇi . QUT / & 0g " 1 # %i ; T > T3i ; i 2 I 02 : (2.98)

From the proof of Theorem 2.7 we derive for any % > 0

P fƒiT > 0; i D 1; ng > 1 # %

2
; T > T5:

Further, from the expression above and (2.96), (2.98), we get

P f'T .UT /# 'T . QUT / & 0g > 1 # %; T > T6; (2.99)

where

% D 2
X

i2I 02

%i ; T6 D max.T4; T5/; T4 D max
i2I 02

T3i :

From above, (2.81) and (2.79) hold true provided that assumptions of Theorem 2.10
are satisfied. Then from (2.81), (2.79) and inequality (2.99) we derive (2.85).

By the same arguments as in the proof of Theorem 2.7 and the fact that in our
settings inequalities (2.77), (2.78), (2.85) and the limit (2.76) hold true, we get the
statement of the theorem. ut
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2.4 Limit Distribution of the Estimate of Regression
Parameters Which Are Subject to Equality Constraints

The described methodology of derivation the limit distribution of a multidimensional
parameter regression estimate can be modified for the case of equality constraints

g.’/ D Om; g.’/ 2 Rm: (2.100)

Namely, one can consider the problem

ST .’/ ! min; gi .’/ D 0; i 2 I D f1; 2; : : : ; mg; (2.101)

where ST .’/ is determined in (2.13).
For this case we need Assumptions 2.1, 2:20, and 2.3. Assumptions 2.4 (Sect. 2.2)

and 2:60 (Sect. 2.3) need to be changed in order to take into account the absence of
constraints in (2.100).

Assumption 2.40 Gradients rgi .’0/, i 2 I D f1; : : : ; mg are linearly independent
in the neighborhood ’ D ’0.

Assumption 2.600 Gradients rgi .’T /, i 2 I are linearly independent.

Taking into account these assumptions, consider the lemmas from Sect. 2.2. Obvi-
ously, Lemmas 2.3–2.5 will remain true. Using Assumptions 2.1, 2:20, 2.3, 2:40, 2.5
and 2:600, we can proceed to the proof of Lemma 2.6.

Proof of Lemma 2.6. The necessary conditions for the existence of the extremum in
problems (2.101) and (2.13) are given by expressions (2.24). According to Sects. 2.2
and 2.3, for Assumptions 2.1, 2.20, 2.3, 2.40, 2.50, and 2.600, expressions (2.26)–(2.32)
hold true. The assertion p limT!1 *iTD0, i2I follows from relations (2.24) and
(2.32), since the gradients rgi .’T /, iD1;m are linearly independent.
The proof of Lemmas 2.8 and 2.9 can be simplified since for the considered case
m1 D m, implying

V1T D V; V2T D Om2; G1.’T / D G.’T /; G2.’T / D Om2; W1T D Om1:

ut
Lemma 2.9 allows to prove a theorem on the limit distribution of estimates of
regression parameters.

Theorem 2.11. If Assumptions 2.1, 2.20, 2.3, 2:40, 2:50, and 2:600 are satisfied, then
the random variable UT D

p
T .’T # ’0/, where ’T is a solution to (2.101),

converges in distribution to a random variable U, which is normally distributed
with the expectation EfUg D On and the covariance matrix

K D R!1.’0/&2ŒJn #G0.’0/.G.’0/R!1.’0/G0.’0//!1G.’0/R!1.’0/!:

The proof is analogous to the proof of Theorem 2.10.
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Consider the optimization problem

'T .X/ D 1

2
X0ˆTX#Q0

TX ! min; ˇi .X/ D rg0
i .ŸT /X D 0; i 2 I; (2.102)

where X 2 Rn, QT is determined by (2.38), ˇi .X/ is determined by (2.70), and
ŸT D ’0 C +.’T # ’0/, + 2 Œ0; 1!. To define the constraints in (2.102) we used the
series expansion

ˇi .X/ D
p
T gi

!
Xp
T

C ’0
"

D
p
T g.’0/C rg0

i .ŸT /X; i 2 I (2.103)

and the fact that gi .’0/ D 0, i 2 I .
Each of the constraints gi .’/ D 0 can be represented as two constraints-

inequalities:
gi .’/ & 0; #gi .’/ & 0; i 2 I: (2.104)

Then it is easy to see that the expression (2.102) coincides for I 02 D ; with
(2.93) if I D I 01 . Then, taking into account inequalities (2.104), the first system of
inequalities in (2.93) becomes

rg0
i .ŸT /X & 0; #rg0

i .ŸT /X & 0; i 2 I D I 01 (2.105)

and

U D ŒJn # R!1.’0/G0.’0/.G.’0/R!1.’0/G0.˛0//!1!R!1.’0/Q (2.106)

is the solution to the problem

'.X/ D 1

2
X0R.’0/X #Q0X ! min; rg0

i .’
0/X D 0; i 2 I; (2.107)

where Q ' N.On; &
2R.’0/. The solution U$

T to (2.102) satisfies the necessary
conditions for the existence of extremum in this problem, i.e.,

ˆTU$
T #QT C

X

i2I
rˇi .U$

T /v
$
iT D On; ˇi .U$

T / D 0; i 2 I; (2.108)

where v$
iT D

p
T *$

iT , *$
iT is the Lagrange coefficient for problem (2.102).

The necessary conditions for the existence of the extremum in (2.101) and (2.13)
are of the form:

ˆTUT C
X

i2I
rgi .’T /viT #QT D On; gi .’T / D On; i 2 I; (2.109)

where viT D
p
T *iT .

According to (2.103) we have:

ˇi .UT / D
p
T gi .’T / ;

rˇi .X/ D rgi
!

Xp
T

C ’0
"
; i 2 I: (2.110)
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Hence
rˇi .UT / D rgi .’T / ; i 2 I: (2.111)

Comparing equalities (2.108) and (2.109), and taking into account expressions
(2.110) and (2.111), we see that UT and VT D Œv1T : : : vmT !0 satisfies (2.108).
By (2.105), the problem (2.94) from Sect.2.3 can be reformulated as

Q'T .X/ D 1

2
X0R.’0/X #Q0

TX ! min; rg0
i .ŸT /X D 0; i 2 I (2.112)

and its solution is

QUT D ŒJn # R!1.’0/G0.ŸT /.G.ŸT /R!1.’0/G0.ŸT //!1!R!1.’0/QT : (2.113)

We obtain the expression (2.76) from (2.106) and (2.113), according to (2.58)
and Assumption 2.20A. From expressions (2.102) and (2.103) we get ˇi .UT /D0,
i2O, where O D fX W rgi .ŸT /X D 0; i 2 I g; hence, UT 2 O.
Further, repeating all arguments used in the proof of Theorem 2.7, we obtain (2.79)
and (2.81).

Let us estimate the first term in the right-hand side of (2.81). If ˆT is the positive
definite matrix and T is large enough so that ŸT belongs to the neighborhood of ’0

where the Assumption 2.40 holds true, then the solution to (2.102) is unique. If ˆT

is positive definite and Assumption 2.600 holds true, the solution to (2.101), (2.13)
is also unique. Consequently, (2.109) determines the unique vector UT , which is
also the solution to (2.108). Therefore we have U$

T D UT , under the conditions
that ƒiT > 0, i D 1; n, jjŸT # ’0jj<"3, where ƒiT is the i th eigenvalue of ˆT , and
"3 > 0 determines the neighborhood ’0, in which Assumptions 2.40 holds true. Thus

P f'T .UT /# 'T . QUT / & 0g
" P fƒiT > 0; i D 1; nI jjŸT # ’0jj < "3g
D P fƒiT > 0; i D 1; ng # P fƒiT > 0; i D 1; nI jjŸT # ’0jj" "3g
" P fƒiT > 0; i D 1; ng # P fjjŸT # ’0jj" "3g
D P fƒiT > 0; i D 1; ng # 1C P fjjŸT # ’0jj < "3g:

Since ŸT converges in probability to ’0, we have for arbitrary % > 0

P fjjŸT # ’0jj < "3g > 1 #
%

2
; T > T4:

According to the proof of Theorem 2.7, we have for arbitrary % > 0

P fƒiT > 0; i D 1; ng > 1 # %

2
; T > T5:
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Thus (2.84) follows from the last three inequalities. Repeating the arguments
from the proof of Theorem 2.10, we obtain from (2.84), (2.79), and (2.81) with
"2 D "1=2, the expressions (2.85) and (2.86) (see Sect. 2.2). Thus the statement of
the theorem follows from (2.86) and (2.76).

Theorem 2.11, which is a special case of the results obtained into Sect. 2.2, is
given in Lutkepohl (1983). However, the proof given in this subsection is in our
opinion more complete.

2.5 Asymptotic Properties of the Least Squares Estimates
of Parameters of a Linear Regression with Non-Stationary
Variables Under Convex Restrictions on Parameters

2.5.1 Settings

Unlike the previous subsections we consider here a case when independent variables
can have a trend, and the regression is linear. Such a situation is quite common in
many econometric problems.

We assume that the admissible domain of the multidimensional parameter is
a convex set. In this situation, the asymptotical distribution for such a parameter
cannot be obtained as a special case of the results from Sects. 2.2 and 2.3 due to
the presence of the trend in variables. We find the limit distribution based on proofs
given in these subsections.

Consider the estimation problem

ST .’/ D 1

2

TX

tD1
.yt # x0

t’/
2 ! min; gi .’/ & 0; i 2 I; (2.114)

where the values xt ; yt ; t D 1; T and functions gi .’/, i 2 I , are known.
One can see that problem (2.114) is a particular case of problems (2.12) and

(2.13). However, this problem significantly differs from (2.12) to (2.13) because the
restrictions on the regression function ft .’/ D x0

t’ are less strong, i.e. it might
tend to ˙1 when t increases.

We solve the problem based on rather general assumptions about the regressors
and the noise.

Assumption 2.8. Assume that the random variables "t are centered, independent,
do not depend on xt , t D 1; 2; : : :, and have the same distribution ˆt .u/; t D
1; 2; : : :, such that suptD1;2;:::

R
juj>0 u2dˆt .u/ ! 0 as c ! 1. We denote by &2

the variance of "t .

Assumption 2.1 from Sect. 2.2 is a particular case of Assumption 2.8.
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Denote PT D PT
tD1 xtx0

t and ET D diag.
q

"T11;
q

"T22; :::;
p

"Tnn/, where "Tii are the
elements on the main diagonal of PT .

Assumption 2.9. For all T , the matrix PT is non-degenerate. The matrix RT D
E!1
T PTE!1

T ! R as T ! 1, where R is some positive definite matrix.

Assumption 2.10. Assume that constraints gi .’/ are twice continuously differen-
tiable convex functions. Further, assume that the matrix G whose rows are rg0

i .’
0/,

i 2 I , is of full rank.

Assumption 2.11. Assume that "Tii ! 1, x2TC1;i ="
T
ii ! 0, i D 1; n, as T ! 1.

Assumption 2.12. For some .m % m/ diagonal matrix NET with positive elements
on the main diagonal NeTi, i D 1;m, there exists the limit limT!1 QGT D QG of the
matrix QGT D NETGE!1

T , where G is a matrix composed from the rows rg0
i .’

0/,
i D 1; n. At the same time, (1) QG1 D limT!1 QGT1, where QGT1 D NET1G1E!1

T ,
NET1 D diag. NeTi/, i 2 I 01 , and G1 is a matrix composed of rg0

i .’
0/, i 2 I 01 , is of full

rank, (2) there exists limT!1 NeTie
!1
Tj < 1, i 2 I , j D 1; n, where eTj D

q
"Tjj .

Assumption 2.12 holds true, in particular, when the regressors are bounded, see
previous subsections. Then NET D

p
T Jm, ET D

p
T Jn.

Here and everywhere in this subsection we assume that the regression parameter
satisfies (2.14).

2.5.2 Consistency of Estimator

We start with the proof of the consistency of the solution to problem (2.114).

Theorem 2.12. If Assumptions 2.8–2.12 are satisfied, then the solution ’T to
problem (2.114) is a consistent estimate of ’0.

Proof. After some transformation problem (2.114) can be written as

1

2
’0PT’ # ’0X0

T YT ! min; gi .’/ & 0; i 2 I; (2.115)

where XT is the T % n matrix.
According to Assumption 2.9, the matrix PT is positive defined. Therefore

one can always find a non-degenerate matrix HT such that PT D H0
THT . We

assume that “ D HT’. Taking into account these transformations, the quadratic
programming problem (2.115) can be written as

1

2
“0“# “0.H!1

T /
0X0

TYT ! min; hi .“/ & 0; i 2 I; (2.116)

where hi .“/ D gi .H!1
T “/ is convex.
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Put K“ D f“ W hi .“/ & 0;“ 2 Rng. The set K“ is convex by convexity of
functions hi .“/, i 2 I . Then we transform the problem (2.116) to

jj“# “$
T jj2 ! min; “ 2 K“; (2.117)

where “$
T D .H!1

T /
0X0

TYT is the solution to (2.116) without taking into account the
constraint “ 2 K“.

It follows from (2.117) that its solution “T is the projection of “$
T onto K“.

This projection is unique by convexity of K“. It is known that the distance from
an arbitrary point a that does not belong to some convex set A, to the projection
of a onto this set, does not exceed the distance from a to an arbitrary point of A.
Therefore, we have

jj“T # “0jj2 & jj“$
T # “0jj2; (2.118)

where “0 D HT’0 2 K“ since by condition (2.14) we obtain

hi.“
0/ D hi .HT’0/ D gi .’

0/ & 0; i 2 I:

From inequality (2.118) we get

jjHT .’T # ’0/jj2 & jjHT .’
$
T # ’0/jj2

which implies

.’T # ’0/0ETRT ET .’T # ’0/ & .’$
T # ’0/0ET RTET .’$

T # ’0/:

Then we obtain

/min.RT /jjET .’T # R0/jj2 & /max.RT /jjU$
T jj2; (2.119)

where /max.RT / and /min.RT / are, respectively, the maximal and the minimal
eigenvalues of RT , and U$

T D ET .’$
T # ’0/.

Denote e2T;min D miniD1;n e
2
Ti, where e2Ti D "Tii . Then the inequality jjET .’T #

’0/jj2 " e2T;minjj’T # ’0jj2 holds true. Taking into account this inequality, we
obtain from (2.119)

jj’T # ’0jj2 &
 

/max.RT /

e2T;min/min.RT /

!
jjU$

T jj2: (2.120)

According to Anderson (1971), under Assumptions 2.8, 2.9 and 2.11 of Theorem
2.6.1, the distribution of U$

T converges as T ! 1 to the distribution of
the variable U$ ' N.On; &

2R!1/. By Rao (1965, Theorem XII, Chap. 2), we

have jjU$
T jj2

p
) jjU$jj2.

According to Assumption 2.9, the eigenvalues of the matrix RT converge as
T ! 1 to non-zero values. Moreover, according to Assumption 2.11, e2T;min ! 1
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as T ! 1. Therefore, the first term in the right-hand side of inequality (2.120)
converges in probability to zero. Then the right-hand side of (2.120) also converges
in probability to zero, which implies the statement of the theorem. ut
Corollary 2.2. If Assumptions 2.8–2.12 hold true, then the solution to (2.114) with
linear constraints gi .’/ D g0

i’ # bi & 0, i 2 I , converges in probability to ’0.

Corollary 2.3. If Assumptions 2.8–2.12 are satisfied and, at the same time, we have
NET D

p
T Jm and ET D

p
T Jn, then the solution ’T to problem (2.114) with linear

constraints converges to ’0 in the mean-square sense.

Proof. Under the conditions of Corollary 2.3, ’$
T converges in the mean-

square sense to ’0 (Demidenko 1981, Sect. 1.7), /max.RT /!/max.R/, and
/min.RT /!/min.R/>0 as T!1. This directly implies the statement of corollary.ut

2.5.3 Limit Distribution of the Parameter Estimate

Consider two auxiliary results.

Lemma 2.10. Assume that the conditions of Theorem 2.12 are satisfied. Then, for
given ı > 0, there exist " > 0 and T0 > 0, such that

P fjjUT jj" "g < ı; T > T0; UT D ET .’T # ’0/: (2.121)

Proof. Transforming inequality (2.119), we obtain

jjUT jj2 & /T jjU$
T jj2; (2.122)

where /T D /max.RT /=/min.RT /. According to Assumption 2.9, we have /T !
/ ¤ 0 as T ! 1, and, as in the proof of Theorem 2.12, jjU$

T jj2 )p jjU$jj2.
Therefore, taking into account inequality (2.122), for given ı > 0, there exist some
" > 0 and T0 > 0 for which

ı > P f/T jjU$
T jj2 " "g > P fjjUT jj2ge"g; T > T0:

Lemma is proved. ut

Lemma 2.11. Suppose that Assumptions 2.9–2.12 are satisfied. Then the solution
to the minimization problem with respect to X D ET .’ # ’0/ 2 Rn

8
ˆ̂<

ˆ̂:

'T .X/ D 1
2
X0RTX #Q0

T X ! min;

ˇi .X/ D . NeTirg0
i .’

0/E!1
T /X C li .X/ & Om1; i 2 I 01 ;

ˇi .X/ D NeTigi .’
0/C . NeTirg0

i .’
0/E!1

T /X C li .X/ & Om2; i 2 I 02

(2.123)

is UT D ET .’T # ’0/.
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In (2.123),

QT D E!1
T

TX

tD1
"txt ;

ˇi .X/ D NeT igi .E!1
T X C ’0/; i 2 I; (2.124)

li .X/ D 1

2
X0. NeTiE!1

T gi2.’
0 C +T1E!1

T X/E!1
T /X; i 2 I; (2.125)

where functions gi2 and +T1 are defined in (2.43).

Proof. The cost function in the problem (2.123) is strictly convex (according to
Assumption 2.9) with convex domain, since the related constraints are convex
functions. Hence, the solution to (2.123) (which we denote by U$

T ) is unique. It
satisfies the following necessary and sufficient conditions for the existence of the
minimum:

RT U$
T #QT C

mX

iD1
rˇi .U$

T /v
$
Ti D On;

v$
Tiˇi .U

$
T / D 0; v$

Ti " 0; i 2 I; (2.126)

where v$
Ti is the Lagrange multiplier corresponding to the i th constraint.

Problem (2.114) is also a convex programming problem, such that ’T satisfies the
necessary and sufficient conditions for the existence of its minimum:

PT’T # ’0
T X0

TYT C
mX

iD1
rgi .’T /*Ti D On;

*Tigi .’T / D 0;* Ti " 0; i 2 I; (2.127)

where *Ti, i 2 I are Lagrange multipliers for problem (2.114).
After some transformations of the first equality in (2.127), multiplying it by E!1

T

from the left, and putting vTi D Ne!1
Ti *Ti, i 2 I , we obtain

RT UT #QT C
mX

iD1
NeTiE!1

T rgi .’T /vTi D On;

vTi NeTigi .’T / D 0; vTi " 0; i 2 I: (2.128)

Comparing the expressions (2.126) and (2.128), we obtain that condition (2.126)
holds true when U$

T D UT and v$
Ti D vTi " 0, i 2 I , because according to (2.124)

we have ˇi .UT /D NeTigi .’T / and rˇi .UT /D NeTiE!1
T rgi .’T /, i 2 I . Since the

conditions (2.126) determine a unique solution to (2.123), the statement of the
lemma holds true. ut
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Let us find the limit of UT .

Theorem 2.13. If Assumptions 2.8–2.12 hold true, then the random variable UT D
ET .’T # ’0/ converges in distribution as T ! 1 to a random variable U, which
is the solution to the problem

'T .X/ D 1

2
X0RX #Q0X ! min; QG1X & Om1; (2.129)

where the .m1 % n/ matrix QG1 consists of the rows of the matrix QG with
indices i 2 I 01 .

Proof. Consider the quadratic programming problem

'0T .X/ D 1

2
X0RX #Q0

TX ! min; QGT1X & Om1: (2.130)

Denote its solution by U0
T . By Theorem 2.6.1 (Anderson 1971), for the vector

QT we have

QT

p
) Q ' N.On; &

2R/; T ! 1: (2.131)

According to Lemma 2.5, U0
T is continuous in QT and QGT1: U0

T D
f .QT ; QGT1/. From here, (2.131), and the fact that by Assumption 2.12 we have

limT!1 QGT1D QG1, we obtained f .QT ; QGT1/
p

)f .Q; QG1/. According to (2.129),
we have UDf .Q; QG1/. Thus,

U0
T

p
) U as T ! 1: (2.132)

Denote by OT D fX W ˇi .X/ & 0; i 2 I g and O D fX W . NeTirg0
i .’

0/E!1
T /X &

0; i 2 I 01 g admissible domains in problems (2.123) and (2.130), respectively.
According to Assumption 2.10 functions gi .’/, i2I are convex. By the convex-

ity of the constraints we have li .X/ " 0, X 2 Rn. Therefore, since ˇi .UT /&0,
i 2 I 01 , it follows from the first constraint in (2.123) that . NeTirg0

i .’
0/E!1

T /UT&0,
i 2 I 01 . This implies UT 2 O.

According to Assumption 2.9, '0T .X/ is a strongly convex function of X. Then
see Karmanov (1975),

jjUT # U0
T jj2 & 2

/
Œ'0T .UT / # '0T .U0

T /!; / > 0 (2.133)

because UT 2 O, i.e., UT satisfies the constraints of the problem (2.130).
According to (2.133), we have for arbitrary " > 0

P fjjUT # U0
T jj2 < "2g " P

%
2

/
Œ'0T .UT / # '0T .U0

T /! < "
2

&

" P
n
j'0T .UT /# 'T .UT /j <

"1

2

o
C P

n
'T .UT / # '0T .U0

T / <
"1

2

o
# 1; (2.134)

where "1 D "2/=2.
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To transform the right-hand side of (2.134) we need to derive some relations
connecting the cost functions in problems (2.123) and (2.130). For arbitrary "2 > 0,
we have

P fj'0T .X/# 'T .X/j < "2g D P

% ˇ̌
ˇ̌1
2

X0.R #RT /X
ˇ̌
ˇ̌ < "2

&
: (2.135)

Substituting X D UT in (2.135) we obtain

P fj'0T .UT /# 'T .UT /j < "2g " 1 # P
˚
jUT j "

p
a
'
# P

%
jR# RT j " 2"2

a

&

(2.136)
where a is some positive number. According to Assumption 2.9, for sufficiently
large T the third term in the right-hand side of (2.136) is equal to 0. Then, applying
Lemma 2.10, we obtain from (2.136)

P fj'0T .UT /# 'T .UT /j < "2g " 1 # ı; T > T1: (2.137)

Put X D U0
T in (2.135). After performing some necessary transformations and

taking into account that U0
T has a limit distribution (cf. (2.132)), we obtain for

arbitrary "2 > 0 and ı > 0

P fj'0T .U0
T /# 'T .U0

T /j < "2g D DT2 " 1 # ı; T > T2: (2.138)

Consider the second term in the right-hand side of (2.134). We have

P
n
'T .UT /# '0T .U0

T / <
"1

2

o
" P f'T .UT / # 'T .U0

T / & 0g

CP
n
'T .U0

T / # '0T .U0
T / <

"1

2

o
# 1 D DT1 CDT2 # 1; (2.139)

whereDT2 is the probability defined in inequality (2.138) at "2 D "1=2.
To determine the probabilityDT1 in (2.139), we write the constraints of problem

(2.123) for X D U0
T as follows:

QGT1U0
T C L1.U0

T / & Om1;

QGT 2U0
T C NET 2g.2/.’0/C L2.U0

T / & Om2: (2.140)

Here, Lk.X/ is vector of dimension mk , k D 1; 2, whose i th component is a
function li .X/, i 2 I 0k , specified by the expression (2.125); QGTk D NETkGkE!1

T ,
kD 1; 2. In this case, we have by Assumption 2.12

lim
T!1

QGT k D QGk; (2.141)

where NETk D diag . NeTi/.
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According to (2.125), (2.132) and Assumption 2.12, we have

p lim
T!1

li .U0
T / D 1

2
.U0

T /
0. NeTiE!1

T gi2.’
0 C +T1E!1

T U0
T /E

!1
T /U

0
T D 0; i 2 I

which implies p limT!1 L2.U0
T / D Om2 .

By (2.139) we obtain DT1 " P fU0
T 2 OT g. Therefore, we have the sequence of

inequalities:

DT1 D P f'T .UT /! 'T .U0
T / " 0g

# P f QGT1U0
T C L1.U0

T / " Om1; QGT 2U0
T C L2.U0

T /C NET 2g.2/.’0/ " Om2g

# P f QGT1U0
T C L1.U0

T / " Om1g C P f QGT 2U0
T C L2.U0

T /C NET 2g.2/.’0/ " Om2g ! 1

#
X

i2I01
P
n
 
.1/
T i C li .U0

T / " 0
o

C
X

i2I02
P f
n
 
.2/
T i C li .U0

T /C NeT igi .’0/ " 0
o

C 1!m1 !m2;

where  .k/Ti is the i th component of the vector QGTkU0
T , k D 1; 2.

According to (2.129), we have QG1U & Om1 . Then (2.132) and (2.141) imply that
QGT1U0

T

p
) QG1U & Om1 . Since p limT!1 li .U0

T / D 0, i 2 I , one can see that for
an arbitrary ı1 > 0 there exists T3 > 0 for which

P
n
 
.1/
Ti C li .U0

T / & 0
o
> 1 # ı1; i 2 I 01 ; T > T3:

Since li .U0
T /, i 2 I , converges to zero in probability, we have by (2.131), (2.140)

and Assumption 2.12, that for an arbitrary ı2 > 0

P f Ne!1
Ti .j 

.2/
Ti j C li .U0

T // & #gi .’0/g > 1 # ı2; i 2 I 02 ; T > T4:

Substituting this and the previous inequalities in the lower estimate obtained for
D1T , we get

DT1 " 1 #m1ı1 #m2ı2; T > max.T3; T4/: (2.142)

Put "2 D "1=2 in the expression (2.138). Then, taking into account (2.142), we
obtain from (2.139)

P
n
'T .UT /# '0T .U0

T / <
"1

2

o
> 1#ı#m1ı1#m2ı2; T > max.T2; T4/: (2.143)

Consider problem (2.134). Substituting inequality (2.137) with "2 D "1=2 and
inequality (2.143) into (2.134), we get

P fjjUT # U 0
T jj2 < "2g>1 # 2ı #m1ı1 #m2ı2; T > max

1"i"4
Ti :

Thus, we obtain p limT!1 jjUT #U0
T jj2 D 0. The statement of the theorem follows

from this expression and (2.132). ut



Chapter 3
Method of Empirical Means in Nonlinear
Regression and Stochastic Optimization Models

In stochastic optimization and identification problems (Ermoliev and Wets 1988;
Pflug 1996), it is not always possible to find the explicit extremum for the
expectation of some random function. One of the methods for solving this problem
is the method of empirical means, which consists in approximation of the existing
cost function by its empiric estimate, for which one can solve the corresponding
optimization problem. In addition, it is obvious that many problems in mathematical
statistics (for example, estimation of unknown parameters by the least squares,
the least modules, the maximum likelihood methods, etc.) can be formulated as
special stochastic programming problems with specific constraints for unknown
parameters which stresses the close relation between stochastic programming and
estimation theory methods. In such problems the distributions of random variables
or processes are often unknown, but their realizations are known. Therefore, one
of the approaches for solving such problems consists in replacing the unknown
distributions with empiric distributions, and replacing the corresponding mathemat-
ical expectations with their empiric means. The difficulty is in finding conditions
under which the approximating problem converges in some probabilistic sense to
the initial one. We discussed this briefly in Sect. 2.1. Convergence conditions are
of course essentially dependent on the cost function, the probabilistic properties
of random observations, metric properties of the space, in which the convergence
is investigated, a priori constraints on unknown parameters, etc. In the notation
used in statistical decision theory the problems above are closely related with
the asymptotic properties of unknown parameters estimates, i.e. their consistency,
asymptotic distribution, rate of convergence, etc.

It should be noted that there are a lot of publications devoted to the method of
empirical means. Among them we can name the works of E. Yubi, J. Dupacjva,
Yu. Ermoliev, V. Kankova, A. King, P.S. Knopov, V.I. Norkin, G. Salinetti,
F. Shapiro, R.J. Wets and others. Some of these publications are given in the
references. There are many approaches for solving this problem. We pay principal
attention to the approach based on the general theory of convergence of the
extremum points of a random function to the limit point. Here we will rely on The-

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0 3, © Springer Science+Business Media, LLC 201
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orem 2.1. We shall briefly discuss one of the well-known approaches, based on the
notions of epi-distance and epi-convergence (Dupacova and Wets 1986; King 1986,
1988; Salinetti and Wets 1986; Shapiro 1989, 1991; Shapiro et al. 2009; Wets 1979,
1983). These approaches are widely used in modern asymptotic estimation theory
and proved to be useful for solving the problems below. It should also be noted, that
in classical estimation theory one usually considers estimation problems without
constraints on unknown parameters, or only with equality-constraints. Inequality
type constraints make the estimation problem much more complicated, especially
when we need to find the asymptotic distribution of obtained estimates. We discuss
some results concerning above-mentioned problems herein.

We begin with the simplest but important stochastic programming problem and
demonstrate the basic ideas of the proposed approach. Then we consider more
sophisticated models which are investigated by similar methods.

In this chapter, we consider random functions which have continuous and
discrete parameters. Therefore, for convenience we use the notation s; t; u, etc. for
continuous arguments, and i; j; k, etc., for discrete. As a rule, by jj !jj we denote the
norm in <l or in some functional space, if it will not lead to misunderstanding.

3.1 Consistency of Estimates Obtained by the Method
of Empirical Means with Independent Or Weakly
Dependent Observations

Let f!i ; i 2N g be independent identically distributed observations of a random
variable defined on a probability space .!;=; P / with values in some metric space
.Y;L.Y //;! be a random value with the same distribution and taking values in the
same metric space with norm jj !jj , and let L.Y / be the minimal "-algebra on Y .
We assume that I is a closed subset in <l ; l " 1, possibly I D <l . We assume that
f W I # Y ! < is a nonnegative function satisfying the following conditions:

1. f .u; z/;u 2 I , is continuous for all z 2 Y
2. For any u 2 I , the mapping f .u; z/; z 2 Y , is L.Y /-measurable

The problem consists in finding the minimum point of the function

F.u/ D E.f .u; !//;u 2 I (3.1)

and its minimal value.
This problem is approximated by the following one: find the minimum points of

the function

Fn.u/ D 1

n

nX

iD1
f .u; !i / (3.2)

and its minimal value.
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Theorem 3.1 (Knopov and Kasitskaya 1995, 2002). Let the following conditions
be satisfied:

1. For any c > 0, E.maxjjujj!c f .u; !// < 1, where jj !jj is a norm in <l ;
2. If P f! 2 Y 0g D 1, then for all z 2 Y 0 we have f .u; z/ ! 1 as jjzjj ! 1;
3. There is a unique point u0, at which the function F.u/ attains its minimum.

Then, for any n and ! 2 !0, when P.!0/D1, there is at least one vector
un D un.!/ 2 I for which the minimum value of Fn.u/ is attained and, for any
n " 1, the vector un can be chosen to beG0

n -measurable, where G0
n DGn \ !0 and

Gn D "f!i ; i D 1; ng. In this case, with probability 1, un ! u0 and F.un/!F.u0/.
The proof of this statement is given in Knopov and Kasitskaya (1995, 2002). The

proof is based on Theorem 2.1 and Remark 2.2, where the universal approach for
proving consistency and strong consistency of the estimates of unknown parameters
for the case of random variables with values in some metric space, is presented.

Let us briefly discuss some key steps.

1. Taking into account condition 2 of Theorem 2.1, one can prove that there exists
n0 " 1 such that with probability 1 all un; n " n0, belong to the compact set
K D fu 2 I W jjujj$ cg.

2. By ergodic theorem, it is easy to see that P flimn!1 Fn.u/ D F.u/g D 1.
3. Choosing c.#/ D 2Efsupfu;u0Wjju"u0 jj<#g jjf .u; s/% f .u0; s/g, one can prove that
P flimn!1 supjju"u0 jj<# jjFn.u/ % Fn.u0/ < c.# /g D 1.

Therefore Condition 4 of Theorem 2.1 is satisfied too. Using Theorem 2.1, we
immediately obtain the statement of Theorem 3.1.

Remark 3.1. Using the ergodic theorem, it is possible to prove that Theorem 3.1
also holds true in the case when the random sequence f!i ; i 2 N g is stationary in
the narrow sense. In other words, the problem

F.u/ D E.f .u; !// ! min
u2I

is approximated by the problem.

Fn.u/ D 1

n

nX

iD1
f .u; ! /! min

u2I
:

When time is continuous, a statement similar to Theorem 3.1 is also true.

Theorem 3.2 (Knopov and Kasitskaya 2002). Let f!.t/; t2<g be a random
process stationary in the narrow sense and defined on the probability space
.!;=; P / with values in <.

Let the following conditions be satisfied:

1. For any c > 0;Efmaxjjujj!c f .u; !.0//g < 1
2. If I is an unbounded set for any z 2 Y 0, and P f!.t/ 2 Y 08t " 0g D 1, then
f .u; z/ ! 1 as jjujj ! 1

3. There is a unique element u0 2 I for which the minimal value of the function
F.u/ D Ef .u; !.0// is attained
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Then, for all T > 0 and ! 2 !0; P.!0/ D 1, there is at least one vector u .T / 2 I
for which the minimal value of the function

FT .u/ D 1

T

Z T

0

f .u; !.t//dt

is attained and, for each T > 0, the variable u.T / is G0
T -measurable, where G0

T D
GT \ !0 and GT D "f!.t/; 0 $ t $ T g.

Let u0 D arg minF.u/, where F.u/ D Ef .u; !.0//. Then we have

P

!
lim
T!1

u.T / D u
"

D 1; P

!
lim
T!1

FT .uT / D F.u0/
"

D 1:

Taking into account Remark 3.1, the proof follows by the same arguments as in
the discrete time case.

Further generalization of the results on the strong consistency or convergence
with probability 1 of an approximating stochastic programming problem to the
original one consists in considering instead of f .u; ! / the functions of more general
form. We take a function of the form

Fn.u/ D 1

n

nX

iD1
f .i;u; !i /; (3.3)

where !i 2 < are, generally speaking, dependent observations with some
restrictions on the character of dependence. More precisely, the following result
takes place.

Theorem 3.3 (Knopov and Kasitskaya 2002). Let the stochastic function f .i;u;
!i / satisfy the conditions:

1. For any u 2 I , there exists a function F(x) such that F.u/ D limjjujj!1 Fn.u/,
and a point u0 2 I such that F.u0/ < F.u/ if u ¤ u0

2. The function f .i;u; z/ is continuous with respect to the second argument
uniformly in i and z

3. If the set I is unbounded, then for fixed i and z, f .i;u; z/ ! 1 as jjujj ! 1
4. There exists a function c.#/ > 0; c.#/ ! 0 as # ! 0, such that for any ı > 0,

there exists some #0 such that for any element u 2 I and 0 < # < #0, the
following relation holds true:

lim
n!1

1

n

nX

iD1
E sup

jju " u0jj < #

ku " u0k > ı

jf .i;u; !i / % f .i;u0; !i /j < c.#/:
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5. The function f .i;u; !i / satisfies the strong intermixing condition

˛.j / D sup
i

sup
A 2 "i!1
B 2 "1

iCj

jP.AB/% P.A/P.B/j $ c

1C j 1C"
; " > 0;

"mn D "ff .i;u; !i /; n $ i $ m;u 2 I g;

6. E.f .i; u; !i //2Cı < 1; "ı > 2.

Let un D arg minu2I Fn.u/. Then

P
n

lim
n!1

jjun % u0jj D 0
o

D 1; P
n

lim
n!1

Fn.un/ D F.u0/
o

D 1:

Similar statement is also true for the case when a continuous stochastic function
f .t;u; !.t// is observed on the interval Œ0; T$ , i.e., if we take

FT .u/ D 1

T

Z T

0

f .t;u; !.t// dt;

where !.t/ is a random process, stationary in the narrow sense. In this case,
the minimization problem minu2I FT .u/ is considered, as well as the asymptotic
behavior of uT D arg minu2I FT .u/ and FT .uT / as T ! 1.

Consider one more example. Let fŸt ; t " 0g be a random field with continuous
time defined on the probability space .!;=; P /, Ÿt 2 <m;m"1IJ is a closed
subset in <p; ff .t; x; y/ W <C ˝J ˝ <p ! <Cg;<C D Œ0;1/ is continuous in all
parameters function. Let us minimize the functional

FT .x/ D 1

T

Z T

0

f .t; x; Ÿt /dt ; x 2 J:

Theorem 3.4 (Knopov and Kasitskaya 2002). Let the random function f .t; x; Ÿt /
satisfy the conditions:

1. For any x 2 J there exists a function F(x) such that

F.x/ D lim
T!1

EFT .x/

and a point x# 2 J such that F.x#/ < F.x/ if x ¤ x#

2. If J is an unbounded set then f .t; x; y/ ! 1 as jjxjj ! 1 for any fixed t and y
3. There exists a function c.#/ > 0; c.#/ ! 0 as # ! 1, such that for any ı > 0

there exists #0 > 0 such that for any element x0 2 J , 0 < # < #0 W

lim
T!1

1

T

Z T

0

E sup
jjx " x0jj < #

jjx " x"jj > ı

jf .t; x; Ÿt /% f .t; x0; Ÿt /jdt < c.#/:
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4. Strongly mixing condition for the random process Ÿt is fulfilled:

sup
t$0

sup
A 2 "t!1
B 2 "1

tC%

jP.AB/ % P.A/P.B/j $ C

1C %1C"
;

where % > 0; " > 0; "ba is the " -algebra generated by f"t ; a $ t $ bg
5. supt$0 Ef .t; x; Ÿt /

2Cı < 1, where "ı > 2; jjxjjp < 1.

Then P flimt!1 jjxT % x#jj D 0g D 1, where xT D Œarg minx2J FT .x/$.
Consider the case when the unknown parameter u is an element of some compact

set K from some function space. Let us formulate the problem and the obtained
results. First we consider the case when K & CŒ0;1$ is the space of continuous on
[0, 1] functions with the uniform metric jj !jj .

Let ! be a random variable defined on the probability space .!;=; P /, and let
f .t; y; z/ W Œ0; 1$ # < # < ! <C be a function continuous on Œ0; 1$ # < for fixed z
and measurable in z for fixed t and y. The problem consists in finding

min
u2K

E

!Z 1

0

f .t; u.t/; !/dt
"

D min
u2K

F.u/:

This problem is approximated with the following one: Find

min
u2K

1

nC 1

nX

iD1
f

#
i

n
; u
#
i

n

$
; !ni

$
D min

u2K
Fn.u/;

where f!ni ; 0 $ i $ n; n " 1g is a sequence of series of independent observations
of a random variable !.

Let un D arg minu2K Fn.u/, u0 D arg minu2K F.u/. We find the conditions under
which un ! u0, Fn.un/ ! F.u0/ as n ! 1 in some probabilistic sense.

Theorem 3.5 (Knopov and Kasitskaya 2002). Let the following conditions
hold true:

1. Efmaxu2K f 4.t; u.t/; !/g $ L; t 2 Œ0; 1$ with some constant L > 0
2. There exists a unique point u0 2 K such that F.u/ > F.u0/; u ¤ u0

Then, for any n"1, one can chose a function un such that for any t 2 Œ0; 1$un.t; !/,
! 2 ! is =n-measurable, where =n is the "-algebra generated by random variables
f!ni ; 0 $ i $ ng. Moreover,

P
n

lim
n!1

jjun % u0jj D 0
o

D 1;

P
n

lim
n!1

Fn.un/ D F.u0/
o

D 1:

As above, the proof consists in checking the conditions of Theorem 2.1.
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Remark 3.2. The choice of CŒ0;1$ as the function space on which the compact set
K is given is undoubtedly not unique. For instance, the cases when K belongs to
some Hilbert space with corresponding metric, to space of continuous functions
with multidimensional argument, etc., seem to be equally interesting.

Let us consider the observation model 4 from Sect. 2.1 with criteria

Qn.˛/ D 1

n

nX

iD1

%
yi % ˛

#
i

n

$&2
(3.4)

or

QQn.˛/ D 1

n

nX

iD1

ˇ̌
ˇ̌yi % ˛

#
i

n

$ˇ̌
ˇ̌ (3.5)

and let ˛n and ^
˛n be, respectively, least squares and least modules estimates. Then

by Theorem 3.4 ˛n and ^
˛n are strongly consistent estimates of unknown function ˛0

from model 4, Sect. 2.1. To show this, put f .x; y; z/ D j˛0.x/%yCzj2 for criterion
(3.4) and f .x; y; z/ D j˛0.x/ % y C zj for criterion (3.5). In case of criterion (3.5)
the conditions of Lemma 2.3 must be fulfilled.

It should be noted, that the properties of estimates for criteria of type (3.2) for
independent observations are investigated in detail in frames of the theory of robust
estimates (according to the terminology of Hampel et al. 1986; Huber 1981) and
there is no need to review these results in detail. We only note that in these mono-
graphs and in works of other authors (Van de Geer 1995; Ivanov 1984a, b, 1997;
Liese and Vajda 1994; Yubi 1977) consistency conditions, rates of convergence,
asymptotic distributions and other important properties of estimates are investigated.

We would like to discuss briefly one more class of regression models, the study
of which was initiated in Hampel et al. (1986), Huber (1981), Vapnik (1982, 1996)
and some others. We quote one of these results which concern the properties of
estimates in the case when there are some a priori constraints on the range of
unknown parameters. We will follow the terminology used in original monographs.

In what follows, the parameter set ‚ is a locally compact space with a countable
base, .X;A; P / is a probability space, and &.x; '/ is some real-valued function
on X # ‚.

Assume that x1; x2; ::: are independent random variables with values in X having
the same probability distribution P . Let Tn.x1; :::; xn/ be any sequence of functions
Tn W Xn ! ‚ such that

1

n

nX

iD1
&.xi ; Tn/ % inf

'

1

n

nX

iD1
&.xi ; ' /! 0 (3.6)

almost surely (or in probability). We want to give the sufficient conditions ensuring
that every such sequence Tn converges almost surely (or in probability) to some
constant '0.
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Convergence of Tn will be proved under the following set of assumptions.

(A-1). For each fixed ' 2 ‚; &.x; ' / is A-measurable, and &.x; '/ is separable in
the sense of Doob: there is a P -null set N and a countable subset ' 0 & '
such that for every open set U & ' and every closed interval A, the sets

fxj&.x; '/ 2 A;8' 2 U g; fxj&.x; '/ 2 A;8' 2 U \ ' 0g

differ by at most a subset of N.
This assumption ensures measurability of the infinia and limits occurring

below. For fixed P , the function & can always be replaced by a separable
version.

(A-2). The function & is a.s. lower semicontinuous in ' , that is,

inf
' 02U

&.x;' 0/ ! &.x; '/ a:s:

as the neighborhoodU of ' shrinks to f'g.
(A-3). There is a measurable function a.x/ such that

Ef&.x; '/ % a.x/g" < 1 for all ' 2 ‚;

Ef&.x; '/ % a.x/gC < 1 for some ' 2 ‚:

Thus, #.'/ D F D Ef&.x; '/ % a.x/g is well-defined.
(A-4). There is '0 2 ‚ such that #.'/ >#.‚0/ for all ' ¤ '0.

If ' is not compact, we make one-point compactification by adding the
infinity point 1.

(A-5). There is a continuous function b.'/ > 0 such that

1. inf
'2‚

&.x;'/"a.x/
b.'/

" h.x/

for some integrable h
2. lim inf

'!1
b.'/ > #.'0/,

3. E
!

lim inf
'!1

&.x;'/"a.x/
b.'/

"
" 1:

If ' is compact, then (2) and (3) are redundant.

Example 3.1. Let ‚ D X be the real axis, and let P be any probability distribution,
having a unique median '0. Then (A-1)–(A-5) are satisfied for &.x; '/ D jx % ' j;
a.x/ D jxj; b.' / D j' j C 1. (This implies that the sample median is a consistent
estimate of the median.)

Taken together, (A-2), (A-3) and (A-5) (1) imply by monotone convergence the
following strengthened version of (A-2):

(A-200) As the neighborhoodU of ' shrinks to f'g,

E

!
inf

' 02U
&.x;' 0/ % a.x/

"
! Ef&.x; '/ % a.x/g:
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Note that the set f' 2 ‚jE.j&.x; '/ % a.x/j/<1g is independent of the particular
choice of a.x/; if there is a.x/ satisfying (A-3), then one can choose a.x/ D
&.x;' 0/.

Lemma 3.1 (Huber 1981). If (A-1), (A-3) and (A-5) hold, then there is a compact
set C & ‚ such that every sequence Tn satisfying (3.6) a.s. stays in C forever.

Theorem 3.6 (Huber 1981). If (A-1), (A-200), (A-3), and (A-4) hold, then every se-
quence Tn satisfying (3.6), converges (by Lemma 3.1) to '0 almost surely. Analogous
statement is true for the convergence in probability.

3.2 Regression Models for Long Memory Systems

Before we considered the cases when the observations are dependent, and the
corresponding random sequences or processes satisfy strong mixing condition.
This imposes rather strong restrictions on the rate with which the dependence
between observations decreases while the distance between them increases. During
recent years a lot of investigations were devoted to making the conditions of
weak dependence less restrictive. Further, the notion of strong dependence was
introduced. The system satisfying the condition of strong dependence were named
as “systems with long memory”. Let us quote one of the typical results for such
systems on consistency of the unknown parameter estimates.

Let

ST .“/ D 1

T

Z T

0

f .t;“; (.t// dt ;

where f .t;“; (.t// W Œ0;1/# J # <1 ! Œ0;1/, s " 1, is a known function, J is a
closed subset in <p; p " 1; jj !jj is a norm in <p; (.t/; t 2 <, is a random noise.

Let the following conditions be fulfilled:

1. f .t;“; y/ is a function, continuous on the whole set of variables
2. (.t/; t 2 < is a stationary second-order process with null expectation, repre-

sented in form (.y/ D G.!.t//, where !.t/, t 2 <, is real-valued, measurable,
mean square continuous Gaussian random process with null expectation, vari-
ance 1 and correlation functionB.t/ D cov.!.0/; !.t// D L.t/jt j"˛ , 0 < ˛ < 1,
where L.t/ D L0.jt j/, t > 0, is a non-negative function slowly varying at
infinity, that is 8s > 0 limt!1L.ts/=L.t/ D 1, and bounded on every finite
interval. Moreover, limt!1 supt2Œ0;T / L.ts/=L.t/ < 1; G.u/; u 2 <, is real-
valued, measurable, non-random function with EG2.!.0// < 1.

Suppose that there exists t0 > 0 such that for t > t0 the function B.t/; t 2 <, is
decreasing.
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Theorem 3.7 (Moldavskaya 2002). Let conditions 1 and 2 be satisfied. Moreover,
assume that

1. For any “ 2 J there exist a function S.“/ such that S.“/ D limT!1 EST .“/,
and a point “# 2 J , in which this function attains its unique minimum

2. If the set J is unbounded, then f .t;“; y/ ! 1 as jj“jj ! 1, for fixed t, y
3. There exists a function c.#/ > 0 such that c.#/ ! 0 as # ! 0, and for any
" > 0 there exists such #0 > 0 that for 0 < # < #0 and any “0 2 J

lim
T!1

1

T

Z T

0

E sup
jj“ " “0jj < #

jj“ " “"jj > "

jf .t;“; (.t//% f .t;“0; (.t//jdt < c.#/;

4. Ef .t;“; G.!.0/// < 1
5. sup t $ 0

“ 2 J

P
i$1 C

2
i .t;“/=i Š< 1, where Cj

i .t;“/ are the coefficients in the

expansion of the function f into the series of Chebyshev-Hermite polynomials
6. sup

T$0

R 1
0

R 1
0

L.T jt"sj/
L.T /jt"sj˛ dt ds < 1:

Then the estimate of the parameter “#, determined as the minimum point of the
functional ST .“/, is strongly consistent.

We note that in works of A.V. Ivanov and N.N. Leonenko series of fundamen-
tal results concerning asymptotic behavior of nonlinear regression estimates for
stochastic systems with strongly dependent observations were obtained. We quote
one of these results concerning strong consistency of the least squares estimates,
obtained in Ivanov and Leonenko (2001, 2002).

Let .!;=; P / be a complete probability space, and !.t/ D !.!; t/ W !#< ! <
a stochastic process satisfying the following condition:

A. !.t/; t 2 <, is a real measurable mean-square continuous stationary Gaussian
process with E!.t/ D 0 and the covariance function

B.t/ D cov.!.0/; !.t// D 1

.1C t2/˛=2
; 0 < ˛ < 1; t 2 <:

Under condition A, the process !.t/; t 2 <, admits the representation

!.t/ D
Z

R1
ei*t
p
f˛.*/W.d*/; (3.7)

where W.!/ is the complex Gaussian white noise on the measurable space
.<;B.<//. Spectral density f˛.*/;* 2 < of the process !.t/ is of the form
(see, for example Donoghue 1969),

f˛.*/ D 2.1"˛/=2

+.˛=2/,1=2
K.˛"1/=2.j*j/j*j.˛"1/=2; * 2 <;
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where

K-.z/ D 1

2

Z 1

0

s-"1 exp
!

%1
2

z
#
s C 1

s

$"
ds; z > 0;

is the modified Bessel function of the third kind of order - (Watson 1944).
B. A nonlinear Borel functionG W < ! < is such that

Z 1

"1
G2.u/'.u/ du < 1;

where

'.u/ D 1p
2,

e"u2=2; u 2 <:

Under condition B, the functionG.u/; u 2 <, can be expanded into the series

G.u/ D
1X

kD0

Ck

kŠ
Hk.u/; Ck D

Z 1

"1
G.u/Hk.u/'.u/du; k D 0; 1; ::: (3.8)

of orthogonal Chebyshev-Hermite polynomials

Hk.u/ D .%1/keu2=2 d
ke"u2=k

duk
; k D 0; 1; :::

in Hilbert space L2.<; '.u/ du/.
Additionally we assume that the function G satisfies the condition

B0: There exists an integerm " 1 such that C1 D ! ! ! D Cm"1 D 0 and Cm ¤ 0.
The integer m " 1 is called the Hermite rank of G (Taqqu 1979; Dobrushin

and Mayor 1972).
Let ‚ & < be a bounded open interval. Under conditions A and B we

consider the regression model

y.t/ D y'.t/ D g.t; '/ CG.!.t//; t 2 <;

where g.t; '/ W < # ‚c ! < is a measurable function depending on unknown
parameter ' 2 ‚, and the random noise &.t/ D g.!.t//; t 2 <, is such that
E&.0/ D 0 (or C0 D 0/ and E&2.0/ D 1. We want to estimate the single
parameter ' from observations of the stochastic process y' .t/; t 2 Œ0; T$ , as
T ! 1.

Any random variable O'T 2 ‚c satisfying the property

QT . O'T / D inf
%2‚c

QT .%/; QT .%/ D
Z T

0

Œy' .t/ % g.t; %/$2dt
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is called the least squares estimate of unknown parameter ' 2 ‚ obtained from
the observations y'.t/; t 2 Œ0; T$ , where ‚c is the closure of ‚. Set

bT .%1; %2/ D
Z T

0

.g.t;% 1/ % g.t;% 2//2dt ;

(T .%/ D
Z T

0

G.!.t//.g.t; %/ % g.t; '// dt ;

#.T / D
Z T

0

G2.!.t//dt :

By definition of least squares estimate, we have almost surely

QT .'/ D #.T / " QT . O'T / D #.T / % 2(T . O'T /C bT . O'T ; ' /

or

bT . O'T ; ' /$ 2(T . O'T /:

If g.t; '/ is differentiable with respect to ' , then we write

@rg.t; '/

@'r
D gr.t; '/; d 2rT.%/ D

Z T

0

g2r .t; '/dt ; r D 1; 2; 3:

Suppose that the function g.t; %/ can be extended to some interval ‚# ' ‚ in
such a way that g.t; !/ 2 C3.‚#/, the functions gr .t; %/; r D 1; 2, are bounded
on Œ0; T$ # ‚c for any T > 0, and g3.t; %/ is locally square integrable in t .

Note that the function

A2' .T / D 1

T
d21T .'/ D

Z 1

0

g21.Ts; ' /ds (3.9)

is used in limit theorems below as a part of normalizing factors.
The symbols ki ; i D 0; 1; 2; ::: denote positive constants whose particular

values are not essential for the purposes of this work.
The following condition holds for a wide class of regression functions.

D. Suppose that

sup
0!s!1

jg1.Ts; % /j
A'.T /

$ k1 < 1

uniformly in T > 0 and % 2 ‚c .
The following condition is called the contact condition or condition for

distinguishability of parameters.
E. For any & > 0, there exists a number r D r.&/ > 0 such that

inf
juj>&.T!1d21T .'//!1=4

bT .u C '; '/

T ŒT "1d 21T .'/$1=2
> r:
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For the least squares method we have

Theorem 3.8 (Ivanov and Leonenko 2001). Let conditions A, B, B0, D, and E hold
for ˛ 2 .0; 1=m/, where m is the Hermitian rank of the function G. Then

T "1=4d 1=21T .'/.
O'T % '/

P%! 0

as T ! 1.

For the asymptotic expansion of these estimates we refer to Ivanov and Leonenko
(2001, 2002). Such results will be considered in Sect. 3.4.3.

3.3 Statistical Methods in Stochastic Optimization
and Estimation Problems

We have noted already that nonlinear regression parameter estimation problems can
be formulated as special stochastic programming problems based on the method
of empirical means. Meanwhile, the objective function may not be continuous, and
often it turns out that it is enough to demand that it is upper semicontinuous. We
shall first briefly consider one of the most well-known and advanced approaches
for investigation of the asymptotic properties of estimates developed in works of
R. Wets, H. Attouch, J. Dupacova, A. King, G. Salinetti, A. Shapiro and others.
This approach is based on the notion of epi-convergence, since it is equivalent to the
set-convergence of the epigraphs. For the precise definition of epi-convergence and
its basic properties we refer to Attouch (1984). First we introduce some conditions
which are needed later on.

Let .!;=; P / be a probability space where !% the support of P% is a closed
subset of a Polish space X , and = is the Borel sigma-field related to !; we may
regard ! as the set of possible values of the random element ! defined on the
probability space .!0;=0; QP 0/. If P is known, our problem can be formulated as
follows:

find x# 2 <nthat minimizes Ef .x/; (3.10)

where Ef .x/ WD
R

! f .x; !/P.d!/ D Eff .x; ! /g and f W <n # ! ! < [ f1g D
.%1;1/ is a lower semicontinuous function; we set Ef .x/ D 1 whenever ! 7!
f .x; ! / is not bounded above by a summable (extended real-valued) function. We
refer to domEf WD fxjEf .x/ < 1g as to the effective domain of Ef. Points that do
not belong to dom Ef cannot minimize Ef and thus are effectively excluded from the
optimization problem (3.10). Hence, the constraints on x are already included in the
model. Note that by definition of the integral we always have:

dom Ef & fxjf .x; !/ < 1 a:s:g:
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An extended real-valued function h W <n#! ! N< D Œ%1;1$ is said to be proper
if h > %1 and is not identically C1; it is called lower semicontinuous (l.sc.) at
x if for any sequence fxkg1

kD1 converging to x we have lim infk!1 h.xk/ " h.x/,
including the values 1 or %1. The extend real-valued function f defined on <n is
called a random lower semicontinuous function if

1. For all ! 2 !f .!; ! / is lower semicontinuous
2. f is Bn # =-measurable

where Bn is a Borel sigma-field on <n.

Assumption 3.1. “Continuity” of f . The function f W <n # Y ! .%1;1$ with
closed and non-empty domf WD f.x; ! /jf .x; !/ < 1g D S # Y; S & <n, is such
that for all x 2 S! 7! f .x; ! / is continuous on Y , and for all ! 2 Y x 7! f .x; ! /
is lower semicontinuous on <n, and locally lower Lipschitz on S in the following
sense: for any x in S , there exists a neighborhood V of x and a bounded continuous
function ˇ W Y ! R such that for all x0 2 V \ S and ! 2 Y

f .x; ! /% f .x0; ! /$ ˇ.!/ ! jjx % x0jj:

Assumption 3.2. Convergence in distribution. Given a sample space .Z; F; ./ and
an increasing sequence of sigma-fields .F -/1-D1 contained in F , let P- W ! #Z !
Œ0; 1$;- D 1; ::: be such that for all / 2 Z P-.!; / is a probability measure on
.!;=/, and for all A 2 = / 7! P-.A; / / is F --measurable. For .-almost all / inZ,
the sequence fP-.!; / /g1

-D0 is f .x; !/-tight (asymptotically negligible), i.e. for each
x 2 S and " > 0 there exists a compact set K" & Y such that for - D 0; 1; :::

Z

!nK"
jf .x; ! /jP-.d!; // < "

and
Z

!

inf
x2<n

f .x; !/P -.d!; // > %1:

Theorem 3.9 (Dupacova and Wets 1986). Under Assumptions 3.1 and 3.2 we
have .-almost surely

lim sup
-!1

.infE-f / $ inf Ef :

Moreover, there exists Z0 2 F with ..ZnZ0/ D 0 such that

1. For all / 2 Z0, any cluster point Ox of any sequence fx-; - D 1; :::g with x- 2
arg minE-f -.!; / /belongs to arg min Ef (i.e. is an optimal estimate)

2. For - D 1; : : : ;/ 7! arg minE-f .!; / / W Z0 ) <n is a closed-valued
F --measurable multifunction

In particular, if there is a compact set D& <n such that for - D 1; :::.arg minE-f /
\D is non-empty .-a.s. and fx#g D arg minEf \D, then there exists a sequence
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fx-WZ0 ! <ng1
-D1 of F --measurable selections of farg minE-f g1

-D1 such that
x# D lim-!1 x-.// for .-almost all /, and also inf Ef D lim-!1 .infE-f / .-a. s.

In stochastic programming problems there often arise situations where it is not
necessary to prove the strong consistency of parameter estimates on which some
functional minimum is reached. It is enough that the sequence of functionals in
minimum points converges in one or another probability sense. In this case, we
say that the functional convergence takes place. Below we present some interesting
results in this direction obtained in Norkin (1989, 1992).

Consider the problem

F.x/ D
Z

!

f .x; !/P .d!/ ! min
x2K

; (3.11)

where x 2 K & X , K is a compact set in some topological space X , ! 2 !,
.!;=; P / is the probability space, the function f W X # ! ! < is integrable for
each fixed x; F.x/ is lower semicontinuos.

The approach for solving (3.11), when it is replaced by the sequence of problems
of the type:

Fn.x/ D 1

n

nX

iD1
f .x; !i / ! min

x2K
; (3.12)

where !i are independent identically distributed random variables whose distribu-
tions coincides with the distribution generated by the measure P , is considered
in Yubi (1977), Kankova (1979), Vapnik (1979), Dupacova (1979), King (1988),
King and Wets (1988), and Wets (1979). Solving the problem (3.12) depends on the
observation set .!1; !2; :::; !n/. Let us introduce the probability space .!;=!; P!/
which is the countable product of initial spaces, whose elementary outcomes are the
sequences of observations ! D .!1; !2; :::/. Note that the solutions to (3.12) depend
on !. There naturally arises the question about the convergence of optimal values
F #
n .!/ D minx2K Fn.x/ to F #.!/ D minx2K F.x/ and of the solutions X#

n .!/ D
arg minx2K Fn.x/ to X# D arg minx2K F.x/ in one or another probability sense.

Write Fn.x/ as

Fn.x/ D F.x/C 1

n

nX

iD1
.f .x;! i /% F.x// D F.x/C yn.x; !/:

Consider the functional

ˆ.y/ D min
x2K

'.x; y.x// D min
x2K

.F.x/C y.x//;

where F.x/ is lower semicontinuous on the compact K function, y.x/ 2
C.KI </; C.KI </ is the Banach space of continuous on K functions with the
norm jjyjj D maxx2K jy.x/j.

The following statements hold true (Norkin 1989, 1992).
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Theorem 3.10. Functionalˆ.y/ is of Lipschitz type.

Theorem 3.11. If the function F.x/ is continuous on the metric compact K, then
the multiple-valued mapping

y.!/ ! X#.y.!// D arg min
x2K

.F.x/C y.x//

is upper semicontinuous (and closed), and the deviation functional

y.!/ ! 0.X#.y/;X#. Ny// D sup
x2X".y/

inf
x02X". Ny/

&.x; x0/

is upper semicontinuous in y.!/, and is continuous at the point y.!/ 2 C.X I </.
Thus, there exists a sequence of the Lipschitz functional ˆ.yn.!; !//, where

yn.x; !/ D .1=n/
Pn

iD1 f .x; !i /%F.x/. If the sequence yn.!; !/ of elements from
C.KI </ converges to 0 2 C.KI </ in one or another probability sense (almost
surely, in probability, in distribution, in norm), then, since ˆ.y/ is a Lipschitz func-
tional, the convergence ˆ.yn/!ˆ.0/D minx2K F.x/, and 0.X#.yn/; X#/ ! 0
takes place in the same sense. In other words, the convergence of the statistical
decision method of stochastic programming problems takes place.

Thus, the investigation of convergence of the statistical decision method of the
stochastic programming problems reduces to the study of convergence of random
variables yn.!; !/ in C.KI </ to 0 2 C.KI </ in one or another probabilistic sense.
For every fixed xyn.x; !/ ! 0 P!-a.s. due to strong law of large numbers. Now we
are looking for conditions under which the pointwise convergence in one or another
probabilistic sense implies the uniform convergence in the same sense in C.KI </.
Theorem 3.12. Let .!;=; P / be a probability space, D be a relatively open convex
set in <p . Suppose that the function f W D # ! ! < is convex in x in D for almost
all !, and integrable in ! for all x 2 D . Then for any compactK & D

jjyn.!; !/jj D max
x2K

jyn.x; !/j ! 0 P!-a:s:

Theorem 3.13. Let .!;=; P / be the probability space, K be a compact set in the
complete separable metric space. Suppose that the function f W K # ! ! < is
integrable in ! 2 ! for all x 2 K , and of Lipschitz type in x 2 K uniformly in !:

jf .x; ! /% f .y; ! /j $ Ljjy % xjj; x; y 2 K:

Then P!-almost surely

jjyn.!; !/jj D max
x2K

ˇ̌
ˇ̌
ˇ
1

n

nX

iD1
f .x; !i /% F.x/

ˇ̌
ˇ̌
ˇ ! 0; n ! 1:
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3.4 Empirical Mean Estimates Asymptotic Distribution

In this section we study limit distributions of unknown parameters estimates. In the
first sub-subsection models with independent or weakly dependent observations are
considered. In the second sub-subsection we consider long memory models.

3.4.1 Asymptotic Distribution of Empirical Estimates for Models
with Independent and Weakly Dependent Observations

Assume that f!.i/; i D 1; 2; :::g is a sequence of independent identically distributed
random variables defined on the probability space .!;=; P /, a random variable !
has the same distribution as f!.i/g, the function f .x; !/; x 2 Rp , is continuous in
the first argument and measurable in the second. Define the set of functionals

Fn.x/ D 1

n

nX

iD1
f .x; !.i//; x 2 J; (3.13)

where
J D fx W g.x/ D .g1.x/; :::; gm.x// $ 0g: (3.14)

Here “$” is applied to each component of the vector.
We assume that the following conditions are satisfied.

A1. The function f .x; y/ is twice continuously differentiable in the first argument,
and Emaxjjxjjp!c f .x; !/ < 1, c > 0. There exist c > 0; #0 > 0 such that for
jjx % x#jj$ # , # < #0, the inequality

E

ˇ̌
ˇ̌@
2f .x; y/
@xi@xk

ˇ̌
ˇ̌ $ c

holds true.
A2. The functions gi .x/; x 2 J , are twice continuously differentiable, and for

jjx % x#jj$ # , # < #0,

ˇ̌
ˇ̌@gi .x/
@xk

ˇ̌
ˇ̌ $ c;

ˇ̌
ˇ̌@
2gi .x/
@xi@xk

ˇ̌
ˇ̌ $ c;

where c is independent of xi ; xk .
A3. The point x# is the unique point for which Ef .x; !/ > E.x#; !/; x ¤ x#, x 2 J ,

x# 2 J , and

P
n

lim
n!1

jjxn % x#jj D 0
o

D 1; xn 2 arg min
x2J

Fn.x/:
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A4. Let N1 (respectively, N2/ be the set of arguments of indices i , for which
gi .x#/ D 0 (respectively, gi .x#/ < 0/. We assume that rgj .x#/ are linearly
independent for i 2 N1.

A5. Functions gi .x/ are convex.
A6. There exists a point x# such that g.x#/ < 0. Conditions A5 and A6 imply

(see Korkhin 1985) that rgi .xn/ are linearly independent for those i for which
gi .xn/ D 0.

Let us now investigate the asymptotic distribution of the variables xn. We
introduce some relations following from the necessary conditions for the existence
of the extremum. By definition,

rFn.xn/C
mX

iD1
*irgi .xn/ D 0;

*ingi .xn/ D 0;* in " 0;

rg is the gradient of the function g.x/, *in " 0 are Lagrange multipliers. Denote
rFn.x/ D QFn.x/. Applying the mean value theorem, we obtain

QFn.xn/ D QFn.x#/C Q̂
n.&1n.xn % x#//; (3.15)

where Q̂
n is a p # p matrix whose elements ˆkl

n are of the form:

ˆkl
n .&1n/ D 1

n

nX

lD1

@2f .x; !.i//
@xk@xl

ˇ̌
ˇ̌
ˇ
xD&1n

;

&1n D x# C ‚1.xn % x#/; 0 $ ‚ $ 1:

Thus we have

QFn.x#/C Q̂
n.&1n/.xn % x#/C

nX

iD1
*inrgi .xn/ D 0:

We prove some auxiliary lemmas.

Lemma 3.2. Let ˆn.s; !/ be a sequence of functions satisfying Conditions 1 and 2
of Theorem 2.1, and assume that there exists a deterministic ˆ.s/ such that for any
s 2 K

P
n

lim
n!1

ˆn.s; !/ D ˆ.s/
o

D 1:

1. Assume that for some sequence sn 2 K there exists an element s0 2 K such that
P flimn!1 jsn % s0jj D 0g D 1:
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2. There exists #0 > 0 such that for all 0 < # < #0

P

(
lim
n!1 sup

jjs"s0jj<#

jˆn.s/ % ˆn.s0/j < c.# /
)

D 1;

where c.#/ > 0 and c.#/ ! 0 as # ! 0:

Then P flimn!1 ˆn.sn/ D ˆ.s0/g D 1.
The proof is similar to the proof given in Dorogovtsev (1982). Since

P flimn!1ˆn.sn/ D ˆ.s0/g D 1, it suffices to show that P flimn!1jˆn.sn/ %
ˆ.s0/j > "g D 0 for any " > 0. For any ı > 0 we have

P
n

lim
n!1

jˆn.sn/ % ˆ.s0/j " "
o

D P f! W jjsn % s0jj < #; n " N.!/g;

lim
n!1

jˆn.sn/% ˆn.s0/j > "; lim
n!1

sup
jjs"s0jj<#

jˆn.sn/% ˆn.s0/j < c.# /

D P
n

lim
n!1

jˆn.sn/% ˆn.s0/j < c.#/; lim
n!1

jˆn.sn/% ˆn.s0/j " "
o
: (3.16)

Taking # > 0 such that c.#/ < ", we obtain that the right-hand side of (3.16)
vanishes.

Lemma 3.3. Assume that condition A1 holds. Then for each element of the matrix
of second derivatives we have

P
n

lim
n!1

ˆkl
n .xn/ D ˆkl.x#/

o
D 1; ˆkl

n .x/ D @2Fn.x/
@xk@xl

;

ˆkl.x/ D E
@2f .x; ! /
@xk@xl

;

where jjxn % x#jj ! 0 as n ! 1 with probability 1.

Proof. Consider

sup
fxWjjx"x" jj<#g

jˆkl
n .x/% ˆkl

n .x
#/j

$ sup
fxWjjx"x" jj<#g

1

n

nX

iD1
sup

fxWjjx"x" jj<#g

ˇ̌
ˇ̌@
2f .x; !.i//
@xk@xl

% @2f .x#; !.i//
@xk@xl

ˇ̌
ˇ̌ D & kl

n .#/:

Let

ckl.#/ D 2E

(
sup

fxWjjx"x" jj<#g

ˇ̌
ˇ̌ˆkl

n .x/ D @2f .x; ! /
@xk@xl

% ˆkl
n .x/ D @2f .x#; ! /

@xk@xl

ˇ̌
ˇ̌
)
:
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By the strong flow of large numbers, we have

P

!
lim
n!1

& kl
n .#/ D 1

2
ckl.#/

"
D 1:

Since the function @2f .x; !/=@xk@xl is continuous in x, we pass to the limit under
the expectation and obtain that c.#/ ! 0 as # ! 0. Thus conditions of Lemma 3.2
are satisfied, implying P flimn!1 ˆkl

n .xn/ D ˆkl.x#/g D 1. !
Now we find the asymptotic distribution of the optimal points. Multiplying the

left-hand side of (3.15) by
p
n and applying the mean value theorem to the function

gi .xn/, we get

p
n QFn.x#/C Q̂

n

p
n.xn % x#/C

nX

iD1

p
n*inrgi .xn/ D 0;

*ingi .x#/C *inrgi .x# C ‚20xn/.xn % x#/ D 0:

Thus we arrive at the quadratic programming problem:

1

2
xT Q̂

nx C QFT
n.x

#/x ! min; (3.17)

bi .x/ D p
ngi .x

#/C rgT
i .x

#/x C li .x/ $ 0; x 2 <p;

li .x/ D 1

2
p
n

xTgi2

#
x# C ‚1

xp
n

$
x; Ti 2 J; (3.18)

gi2.x/ is the p # p Hessian with elements @2gi .x/=@xk@xi .
By the central limit theorem, QFn.x#/ converges weakly to the normal variable

N.a;B/, where vector a and matrix B are given by a DErf .x#; !0/;B D
EŒrf .x#; !0/% a$Œrf .x#; !0/% a$T (index “T” denotes transposing). By
Lemma 3.3, Q̂

n ! ˆ.x#/ with probability 1 as n ! 1. Besides (3.17) and
(3.18), consider the following quadratic programming problem:

1
2
xTˆ.x#/x C −x ! min; (3.19)

rgT.x#/x $ 0; i 2 N1; (3.20)

where & is N.a;B/.

Theorem 3.14. Let conditions A1–A6 be satisfied. Then the random vector ˜n Dp
n.xn % x#/ which is the solution to problems (3.17) and (3.18), converges in

distribution to the random vector ˜ which is the solution to (3.19) and (3.20).

The proof of Theorem 3.14 is analogous to the proof of Theorem 2.1, and is given
in Knopov and Kasitskaya (2002).
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Corollary 3.1. If N1 D ¿, then the vector ˜ is normally distributed with
parameters .0;ˆ"1.x#/TB/.

Now consider the case when fŸ.i/; i D 1; 2g are stationary dependent random
vectors.

Definition 3.1. We say that stationary vectors satisfy the strong mixing condition if

˛.n/ D sup
A 2 Am!1
B 2 Am

nCm

jP.AB/ % P.A/P.B/j ! 0 (3.21)

as n ! 1, where Am
n D "fŸ.i/; n $ i $ mg is the "-algebra generated by the

sequence fŸ.i/; n $ i $ mg:
For the theorem below we refer to Koroljuk et al. (1985).

Theorem 3.15. Let Ÿ.i/ D f!1.i/; : : : ;! p.i/g; EŸ.i/ D 0, be stationary in the
narrow sense vectors satisfying conditions:

1. Strong mixing condition (3.21) with ˛.n/ $ c=n1C"; " > 0
2. EjjŸ.i/jj2Cı < 1, where "ı > 2

Then there exists a bounded spectral density h.*/ D fhil.*/gpi;lD1, continuous in 0.
If, moreover, h.*/ is a non-degenerate matrix, then the vector .1=

p
n/
Pn

iD1 Ÿ.i/ is
asymptotically normal as n ! 1 with N.0; 2 ,h.0//:

Using Theorem 3.15, we can prove similarly to Theorem 3.14 the following
statement (Knopov and Kasitskaya 2002).

Theorem 3.16. Assume that rf .x#; Ÿ.i// satisfies the conditions:

1. Strong mixing condition with ˛.n/ $ c=n1C"; " > 0
2. Ejjrf .x#; Ÿ.i//jj2Cı < 1, where "ı > 2
3. The spectral density h.*/ of the vector rf .x#; Ÿ.i// is a non-degenerate in

* D 0 matrix
4. Conditions A1–A6 hold true

Then the sequence of vectors ˜n D p
n.xn % x#/ which are solutions to (3.17)

and (3.18), converges weakly to the random vector ˜, which is the solution to (3.19)
and (3.20), where & is normally distributed N.0; 2 ,h.0//.

For dependent vectors which are difference martingales we have one more
version of the central limit theorem.

Theorem 3.17. Let fun; n 2 N g be the stationary in the narrow sense metrically
transitive process, satisfying E.un==n"1/ D 0, where =n is the "-algebra
generated by the random vectors u1; :::;un.Then the distribution of the variable
.1=

p
n/
Pn

kD1 uk converges weakly as n ! 1 to the normal distribution N.0;R/,
where R D E.unuT

n/.
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Using Theorem 3.17, we obtain the following statement.

Theorem 3.18. Assume that rf .x#; Ÿ.i// in (3.13) satisfies the conditions:

1. EfŒrf .x#; ".i// % a$=Gi"1g D 0; where Gi is the "-algebra generated by the
vectors f .x#; ".1//; : : : ; f .x#; ".i//

2. Conditions A1–A6 hold true

Then the vector ˜n D p
n.xn % x#/, which is the solution to the problems (3.17)

and (3.18) converges weakly to the random vector ˜, which is the solution to (3.13)
and (3.14), where & is normally distributed random vectorN.a;B/.

Now we consider the case when the function f depends also on the time
variable i . In this case we take Fn.x/ D .1=n/

Pn
iD1 f .i; x; !.i//.

For simplicity, assume first that !.i/ is independent identically distributed
random variables with E!.i/ D 0;E! 2.i/ D "2. As before, we assume that
conditions A1–A6 hold true, together with Condition A7:

A7. The following limits exist:

a.x/ D lim
n!1

nX

iD1
Erf .i; x; !.i//;

QB.x/ D lim
n!1

1

n

nX

iD1
EŒrf .i; x; !.i//% a.x/$Œrf .i; x; !.i//% a.x/$T;

ˆ
#
ki.x

#/ D lim
n!1

nX

iD1
sup

fxWjjx"x" jj<#g
E

ˇ̌
ˇ̌@
2f.i; x; ".i//
@xk@xi

ˇ̌
ˇ̌:

Under the Conditions A1–A7 one can prove Theorem 3.19 in the same way as
Theorem 3.18.

Theorem 3.19. Under Conditions A1–A7, the solution ˜n D p
n.xn % x#/ to

the problems (3.17) and (3.18) converges in distribution to the random vector ˜,
which is the solution to (3.19) and (3.20), where & is normally distributed
N.a.x#/; QB.x#//.

If !.i/ are not independent observations, but satisfy strong intermixing condi-
tions, the following theorem about the asymptotic distribution of estimates takes
place.

Theorem 3.20. Assume that Conditions A1–A7 and the conditions below are
satisfied.

A8. The vector &i D rf .i; x#; Ÿi / satisfies uniform strong mixing condition

˛.j / D sup
i

sup
A 2 "i!1
B 2 "1

iCj

jP.AB/ % P.A/P.B/j $ C

1C j 1C"
;

where "mn D "f&i ; n $ i $ mg.
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A9. Ejjrf .i; x#; Ÿi /jj2Cı < 1 for "ı > 2.
Then Theorem 3.19 holds true.
Now we consider some specific regression models and find the asymptotic

distribution of the unknown parameter estimates.

Model (2.4)

yj D f .’; x.j //C ".j /;

’0 2 J D f’ W g.’/ $ 0g;

where x.j / and ".j / are determined in model (2.4), x.j / are independent random
vectors, ".j / are independent random variables, independent on x.j / for j " 1.

Let us examine criterion (2.7). Let

Qn.’/ D 1

n

nX

jD1
Œyj % f .’; x.j //$2:

We assume that the function f .’; x/ satisfies the following conditions:

1. f .’; x/ is twice continuously differentiable with respect to ’, and for ’ 2 J
ˇ̌
ˇ̌@f .˛; x/

@˛i

ˇ̌
ˇ̌ $ c1;

ˇ̌
ˇ̌@
2f .’; x/
@xk@xi

ˇ̌
ˇ̌ $ c2:

2. There exist

rkl D E
@f .’0; x.j //

@˛k
! @f .’

0; x.j //
@˛l

;

where the matrix R with the elements rkl is positive definite.

Theorem 3.21. Assume that the function f .’; x/ satisfies Conditions 1 and 2,
functions gi .’/ satisfy Conditions A2, A4–A6, ’n D arg min’2J Qn.’/ is strongly
consistent estimate of ’0, and the spectral density h.*/ of the stationary sequence
".j / exists and is continuous and bounded at the point * D 0.

Let ".j / be independent identically distributed random variables with E".j / D 0,
E"2.j / D 1. Then the vector

p
n.’n % ’0/ is the solution to problems (3.17) and

(3.18), where

QF i
n .’

0/ D 1

n

nX

jD1

@f .’0; x.j //
@˛i

".j /:
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Here QF i
n.’

0/ is the element of QFn.’0/;ˆn.’/ is the p # p matrix with elements

ˆkl
n .’/ D 1

n

nX

jD1

!
@f .˛; x.j //

@˛k
! @f .˛; x.j //

@˛l

C@2f .˛; x.j //
@˛k@˛l

Œf .˛0; x.j // % f .˛; x.j //$
"
:

The vector
p
n.’n % ’0/ converges weakly to the random vector ˜, which is the

solution to (3.19) and (3.20), where & is normalN.0;B/,

B D
!
E
@f .’0; x.0//

@˛k
! @f .’

0; x.0//
@˛l

"p

k;lD1
:

Now assume that the stationary sequence ".j /, E".j / D 0, E"2.j / D 1 in (2.4) is
a difference martingale, i.e.

1: Ef".j /==j"1g D 0; (3.22)

2: Ef"2.j /==j"1g D 1; (3.23)

where =j is the "-algebra generated by the sequence ".1/; : : : ; ".j /. Then using
Theorem 2.1, we obtain the following theorem

Theorem 3.22. Assume that for the model (2.4) and (3.14), conditions (3.22)
and (3.23) are satisfied, and the functions f .’; x/; g.’/ satisfy the conditions of
Theorem 3.20. Then statement of Theorem 3.21 holds true.

Consider model (2.3), in which

1. ".j / are independent identically distributed random variables with E".j / D 0,
E"2.j / D 1

2. Functions f .j;’/ and g.’/ satisfy Conditions A1, A2, A4–A6
3. Let

F kl
n .’/ D 2

n

nX

iD1

@f .i;’/

@˛k
! @f .i;’/

@˛l
:

Then there exists limn!1 F kl
n .’/ D F kl.’/.

Suppose that

’n 2 arg min
’2J

Qn.’/ D arg min
’2J

1

n

nX

jD1
Œyj % f .j;’/$2:

Then the theorem above implies the following statement.
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Theorem 3.23. Assume that the conditions of Theorem 2.5 and conditions 1–3 of
Theorem 3.22 hold true. Then ˜n D p

n.’n % ’0/ is the solution to problems (3.17)
and (3.18), where

QF .’0/ D 2p
n

nX

iD1
rf .i;’0/".i/

and the matrices ˆn.’/ D fˆkl
n .’/g

p
k;lD1 are of the form

ˆkl
n D 1

n

nX

iD1

@f .i;’/

@˛k
! @f .i;’/

@˛l

ˇ̌
ˇ̌
ˇ
’DŸ1n

C 1

n

nX

iD1
Œyi % f .i; Ÿ1n/$

@2f .i;’/

@˛k@˛l

ˇ̌
ˇ̌
ˇ
’DŸ1n

and converge weakly to random vector ˜ which is the solution to (3.19) and (3.20),
where ˆ D limn!1 ˆxn.’

0/, and & is normally distributed N.0;C/;

C D lim
n!1

1

n

nX

iD1
Œrf .i;’0/rf .i;’0/T$:

Concerning the least modules estimates for model (2.3) we note that their
asymptotic normality without a priori information about the true value of the
parameter is proved in Knopov and Kasitskaya (1995). Using these results, we can
also prove for these estimates a theorem about the asymptotic distribution under a
priory constraints on the parameter ˛. The main difficulty in obtaining these results
consists in non-differentiability of criteria functions. At the same time, the cost
function will be differentiable with respect to any direction. The proof uses the
techniques proposed in Huber (1981).

In conclusion, we would like to remark that in this paragraph only discrete time
parameter is considered for all models. Nevertheless, usually similar results take
place for continuous time as well. More detailed discussion for this case is given in
Knopov (1997b). For illustration consider the result proved in this work.

Consider

f .t; x; y/ D f .x; y/ and FT .x/ D 1

T

Z T

0

f .x; !t /dt ;

where f!t ; t 2 Rg is a strongly stationary ergodic stochastic process. Define the
set J by

J D fx W g.x/ D .g1.x/; : : : ; gn.x// $ 0g:
The following conditions are assumed to be satisfied:

A100. The function f (x, y) is twice continuously differentiable in the first argument,
and Emaxjjxjj!c f .x; !0/ < 1 for any positive c. There exists x# 2 J and
#0 > 0 such that for jjx % x#jj < #; # < #0,

E

ˇ̌
ˇ̌@
2f .x; !0/
@xl@xk

ˇ̌
ˇ̌ $ c:
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A200. The functions gi .!/; x 2 J , are twice continuously differentiable, moreover,
for jjx % x#jj < #; # < #0, we have

ˇ̌
ˇ̌@gi .x/
@xk

ˇ̌
ˇ̌ $ c;

ˇ̌
ˇ̌@
2gi .x/
@xl@xk

ˇ̌
ˇ̌ $ c:

A300. Let x# be the unique point for which Ef .x; !0/ > Ef .x#; !0/; x ¤ x#; x 2 J ,
x# 2 J and P flimT!1 jjxT % x#jj D 0g D 1.

A400. Let N1 be the set of indexes i for which gi .x#/ < 0. We assume that
rgi .x#/; i 2 N1, are linearly independent.

A500. Functions gi .x/ are convex.
A600. There exists a point x# such that g.x#/ < 0.

The following theorem takes place.

Theorem 3.24. Let Conditions A100–A500 and the conditions below hold true:

1. Strong mixing condition 4 of Theorem 3.4
2. Ejjrf .x#; !0/jj2Cı < 1; "ı > 2
3. The spectral density ®.*/ of the random process rf .x#; !i / is non-zero at * D 0

Then the family of vectors ˜T D
p
T .xT % x#/ converges weakly to the random

vector ˜ which is the solution to the problem

1

2
x0ˆ.x#/x C &x ! min;

rgT.x#/x $ 0;

where & is normal random vector N.Erf .x#; !0/; 2,®.0//, and

ˆ.x#/ D
!
E
@2f .x#; !0/
@xl@xk

"p

l;kD1
:

Remark 3.3. If x# is the inner point of J then ˜T weakly converges to the normal
distribution.

To end this subsection we would like to make a remark about the asymptotic dis-
tribution of non-parametric estimates of unknown parameters. Under the assumption
that the true value of the parameter is the inner point of some set, the distribution of
functionals of these estimates has been studied in Dorogovtsev (1982). The question
when the true value of the parameter is not an interior point, or, in other words, the
set of constraints is not closed, remains open. The problem of finding the distribution
of non-parametric estimates for non-differentiable cost function has not been studied
at all. Although these topics remain outside the frames of the present work, they are
of essential interest.
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3.4.2 Asymptotic Distribution of Estimates for Long Memory
Stochastic Systems

In this subsection we investigate the behavior of the estimate of the parameter “ in
models with arbitrary criteria, described in Sect. 3.2. The result presented below is
proved in Moldavskaya (2007).

We estimate the unknown parameter “ D .ˇ1; :::; ˇn/
T in the linear regression

model with continuous time

y.t/ D “Tg.t/C (.t/; 0 $ t $ T

and nonlinear constraints

hj .“/ $ 0; j D 1; :::; r;

where g.t/ D Œg1.t/; :::; gn.t/$
T;h.“/ D Œh1.“/; :::; hr .“/$

T are known functions,
(.t/; t 2 <, is a measurable continuous in the mean square sense stationary process
with zero mean and covariance B(.t/, t 2 <.

Consider the conditions below.

1. Assume that (.t/DG.".t//; t 2 <, is a random process, where G is an arbitrary
real-valued measurable nonrandom function, and ".t/; t 2 <, is a Gaussian
random process with zero mean, unit variance and covariance B".t/D .1 C
t2/"˛=2, 0 < ˛ < 1. Assume that EG.".0// < 1.

If Assumption 3.3 holds, then the function G can be expanded into series of
Chebyshev-Hermite polynomials in L2.<; '.u/du/, where '.u/ is the density of
".i/. Let m " 1 be the number of the first non-zero coefficient in this expansion.

2. Suppose that gi .t/ > 0; t > 0; 1 $ i $ n, are bounded on Œ0; T$ . Let d.T / D
diag.d1.T /; : : : ; dn.T //, where di.T /D .

R T
0 g

2
i .t/dt/

1=2I limT!1 T "1d 2i
.T / > 0; i D 1; : : : ; n. Define the matrices

JT D .Jil;T /
n
i;lD1; Jil;T D D"1

T

Z 1

0

g.tT/gT.tT/dt ! D"1
T ;

D2
T D diag

#Z 1

0

g2i .Tt/dt
$n

iD1
;

¢T ;m D D"1
T

#Z 1

0

Z 1

0

g.Tt/g0.Ts/
jt % sjm˛ dt ds

$
D"1
T :

3. Assume that limT!1 ¢T;m D ¢m, where ¢m is some positive definite matrix.
4. Assume that limT!1 JT D J0, where J0 is some positive definite matrix, and

R0 D J0s"1
m J0.
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5. Assume that: (1) hj ; 1$ j $ r , have the first and the second order deriva-
tives, bounded in the neighborhood of the true value “0I .2/hj .“0/ D 0; j 2
f1; : : : ; qg; hj .“0/ < 0; j 2 fq C 1; : : : ; rg; (3) there exists “# such that
h.“#/ < 0; (4) vectors rhj .“0/; j 2 f1; : : : ; qg, are linearly independent; (5)
hj .“/; j 2 f1; : : : ; rg, are convex.

6. Assume that “T (the least squares estimate of the parameter “ satisfying the
condition h.“/ $ 0/ is consistent.

7. Diagonal matrix NdT has positive elements and is such that there exists
limT!1 NhT .“/ D Nh.“/, where matrix NhT .“/ is determined as follows:

NhT .“/ D NdT h.“/d"1
T :

h.“/ is the matrix which consists of the rows rhT
j .“/; j D 1; r .

The analogous condition will be used as below in Sect. 5.2.
Condition 7 means that there exists a limit as T ! 1 for rows

Ndj .T /rhT
j .“0/d

"1
T of the matrix NhT .“0/, which is equal to Nhj .“0/; j D 1; r . Here

Nhj .“0/ is j th row of Nh.“0/; Ndj .T / is the element on the main diagonal of NdT .
Below we formulate main results in several theorems on the asymptotic distribu-

tion of the least squares estimate in linear regression models with constraints.

Theorem 3.25. Assume that Conditions 1, 2, 4–7 and also 3 withm D 1 hold. Then
the random vector UT D B.T /"1=2T "1=2dT .“T % “0/ converges in distribution as
T ! 1 to the random vector U which is the solution to the quadratic programming
problem

(
1
2
X0R0X % Q0X ! min;

Nhj .“0/X $ 0; j D 1; : : : ; q;
(3.24)

where R0 is defined in (3.24) and Q is a Gaussian random vector with zero mean
and covariance matrix J0.¢1/"1J0;¢1 is defined by Conditions 2–4.

Casem D 1 is essential. Then the solution to the problem (3.24) is non-Gaussian,
when the constraints of the problem are active, and Gaussian otherwise.

Under some additional conditions Theorem 3.25 gives the answer to the question
about the limit distribution of UT D B.T /"m=2T "1=2dT .“T %“0/ in the casem " 2.
It is also non-Gaussian even in the case when restrictions are inactive (in case of no
constraints the result is known).

It is especially important to know the asymptotic behavior of the variance of the
estimate of the mean, as well as the rate of decrease of this variance for a random
process with strong dependence and non-regular observations.

Consider the following model with non-regular observations. Let x.t/; t 2 Z be
a Gaussian stationary process with unknown mean Ex.t/ D mx, known variance
E.x %mx/

2 D "2x < 1 and correlation function

Rx.t/ D L.t/jt j"˛; 0 < ˛ < 1; (3.25)
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where L.t/ D L0.jt j/, t > 0 is non-negative slowly varying at infinity function
bounded in each bounded interval. The correlation function Rx.t/, t 2 Z, satisfies
the condition

P1
kD0 Rx.k/ D 1, i.e. x.t/, t 2 Z, is the random process with strong

dependence.
Without loss of generality we assume that "2x D 1. We observe the random

process
y.t/ D x.t/d.t/ (3.26)

at the moments t 2 f0; 1; : : : ; T g, where d.t/ is a Bernulli sequence with P fd.t/ D
1g D p > 0, and P fd.t/ D 0g D q > 0; p C q D 1. Assume that the values of
d.t/ are mutually independent for t 2 f0; 1; : : : ; T g, and independent of x.t/.

Denote by my , Ry.t/, fy.t/, respectively, the expectation, the correlation
function and the spectral density of the observed process y.t/, t 2 Z.

Consider the estimate formx :

Omx D .Tp/"1
T"1X

tD0
y.t/: (3.27)

The result below gives the asymptotic behavior of the variance Var. Omx/ as T ! 1.

Theorem 3.26. Under the conditions of the model (3.25)–(3.27), we have

lim
T!1

R"1
x .T /Var. Omx/ D 2.1% ˛/"1.2 % ˛/"1:

3.4.3 Asymptotic Distribution of the Least Squares Estimates
for Long Memory Stochastic Systems

In this subsection we present some results obtained in Ivanov and Leonenko (2001,
2002). We use the notation introduced in Sect. 3.2.

Assume that the following conditions are fulfilled.

F1. lim infT!1 d21T .'/=T > 0
F2. supjuj<&d3T .' C u/=d21T .'/=T $ k2 < 1 for some & > 0

F3. supjuj<& d
2
2T .' C u/=d21T .'/ $ k3T

"1 for some & > 0, where k3 < 1
Let us formulate the first reduction principle for least squares estimates.

Theorem 3.27. Let conditions A, B, B 0, D, E of Sect. 3.2, and F1–F3 hold true for
˛ 2 .0; 1=m/, where m is the Hermitian rank of the function G. Then the limit
distribution of random variables

%
B"m.T /

Z 1

0

g21.Tu; ' /du
&1=2

. O'T % '/



102 3 Method of Empirical Means in Nonlinear Regression...

and R T
0 G.!.t//g1.t; '/dth

T 2Bm.T /
R 1
0 g

2
1.Tu; ' /du

i1=2

coincide as T ! 1, i.e., if the limit distribution of one of the above two families of
random variables exists, then there exists the limit distribution of the other family,
and they are equal.

Note that all conditions of Theorems 3.8 and 3.27 hold true, for example, for the
functions

g.t; '/ D t ! log.' C t/;
p
t2 C ' t C 1:

Similarly to the case treated in Theorem 3.27, consider random variables

&T .'/ D
R T
0 G.!.t//g1.t; '/ dt

TBm=2.T /A'.T /
; (3.28)

where the function A'.T / is defined in (3.9).
We need some additional conditions on the derivative g1.t; '/ of the regression

function g.t; '/.

K. For 0 < ffm < 1 the limit

l.'/ D lim
T!1

mŠ

Z 1

0

Z 1

0

g1.tT; '/g1.sT; ' /
A2'.T /

! dt ds
jt % sjm˛ ¤ 0

exists and is finite for all ' 2 ‚c .

K0. For 0 < ˛m < 1 there exists a function Ng1.u; ' /, u 2 Œ0; 1$, ' 2 ‚c , square
integrable with respect to u and such that

ˇ̌
ˇ̌g1.uT; ' /
A'.T /

% Ng1.u; ' /
ˇ̌
ˇ̌ ! 0

as T ! 1 uniformly in u 2 Œ0; 1$ and ' 2 ‚c .
Observe that condition K holds if K0 holds. In this case

l.'/ D mŠ

Z 1

0

Z 1

0

Ng1.u; ' / Ng1.w; ' / ! du dw
ju % wjm˛ :

We formulate the second reduction principle.

Theorem 3.28. Conditions A, B, and B0 hold for ˛ 2 .0; 1=m/, where m is the
Hermitian rank of the function G.
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If condition K holds true, then

1. VarŒ
R T
0 G.!.t//g1.t; '/ dt $ D .C 2

m=mŠ/T 2Bm.T /A2' .T /l.'/.1 C o.1// as
T ! 1, where Cm is defined in (3.28);

2. the limit distributions of random variables &T .'/ defined in (3.28) and of random
variables

&m;T .'/ D Cm

mŠ

R T
0 Hm.!.t//g1.t; '/ dt

TBm=2.T /A'.T /
(3.29)

coincide for all ' 2 ‚c as T ! 1.

L. Let condition K0 holds and for ˛ 2 .0; 1=m/

=m D
Z

Rm

Z 1

0

ˇ̌
ˇ̌
Z 1

0

Ng1.u; ' /eiu.*1C%%%C*m/ du
ˇ̌
ˇ̌
2

! d*1 : : : d*m

j*1 : : : *mj1"˛ < 1

uniformly in ' 2 ‚c .
Consider variables

@m.'/ D Cm

mŠ
Œc.˛/$m=2

Z 0

Rm

%Z 1

0

Ng1.u; ' /eiu.*1C%%%C*m/ du
&
W.d*1/ : : : W.d*m/

j*1 : : : *mj.1"˛/=2 ;

(3.30)

where
R 0
Rm : : : means the multiple stochastic integral with respect to the complex

Gaussian white noise W.!/ given in (3.7) (see, for example Major 1981) for the
definition and properties of multiple stochastic integrals).

Theorem 3.29. Let conditions A, B, B0, D, K, and L hold for ˛ 2 .0; 1=m/, where m
is the Hermitian rank of the function G. Then random variables &T .'/ and &m;T .'/
defined in (3.28) and (3.29), respectively, converge in distribution for all ' 2 ‚ as
T ! 1 to the random variable @m.'/ defined in (3.30).

From Theorems 3.27 and 3.29 we obtain the asymptotic distribution of least
squares estimates for a nonlinear regression with long-range dependence.

Theorem 3.30. If conditions of Theorems 3.27 and 3.29 are satisfied, then the
random variables

B"m=2.T /
%Z 1

0

g21.Ts; ' /ds
&1=2

. O'T % '/

converge in distribution for all ' 2 ‚c as T ! 1 to the random variable @m.'/
defined in (3.30).
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3.5 Large Deviations of Empirical Means in Estimation
and Optimization Problems

3.5.1 Large Deviations of the Empirical Means Method
for Dependent Observations

This subsection is devoted to the stochastic optimization problem for a stationary
ergodic random sequence satisfying the hypermixing condition. Assume that we
have finite number of observed elements in the sequence, and instead of solving
the former problem we investigate the empirical function, find its minimum points,
and study their asymptotic properties. More precisely, we consider the probabilities
of large deviations of minimizers and the minimal value of the empirical cost
function. The conditions under which the probabilities of large deviations decrease
exponentially are found.

Consider the stochastic optimization problem: minimize

Ef .x/ D Ef .x;! 0/; x 2 X; (3.31)

where f!i ; i 2 Zg is a stationary in the strict sense ergodic random sequence defined
on a probability space .!; F; P / with values in some measurable space .Y;=/,X is
a compact subset of some Banach space < with norm jj !jj , f W X #Y ! < is some
known function continuous in the first argument and measurable in the second.

Instead of (3.31) we minimize the empirical function:

Hn.x/ D 1

n

nX

kD1
f .x; !k/; x 2 X: (3.32)

If
Efmax.jf .x; !0/j; x 2 X/g < 1

then there exists a solution x# to the problem (3.31). Suppose that this solution is
unique.

It is known that there exists a minimum point xn.!/ of the function (3.32). The
conditions under which xn.!/ converges to x# with probability 1 as n ! 1, were
discussed in Sects. 3.1–3.3.

The purpose of the subsection is to estimate large deviations of xn and Hn.xn/.
Let us recollect some facts from functional analysis. For any y 2 Y the function

f .!; y/ belongs to the space C.X/ of continuous real functions on X . We assume
that for all y 2 Y we have f .!; y/ % Ef .!/ 2 K , where K is some convex compact
subset from C.X/. Thus for any n Hn.!/% Ef .!/ is a random element defined on the
probability space .!; F; P / with values in K .

Definition 3.2 (Kaniovskii et al. 1995). Let .V; jj !jj / be a normed linear space,
B.x;&/ be a closed ball in V with radius & and centre x; f W V ! Œ%1;C1$ be
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some function, and f .xf / D minff .x/; x 2 V g. A condition function  for f at
xf is a monotone increasing function W Œ0;C1/ ! Œ0;C1$ with  .0/ D 0 such
that for some & > 0 and for all x 2 B.xf ; & /we have

f .x/ " f .xf /C  .jjx % xf jj/:

Assume that V0 & V , and denote by ıV0 the indicator function of V0:

ıV0.x/ D 0; x 2 V0;
ıV0.x/ D C1; x … V0:

Theorem 3.31 (Kaniovskii et al. 1995). Let .V; jj!jj/ be a normalized linear space,
V0 & V is closed, and f0; g0 W V ! < are continuous functions on V . Suppose that

" D supfjf0.x/ % g0.x/j; x 2 V0g:

Define the functions f; g W V ! .%1;C1$ as f D f0 C ıV0 , g D g0 C ıV0 .
Then

j infff .x/; x 2 V g % inffg.x/; x 2 V gj$ ":

Let xf be a minimum point of f :

f .xf / D infff .x/; x 2 V g:

Assume that  is the condition function for f at xf with some coefficient & > 0.
If " is sufficiently small so that for all x we have jjx % xf jj$ & provided that
 .jjx % xf jj/ $ 2", then for any xg 2 arg minfg.x/; x 2 B.xf ; & /g we have

 .jjxf % xgjj/ $ 2":

When  is convex and strictly increasing on Œ0; &$, the preceding inequality can also
be expressed in the following way: if " is small enough so that  "1.2"/ $ &, then
for any xg 2 arg minfg.x/; x 2 B.xf ; & /g we have

jjxf % xg jj$  "1.2"/:

Theorem 3.32 (Deutschel and Stroock 1989). Let f." W ">0g be a family of
probability measures on G , where G is a closed convex subset of a separable
Banach space E. Assume that

ƒ.*/ ( lim
"!0

"ƒ.".*="/
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exists for every * 2 E#, where E# is the dual space for E, and for an arbitrary
probability measure . on E,

ƒ..*/ D ln
#Z

E

expŒh*; xi$..dx/
$
;

where h*; xi is the corresponding duality relation. Denote

ƒ#.q/ D supfh*; qi %ƒ.*/;* 2 E#g; q 2 G:

Then the functionƒ# is nonnegative, lower semicontinuous and convex, and for any
compact set A & G

lim sup
"!0

" ln..".A// $ % inffƒ#.q/; q 2 Ag

holds.

Definition 3.3 (Deutschel and Stroock 1989). Let† be a separable Banach space,
f!i ; i 2 Zg be a stationary in the strict sense random sequence defined on a
probability space .!; F; P / with values in ˙ . Let Bmk denote the " -algebra over
! generated by random elements f!i ; m $ i $ kg. For given l 2 N the real random
variables (1; : : : ; (p; p " 2 are called l -measurably separated if

%1$ m1 $ k1 <m2 $ k2 < ! ! ! <mp $ kp $ C 1; mj %kj"1 " l; j D 2; : : : ; p

and for each j 2 f1; : : : ; pg the random variable (j is Bmj kj -measurable.

Definition 3.4 (Deutschel and Stroock 1989). A random sequence f!i g from
Definition 3.3 is called a sequence with hypermixing if there exist a number
l0 2 N [ f0g and non-increasing functions ˛; ˇ W fl > l0g ! Œ1;C1/ and
# W fl > l0g ! Œ0; 1$ satisfying the conditions

lim
l!1

˛.l/ D 1; lim sup
l!1

l.ˇ.l/ % 1/ < 1; lim
l!1

#.l/ D 0

and for which

jj(1 : : : (pjjL1.P / $
pY

jD1
jj(j jjL˛.l/.P / (H-1)

whenever p " 2, l > l0, (1; : : : ; (p are l-measurably separated functions. Here

jj(jjLr.P / D
#Z

˝

j(.!/jrdP
$1=r
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and
ˇ̌
ˇ̌
Z

!

#
!.!/ %

Z

!

!.!/ dP
$

(.!/ dP
ˇ̌
ˇ̌ $ #.l/jj!jjLˇ.l/.P /jj(jjLˇ.l/.P / (H-2)

for all l > l0; ! ; ( 2 L1.P / l-measurably separated.
It is known that C.X/# D M.X/ is the set of bounded signed measures on X

(Danford and Schwartz 1957), and

hg;Qi D
Z

X

g.x/Q.dx/

for any g 2 C.X/, Q 2 M.X/.
Theorem 3.33. Suppose that f!i ; i 2 Zg is a stationary in the strict sense ergodic
random sequence satisfying the hypothesis (H-1) of hypermixing, defined on a
probability space .!; F; P / with values in a compact convex set K & C.X/.

Then for any measureQ 2 M.X/ there exists

ƒ.Q/ D lim
n!1

1

n
ln

 Z

!

exp

(
nX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!

and for any closed A & K

lim sup
n!1

1

n
ln

 
P

(
1

n

nX

iD1
!i 2 A

)!
$ % inffƒ#.g/; g 2 Ag;

where ƒ#.g/ D supf
R
X g.x/Q.dx/ % ƒ.Q/;Q 2 M.X/g is the non-negative,

lower semicontinuous convex function.

Proof. Consider anyQ 2 M.X/. Assume that l0 is the number from the hypothesis
(H-1). Fix l > l0 andm; n 2 N , where l < m < n. Then

n D NnmC rn; Nn 2 N; rn 2 N [ f0g; rn < m:

We will use the following notation:

jjgjj D maxfjg.x/j; x 2 Xg; g 2 C.X/;

fn D ln

 Z

!

exp

(
nX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!
; c D maxfjjgjj; g 2 Kg;

(3.33)

v.Q;X/ D sup

(
kX

iD1
jQ.Ei/j; Ei \ Ej D Ø; i ¤ j;Ei 2 B.X/; k 2 N

)
< 1;

Q 2 M.X/;

where the last formula is taken from Danford and Schwartz (1957).
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For all ! we have

nX

iD1

Z

X

!i .!/.x/Q.dx/ D
Nn"1X

jD0

.jC1/m"lX

iDjmC1

Z

X

!i .!/.x/Q.dx/

C
Nn"1X

jD0

.jC1/mX

iD.jC1/m"lC1

Z

X

!i .!/.x/Q.dx/

C
nX

iDNnmC1

Z

X

!i .!/.x/Q.dx/: (3.34)

Further, by (3.33) we have for each i; !

ˇ̌
ˇ̌
Z

X

!i .!/.x/Q.dx/
ˇ̌
ˇ̌ $ cv.Q;X/: (3.35)

Due to (3.35) for any ! we have

Nn"1X

jD0

.jC1/mX

iD.jC1/m"lC1

Z

X

!i .!/.x/Q.dx/ $ cv.Q;X/lNn; (3.36)

nX

iDNnmC1

Z

X

!i .!/.x/Q.dx/ $ cv.Q;X/rn: (3.37)

For any fixed ! denote

V1 D
Nn"1X

jD0

.jC1/m"lX

iDjmC1

Z

X

!i .!/.x/Q.dx/;

V2 D
Nn"1X

jD0

.jC1/mX

iD.jC1/m"lC1

Z

X

!i .!/.x/Q.dx/;

V3 D
nX

iDNnmC1

Z

X

!i .!/.x/Q.dx/:

Inequalities (3.36), (3.37) imply that

expfV1 C V2 C V3g $ expfV1g expfcv.Q;X/lNng expfcv.Q;X/rng; ! 2 !:

(3.38)
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It follows from (3.38) that

Z

!

expfV1 C V2 C V3g dP $ expfcv.Q;X/lNng expfcv.Q;X/rng
Z

!

expfV1g dP :

Due to the conditions for f!ig we obtain

Z

!

Nn"1Y

jD0
exp

8
<

:

.jC1/m"lX

iDjmC1

Z

X

!i .!/.x/Q.dx/

9
=

; dP

$
Nn"1Y

jD0

0

B@
Z

!

0

@exp

8
<

:

.jC1/m"lX

iDjmC1

Z

X

!i .!/.x/Q.dx/

9
=

;

1

A
˛.l/

dP

1

CA

1=˛.l/

; (3.39)

Z

!

exp

8
<

:˛.l/
.jC1/m"lX

iDjmC1

Z

X

!i .!/.x/Q.dx/

9
=

; dP

D
Z

!

exp

(
˛.l/

m"lX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP; j D 1; : : : ; Nn % 1: (3.40)

By (3.39) and (3.40) we have

Z

!

expfV1g dP $
 Z

!

exp

(
˛.l/

m"lX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!Nn=˛.l/
:

By (3.34) we obtain

fn D ln
#Z

!

expfV1 C V2 C V3g dP
$

$ cv.Q;X/lNn C cv.Q;X/rn

C ln

2

4
 Z

!

exp

(
˛.l/

m"lX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!Nn=˛.l/3

5

D cv.Q;X/lNn C cv.Q;X/rn C Nn

˛.l/
ln

 Z

!

exp

(
.˛.l/ % 1/

#
m"lX

iD1

Z

X

!i .!/.x/Q.dx/C
m"lX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!



110 3 Method of Empirical Means in Nonlinear Regression...

$ cv.Q;X/lNn C cv.Q;X/rn C Nn

˛.l/
.˛.l/ % 1/.m% l/cv.Q;X/

C Nn

˛.l/
ln

 Z

!

exp

(
m"lX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!

$ cv.Q;X/lNn C cv.Q;X/rn C .˛.l/ % 1/.m % l/cv.Q;X/Nn

C Nn

˛.l/
ln

 Z

!

exp

(
mX

iD1

Z

X

!i .!/.x/Q.dx/

%
mX

iDm"lC1

Z

X

!i .!/.x/Q.dx/

)
dP

!

$ cv.Q;X/lNn C cv.Q;X/rn C .˛.l/ % 1/cv.Q;X/mNn

C Nn

˛.l/
cv.Q;X/l C Nn

˛.l/
ln

 Z

!

exp

(
mX

iD1

Z

X

!i .!/.x/Q.dx/

)
dP

!

$ 2cv.Q;X/lNn C cv.Q;X/rn C .˛.l/ % 1/cv.Q;X/mNn C Nn

˛.l/
fm:

(3.41)

Inequality (3.41) implies that

fn

n
$ 2Nncv.Q;X/l

Nnm
C cv.Q;X/rn

n
C .˛.l/ % 1/cv.Q;X/C Nnfm

˛.l/.NnmC rn/

D 2cv.Q;X/l
m

C cv.Q;X/rn
n

C .˛.l/ % 1/cv.Q;X/C fm

˛.l/.mC rn=Nn/
:

Therefore we have

lim sup
n!1

fn

n
$ 2cv.Q;X/l

m
C .˛.l/ % 1/cv.Q;X/C 1

˛.l/

fm

m
:

Taking the lim inf as m ! 1 in the right-hand side, we obtain

lim sup
n!1

fn

n
$ .˛.l/ % 1/cv.Q;X/C 1

˛.l/
lim inf
m!1

fm

m
:

Passing to the limit as l ! 1 we get

lim sup
n!1

fn

n
$ lim inf

m!1
fm

m
:

Consequently, there exists

lim
n!1

fn

n
D ƒ.Q/:
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Now we can see that the statements of the theorem result from Theorem 3.32.
Indeed, for

G D K; E D C.X/; E# D M.X/; hQ;gi D
Z

X

g.x/Q.dx/; " D 1

n
;

and ." D .1=n, which is the probability measure on K corresponding to
.1=n/

Pn
iD1 !i , we have

lim
"!0

"ƒ."

#
Q

"

$
D lim

n!1
1

n
ln
#Z

K

exp
!Z

X

g.x/nQ.dx/
"

.1=n.dg/
$

D lim
n!1

1

n
ln

 Z

!

exp

( Z

X

1

n

nX

iD1
!i .!/.x/nQ.dx/

)
dP

!

D lim
n!1

fn

n
D ƒ.Q/:

The proof is complete. !
Consider the problems (3.31) and (3.32). Suppose that a given sequence

f!i ; i 2 Zg satisfies the hypothesis (H-1) of hypermixing. Then the sequence

/i D f .!; !i /% Ef .!/; i 2 Z

satisfies (H-1) too.
Denote

A" D fz 2 K W jjzjj" "g;

ƒ.Q/ D lim
n!1

1

n
ln

 Z

!

exp

(
nX

iD1

Z

X

Œf .x;! i .!// % Ef .x/$Q.dx/

)
dP

!
;

I.z/ D ƒ#.z/ D sup
!Z

X

z.x/Q.dx/ %ƒ.Q/;Q 2 M.X/
"
:

Theorem 3.34. Under hypothesis (H-1) of hypermixing we have

lim sup
n!1

1

n
lnP fj minfEf .x/; x 2 Xg % minfHn.x/; x 2 Xgj" "g

$ % inffI.z/; z 2 A"g: (3.42)
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Assume that there exists a condition function  for Ef at x# with some constant &.
Let xn be a minimum point of function (3.32) on the set B.x#; & /. If " is sufficiently
small to satisfy  .jx % x#j/ $ 2" provided that jx % x#j $ &, then

lim sup
n!1

1

n
lnP f .jxn % x#j/ " 2"g $ % inffI.z/; z 2 A"g: (3.43)

Moreover, if  is convex and strictly increasing on Œ0; &$ then

lim sup
n!1

1

n
lnP fjxn % x#j "  "1.2"/g $ % inffI.z/; z 2 A"g: (3.44)

Proof. Theorem 3.31 implies that for each !

j minfEf .x/; x 2 Xg % minfHn.x/; x 2 Xgj $ jjHn % Ef jj: (3.45)

Then, for the sequence f&i g conditions of Theorem 3.33 are satisfied. Thus for any
" > 0

lim sup
n!1

1

n
lnP fjjHn % Ef jj" "g $ % inffI.z/; z 2 A"g: (3.46)

Inequality (3.42) followsby (3.45) and (3.46).
To proof the second part of the theorem we also use Theorem 3.31. Under

conditions of the theorem we have for all !

 .jx# % xnj/ $ 2jjHn % Ef jj (3.47)

or
jxn % x#j $  "1.2jjHn % Ef jj/: (3.48)

Taking into account (3.46), inequalities (3.47) and (3.48) imply (3.43) and (3.44),
respectively. Theorem is proved. !

3.5.2 Large Deviations of Empiric Estimates for Non-Stationary
Observations

Let f!i ; i 2 Zg be a stationary in the strict sense ergodic random sequence on a
probability space .!; F; P / with values in some measurable space .Y;@/, X D
ŒaI b$ & <; the function

fh.i; x; y/ W Z )X ) Y ! <g

is convex in the second argument and measurable in the third one.
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Consider the minimization problem

min
x2X

(
fn.x/ D 1

n

nX

iD1
h.i; x;! i /

)
: (3.49)

Suppose that

1. For all i 2 Z; x 2 X;Ejh.i; x;! 0/j < 1
2. For any x 2 X there exists f .x/ D limn!1 Ef n.x/
3. There exist Nx 2 X; c > 0, such that

f .x/ " f . Nx/C cjx % Nxj 8x 2 X: (3.50)

It follows from (3) that there exists a unique solution to the minimization problem
minx2X f .x/, and this solution is Nx.

It is evident that for any n and ! the function fn.!/ is convex, as well as the
function Ef n.!/ for each n.

For any function g W < ! < denote

g0
C.x/ D lim

0!C0
g.x C 0/% g.x/

0
; (3.51)

g0
".x/ D lim

0!C0
g.x % 0/% g.x/

0
(3.52)

if these limits exist.
Denote

gn.x/ D Ef n.x/; x 2 X:

Since the existence of limits (3.51) and (3.52) for some function follows from the
convexity of this function, we obtain that the limits exist for:

1. h.i; !; y/ for all i; y
2. Eh.i; !; !0/ for all i
3. fn.!/; for all n; !
4. gn.!/; for all n

Lemma 3.4. Let u W X # ! ! < be a function, convex in the first argument
and measurable in the second one. Suppose that for any x 2 X Eju.x; !/j < 1.
Denote v.x/ D Eu.x; !/. Then

v0
C.x/ D Efu0

C.x; !/g; v0
".x/ D Efu0

".x; !/g:

Proof. We have

v0
C.x/ D lim

0!C0
Eu.x C 0;!/ % Eu.x; !/

0
D lim

0!C0
E

u.x C 0;!/ % u.x; !/
0

:
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Due to convexity of u in x for all !, there exist

u0
C.x; !/ D inf

0>0

u.x C 0;!/ % u.x; !/
0

; (3.53)

u0
".x; !/ D inf

0>0

u.x % 0;!/ % u.x; !/
0

(3.54)

and the fractions on the right-hand side of (3.53) and (3.54) are monotone decreasing
as 0 ! C0. Then by monotone convergence theorem

E
u.x C 0;!/ % u.x; !/

0
! Efu0

C.x; !/g; 0 ! C0:

Analogous statement holds for v0
".x/. The proof is complete. !

Lemma 3.4 implies that for any i 2 Z; x 2 X ,

.Eh/0C.i; x;! i / D Efh0
C.i; x;! i /g; .Eh/0".i; x;! i / D Efh0

".i; x;! i /g

and for all n 2 N; x 2 X ,

g0
nC.x/ D Eff 0

nC.x/g; g0
n".x/ D Eff 0

n".x/g:

Lemma 3.5. Suppose that Assumptions (1)–(3) are satisfied, and, in addition,
assume that

4. Sequencesh0
C.i; Nx;! i /%Efh0

C.i; Nx;! i /g; i 2Z and h0
".i; Nx;! i /%Efh0

".i; Nx;! i /g;
i 2Z satisfy the strong mixing condition with ˛.j / $ c0=1 C j 1C"; " > 0
(cf. Condition 5 of Theorem 3.3).

5. There exists ı > 2=" such that for all i

Ejh0
C.i; Nx;! 0/j2Cı < 1; Ejh0

".i; Nx;! 0/j2Cı < 1:

6. There exists c0 > 0 such that

EŒh0
C.i; Nx;! 0/$2 $ c0; EŒh0

".i; Nx;! 0/$2 $ c0; i 2 Z:

7. g0
nC. Nx/ ! f 0

C. Nx/; g0
n". Nx/ ! f 0

". Nx/; n ! 1:

Then

P ff 0
nC. Nx/ ! f 0

C. Nx/; n ! 1g D 1; (3.55)

P ff 0
n". Nx/ ! f 0

". Nx/; n ! 1g D 1: (3.56)
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Proof. Denote
(n D f 0

nC. Nx/ %Eff 0
nC. Nx/g:

We have

Ef(2ng D E

"
1

n

nX

iD1
h0

C.i; Nx;! i /% 1

n

nX

iD1
Efh0

C.i; Nx;! i /g
#2

D E

2

4 1

n2

nX

iD1

nX

jD1
Œh0

C.i; Nx;! i / %Efh0
C.i; Nx;! i /g$Œh0

C.j; Nx;!j /

% Efh0
C.j; Nx;!j /g$

3

5

D 1

n2

nX

iD1

nX

jD1
E/i/j ;

where /i D h0
C.i; Nx;! i /% Efh0

C.i; Nx;! i /g; i 2 Z.
It follows from Knopov (1997b) that for all i; j

E/i/j $ c1

1C ji % j j1C"0 ; "0 > 0:

Hence,

1

n2

nX

iD1

nX

jD1
E/i/j $ c1

n2

nX

iD1

nX

jD1

1

1C ji % j j1C"0 $ c2

n
:

Let n D m2. By Borel-Cantelli lemma

P
n

lim
m!1

(m2 D 0
o

D 1:

Denote

1m D sup
m2!n!.mC1/2

j(n % (m2 j:

For m2 $ n $ .mC 1/2 we have

j(nj $ j(m2 j C 1m;

(n % (m2 D 1

n

nX

iD1
/i % 1

m2

m2X

iD1
/i D 1

n

nX

iDm2C1
/i C (m2

#
m2

n
% 1
$
:
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Then

1m $  m C sup
m2!n!.mC1/2

ˇ̌
ˇ̌(m2

#
m2

n
% 1

$ˇ̌
ˇ̌ ;

where  m D supm2!n!.mC1/2 j1=nPn
iDm2C1 /i j.

Consider

E. 2m/ D E sup
m2!n!.mC1/2

1

n2

nX

iDm2C1

nX

jDm2C1
/i /j

$ E
1

m4

.mC1/2X

iDm2C1

.mC1/2X

jDm2C1
j/i/j j $ c3

m4
Œ.mC 1/2 %m2$2 $ c4

m2
:

Thus
P
n

lim
m!1

1m D 0
o

D 1:

Consequently,
P
n

lim
n!1

(n D 0
o

D 1:

Now (3.55) follows from Lemma 3.4. The proof of (3.56) is completely analogous.
Lemma is proved. !
Theorem 3.35. Let Assumptions (1)–(7) be satisfied. Then with probability 1 there
exists n# D n#.!/ such that for any n > n# problem (3.49) has a unique solution
xn, and xn D Nx.

Proof. In view of (3.50),

f 0
C. Nx/ " c; f 0

". Nx/ " c:

Then by Lemma 3.5 with probability 1 starting from some n# we have

f 0
nC. Nx/ > 0; f 0

n". Nx/ > 0: (3.57)

Since the function fn is convex, it follows from (3.57) that Nx is the unique minimum
point fn.

Theorem is proved. ut
Definition 3.5. We say that a random sequence f/i ; i 2 Zg from Definition 3.3
satisfies hypothesis (H-3) if there exist a non-negative integer l0 and a non-
increasing function ˛ W fl > l0g ! Œ1I C1/ ,liml!1 ˛.l/ D 1, such that

jj(1 : : : (qjjL1.P / $
qY

jD1
jj(j jjL˛.l/.P /
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for any q " 2; l > l0; (1; : : : ; (q l -measurably separated, where

jj(jjLr.P / D
#Z

!

j(.!/jr dP
$1=r

:

Theorem 3.36. Suppose that Assumptions (1)–(7) are satisfied together with the
assumptions below:

8. The sequence f!i ; i 2 Zg satisfies hypothesis (H-3)
9. There exists L > 0 such that for all i 2 Z; y 2 Y

jh0
C.i; Nx; y/j $ L; jh0

".i; Nx; y/j $ L:

Then

lim sup
n!1

1

n
ln.P fAcng/ $ % inf

g2F
ƒ#.g/; (3.58)

whereƒ#.g/ D supfgQ.X/%ƒ.Q/;Q 2 M.X/g,

ƒ.Q/ D lim
n!1

1

n
ln

 Z

!

exp

(
Q.X/

nX

iD1
minŒh0

C.i; Nx;! i /; h0
".i; Nx;! i /$

)
dP

!
;

An D
!
! W arg min

x2X
fn.x/ D f Nxg

"
; Acn D !nAn; F D Œ%LI 0$:

Proof. We have

P.Acn/ D P fminŒf 0
nC. Nx/; f 0

n". Nx/$ 2 F g

$ P

(
1

n

nX

iD1
minŒh0

C.i; Nx;! i /; h0
".i; Nx;! i /$ 2 F

)
: (3.59)

Denote
K D f˛.x/ D ˛ 8x 2 X; ˛ 2 Œ%LIL$g:

It is evident thatK is a compact convex subset of C.X/.
Consider the function

ai D ai .x/ D minŒh0
C.i; Nx;! i /; h0

".i; Nx;! i /$ 8x 2 X:

We see that ai .x/ 2 K for any fixed i; !. Define

F1 D f.˛.x/ D ˛/ 2 K W ˛ 2 Œ%LI 0$g:
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Then F1 is a closed subset of K , and

P

(
1

n

nX

iD1
minŒh0

C.i; Nx;! i /; h0
".i; Nx;! i /$ 2 F

)
D P

(
1

n

nX

iD1
ai .x/ 2 F1

)
: (3.60)

Now we apply Theorem 3.33. By this theorem,

lim sup
n!1

1

n
ln

 
P

(
1

n

nX

iD1
ai .x/ 2 F1

)!
$ % inf

g2F1
ƒ#.g/; (3.61)

whereƒ#.g/ D supfgQ.X/%ƒ.Q/;Q 2 M.X/g,

ƒ.Q/ D lim
n!1

1

n
ln

 Z

!

exp

(
Q.X/

nX

iD1
ai

)
dP

!
:

Therefore (3.59)–(3.61) imply (3.58). The proof is complete. !

3.5.3 Large Deviations in Nonlinear Regression Problems

In this subsection, we focus on large deviations for concrete nonlinear regression
models, in particular, for large deviations for the least squares estimates. We present
some results obtained in Ivanov (1984a, b, 1997), which we formulate them without
a proof.

Let .<N ;BN / be a countable product of the spaces .<; B/, B is the "-algebra
of Borel subsets of the real axis <, ‚ is an open set in the Euclidean space <p ,
fP™; ™ 2 ‚g is a family of probability measures on .<N ;BN / corresponding to
sequences of random variables xj D g.j; ™/ C "j , j " 1, ™ 2 ‚, where xj is
a sequence of independent observations, "j is a sequence of identically distributed
random variables, and g.j; ™/ is a sequence of functions of the parameter $ D
.'.1/; : : : ; ' .p//, which is to be estimated. Let

Ln.™/ D
nX

jD1
Œxj % g.j; ™/$2:

We say that the Bn-measurable mapping ™n W <N ! ‚c (where ‚c is the closure
of ‚) for whichLn.™n/ D inf™2‚c Ln.™/ is a least squares estimate of the parameter
™ 2 ‚ obtained from observations xj ; j D 1; : : : ; n. Obviously, ™n is a function
only of xj ; j D 1; : : : ; n.
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Let dn D dn.™/, ™n 2 ‚, be a diagonal matrix of order p with elements din; i D
1; : : : ; p on the diagonal. We normalize ™n using matrix dn. If g.j;$/, j " 1 are
differentiable functions, then it is natural to take din D .

Pn
jD1 g

2
i .j; ™//

1=2, gi D
@g=@™i . Introduce the functions

'n.™1; ™2/ D
nX

jD1
.g.j; ™1/% g.j; ™2//

2; ™1; ™2 2 ‚c:

For fixed ™ 2 ‚ the function ‰n.u1; u2/ D 'n.™ C n1=2d"1
n u1; ™ C n1=2d"1

n u2/ is
defined for u1; u2 2 U c

n .™/, Un.™/ D n"1=2dn.™/.‚n™/. Set s.%/ D fu 2 <p W
jjujjp < %g. Finally, let K & ‚ be a compact set, and let "2 D E"21.

A. For any " > 0 and R > 0 there exist ı > 0 and n0 (which might depend on K)
such that for n > n0

sup
™2K

sup
u1; u2 2 sc .R/\ Uc

n .™/

jju1 " u2jjp ! ı

n"1‰n.u1; u2/ $ ":

B. For some R > 0 and any r 2 .0;R$ there exist 0 > 0 and & > 0 such that for
n > n0

inf
™2K

inf
u2.sc .R/ns.r//\Ucn .™/

n"1‰n.0; u/ " &;

inf
™2K

inf
u2Ucn .™/ns.R/

n"1‰n.0; u/ " 4"2 C 0: (3.62)

The following condition refines (3.62) near zero.
C. For some R0 > 0 there exists a number 20 > 0 such that for n > n0

inf
™2K

inf
u2sc .R0/\Ucn .™/

n"1jjujj"2p ‰n.0; u/ " 20:

D1. The set ‚ is convex. Functions g.j; ™/, j " 1 are continuous on ‚c ,
continuously differentiable on ‚, and for anyR > 0 there exist ˇi D ˇi .R/ <
1, such that for n > n0 and i D 1; : : : ; p

sup
™2K

sup
u2sc .R0/\Ucn .™/

din.™ C n1=2d"1
n .™/u/d"1

in .™/ $ ˇj :

Let

'in.™1; ™2/ D
nX

jD1
.gi .j; ™1/% gi .j; ™2//

2;

‰ in.u1; u2/ D 'in.™ C n1=2d"1
n u1; ™ C n1=2d"1

n u2/; i D 1; : : : ; p:
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D2. For any R > 0 there exist numbers #i D #i.R/ < 1 such that for n > n0 and
i D 1; : : : ; p

sup
™2K

sup
u1;u22s.R/\U .™/n

d"1
in .™/‰

1=2
in .u1; u2/jju1 % u2jj"1p $ #i :

If A & <p and % > 0, then A% D S
j&j!1 .AC %&/ is the exterior set parallel

to A.
Fs. For some %0 > 0 such thatK%0 & ‚, some ˛i " 1=2 and an integer s " 3,

lim
n!1

sup
™2K%0

n"s.˛i"1=2/"1
nX

jD1
jgi .j; ™/js < 1; i D 1; : : : ; p;

lim
n!1

inf
™2K%0

n"˛i din.™/ > 0; i D 1; : : : ; p:

Ms. The distribution of the random variable "1 does not depend on ' ,E"1 D 0, and
Ej"1js < 1 for some integer s " 3.

Under the assumptions formulated above the following theorems hold true.

Theorem 3.37. Suppose condition Ms holds true, and conditions A and B are
satisfied for a compactK & ‚. Then for any r > 0

sup
™2K

P™fjn"1=2dn.™/.™n % ™/j " rg D o.n".s"2/=2/:

Theorem 3.38. Suppose condition Ms holds true, and conditions B, C,D1,D2 and
Fs are satisfied for a compactK & ‚.

If s2 > s C p, then there exists a constant 2 > 0 such that

sup
™2K

P™fjdn.™/.™n % ™/j " 2.logn/1=2g D o.n".s"2/=2/:



Chapter 4
Determination of Accuracy of Estimation
of Regression Parameters Under Inequality
Constraints

This chapter is devoted to the accuracy of estimation of regression parameters under
inequality constraints. In Sects. 4.2 and 4.3 we construct the truncated estimate of
the matrix of m.s.e. of the estimate of multi-dimensional regression parameter. In
such a construction inactive constraints are not taken into account. Another approach
(which takes into account all constraints) is considered in Sects. 4.4–4.7.

4.1 Preliminary Analysis of the Problem

Consider the regression with one-dimensional parameter ˛0 and one-dimensional
regressors xt , i.e., without a free term

yt D ˛0xt C "t ; t D 1; T : (4.1)

We impose the simple constraint ˛0 ! b on the parameter, where the value b is
known. Let us estimate ˛0 by the least squares method taking into account the
constraints above (ICLS), and solve the minimization problem, which is a particular
case of (1.6):

TX

tD1
.yt " ˛xt /2 ! min; ˛ ! b: (4.2)

The solution to problem (4.2) (which is ICLS estimate of ˛0/ is

˛T D

8
ˆ̂<

ˆ̂:

r!2
T

!
TP
tD1

xtyt

"
if r!2

T

!
TP
tD1

xtyt

"
! b;

b if r!2
T

!
TP
tD1

xtyt

"
> b;

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0 4, © Springer Science+Business Media, LLC 201
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where r2T D PT
tD1 x

2
t . Taking into account equality (4.1), we obtain:

˛T " ˛0 D
#

zT if zT ! b " ˛0;

b " ˛0 if zT > b " ˛0;
(4.3)

where zT D r!2
T

PT
tD1 xt "t .

Assume that the random variables "t ; t D 1; T in (4.1) are independent,
identically distributed with zero expectation and variance !2, i.e., they satisfy
Assumption 2.1 in Sect. 2.2 and, moreover, their distribution functions are differen-
tiable. Then EfzT g D 0, Efz2T g D !2 and the distribution function ˆT .z/; z 2 R1,
of zT is differentiable. It is easy to see that ˛"

T " ˛0 D zT , where ˛"
T is the least

squares estimate of ˛0, i.e., ˛"
T is the solution to (4.2) without taking into account

the constraint.
By (4.3) we obtain the distribution function of ˛T " ˛0:

FT .z/ D
#
ˆT .z/ if z ! b " ˛0;

1 if z > b " ˛0;
(4.4)

According to (4.4) the function FT .z/ has a discontinuity at the point z D b " ˛0,
where it changes abruptly from ˆT .b " ˛0/ to 1.

Consider the properties of the regression parameter estimate taking into account
inequality constraints. First, we define the shift. We have

Ef˛T " ˛0g D
Z

z2R1

zdFT .z/ D
Z

!1<z#c
zdFT .z/C cpc

D
Z c

!1
z'T .z/dz C cpc ¤

Z c

!1
z'T .z/dz C

Z 1

c

z'T .z/dz

D Ef˛"
T " ˛0g D 0; (4.5)

where c D b " ˛0 # 0; 'T .z/ D dFT .z/=dz; pc D
R1
c z'T .z/dz.

To obtain (4.5) we use the inequality

cpc D c

Z 1

c

'T .z/dz <
Z 1

c

z'T .z/dz; (4.6)

which follows from the fact that 'T .z/ > 0 and in (4.6) c ! z.
According to (4.5), Ef˛T " ˛0g ¤ 0. Thus, ICLS estimate ˛T is the biased

estimate (unlike to the least squares estimate ˛"
T , which is unbiased). Therefore in

this case, we used the mean square error (m.s.e.) instead of the variance. We have

Ef.˛T " ˛0/2g D
Z

z2R1

z2dFT .z/ D
Z

!1<z#c
z2dFT .z/C c2pc

D
Z c

!1
z2'T .z/dzCc2pc<

Z c

!1
z2'T .z/dzC

Z 1

c

z2'T .z/dz DEf.˛"
T " ˛0/2g;

(4.7)
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since c2pc D c2
R1
c 'T .z/dz<

R1
c z2'T .z/dz. As above, we use here the

inequalities '.z/ > 0 and c ! z. Thus, Ef.˛T " ˛0/2g < Ef.˛"
T " ˛0/2g, i.e.

m.s.e. of the ICLS estimate for the considered regression is less than the variance
of LS estimate. It should be noted that for unbiased estimates, in particular, for LS
estimate, variance and m.s.e. coincide.

We end up the analysis of a simple regression with inequality constraint with
the remark that if we eliminate the requirement of unbiasedness we can reduce the
m.s.e. of this estimate.

Since the estimate of the parameter under inequality constraints is biased, we
consider in this chapter the matrix of m.s.e. as the basic characteristic of the accuracy
of estimation. Moreover, special attention is paid to the calculation of the bias of
the estimate.

From this simple example we can see how adding of one constraint can make
the determination of accuracy more complicated. Thus it is desirable to reduce
the number of constraints when we calculate the accuracy using some sample
data. Therefore, in this chapter we consider two approaches for estimation of the
accuracy. The first approach consists in the construction of truncated estimates by
discarding inactive constraints (for a given sample). In the second approach we
consider all constraints.

4.2 Accuracy of Estimation of Nonlinear Regression
Parameters: Truncated Estimates

We determine the accuracy of the estimate of the nonlinear regression parameter
which is obtained as a solution to problem (2.12), (2.13). The asymptotic distribu-
tion of this estimate was considered in Sects. 2.2–2.4.

We shall judge on the accuracy of obtained regression parameters estimates for
finite number of observationsT by the matrix KT which is the estimate of the matrix
K D EfUU0g, and the vector ‰T , which is the estimate of the vector ‰ D EfUg,
where U is a random variable to which UT D

p
T .’T " ’0/ converges. Thus, KT

and ‰T are, respectively, the approximations for the matrix of m.s.e. of the estimate
of regression parameters and of its bias.

Consider the case where KT is a truncated estimate, namely, only active
constraints are taken into account.

In order to determine KT , we prove a theorem about the asymptotic behavior of
the number of active and inactive constraints.

We introduce the concept of active constraints up to a positive number ". Such
constraint (denote its number by i ) satisfies the following condition:

" " ! gi .’T / ! 0: (4.8)

Similarly, the i th inactive constraint up to " satisfies

gi .’T / < "": (4.9)



124 4 Determination of Accuracy of Estimation of Regression Parameters Under Inequality...

The number of all possible combinations of active and inactive constraints is equal
to L D 2m. Clearly, L does not depend on T and ". We denote by plT , l D 1;L,
the probability that for an interval of length T the l th combination of active and
inactive constraints corresponds up to " to the solution to problem (2.12) and (2.13).
Obviously, p1T C : : :C pLT D 1.

Each combination of constraints is defined by the set of active constraints Il
which is independent of T and ". There always exists a number " > 0 such that

gi .’
0/ D 0; i 2 I 01 ; gi .’0/ < ""; i 2 I 02 : (4.10)

Condition (4.10) can be viewed as the generalization of (2.14).
Put the number of combinations of active and inactive constraints corresponding

to ’ D ’0 equal to l0. Then Il0 D I 01 . If " is chosen in such a way that (4.10) holds
true, then the concept of “active constraints” coincides with the concept of “active
constraints up to "” at ’ D ’0.

Theorem 4.1. Suppose that: (a) active and inactive constraints up to " are defined
by (4.8), (4.9), where " is such that (4.10) holds true; (b) components of g.’/ are
the continuous functions of ’; (c) ’T is a consistent estimate of ’0. Then we have

lim
T!1

pl0T D 1; lim
T!1

plT D 0; l D 1;L; l ¤ l0: (4.11)

Proof. By definition of plT and the fact that ˛T belongs to the admissible domain,
we have

plT D P f"gi .’T / ! "; i 2 Il ;"gi .’T / > "; i … Ilg: (4.12)

We can always choose " such that

0 < " < ˇ D "1
2

max
i2I 02

gi .’
0/:

From above and (4.12) we get

pl0T D P fgi .’T / < ""; i 2 I 02 ; 0 # gi .’T / # ""; i 2 I 01 g
# P fjgi .’T /" gi .’

0/j < ˇ; i 2 I 02 ; 0 # gi .’T / # ""; i 2 I 01 g

# P

8
<

:
X

i2I 02

jgi .’T /"gi .’0/j <
ˇ

2

9
=

;

" P

8
<

:
X

i2I 02

jgi .’T /"gi .’0/j <
ˇ

2
Igi .’T / < ""; i 2 I 01

9
=

; D M1"M2:

(4.13)
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By convergence in probability of g.’T / to g.’0/ for any ı > 0 there exists such a
valueT1 thatM1 > 1"ı=2,T > T1. Further, by (2.14)gi .’0/ D 0, i 2 I 01 , implying
that for any ı > 0 there exists T2 for which the following inequality takes place:

M2 ! P fgi .’T / < ""; i 2 I 01 g < ı=2; T > T2:

From two last inequalities and (4.13) for T > T0 D max.T1; T2/ we derive p10T >
1 " ı, T > T0, which in turn implies the statement of the theorem.

Consider such an estimate for K:

KT D
LX

lD1
Fl .RT .’T /;Gl .’T /;! T /#lT ; (4.14)

where Fl .RT .’T /Gl .’T /;! T / is the estimate of Fl .R.’0/Gl .’
0/; !/ D EfUlU0

lg,
Gl .’/ is the matrix with rows rg0

i .’/, i 2 Il ; !2T is some consistent estimate of
!2 (see below).

The vector Ul is the solution to the following problem:

1

2
X0R.’0/X " Q0X ! min; rg0

i .’
0/X ! 0; i 2 Il ; (4.15)

where Q is the normally distributed random variable with the covariance matrix
!2R.’0/.

In (4.14) #lT is the random variable defined as follows.
If for some realization of the estimate ’T we get the l th combination of active and

inactive constraints up to " in the estimation problem (2.12), then we put #lT D 1,
otherwise #lT D 0. By definition,

PL
lD1 #lT D 1. Thus, we have P f#lT D 1g D plT ,

P f#lT D 0g D 1 " plT , where plT is given by (4.12).
Introduce the random variable

$iT D
(
1; if " " ! gi .’T / ! 0;

0; if gi .’T / < "":
(4.16)

Define %iT D P f$iT D 1g. Then

%iT D
X

l2‚.i/
piT ; (4.17)

where ‚.i/ is the set of numbers of combinations of active and inactive constraints
up to ", including the i th constraint as active up to ". In other words, if the
combination number l 2 ‚.i/, then the constraint index i 2 Il .
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Lemma 4.1. Suppose that conditions of Theorem 4.1 are satisfied, l0 is the number
of the combination of active and inactive constraints which corresponds to ’ D ’0.
Then

(a) p limT!1 #l0T D 1; p limT!1 #lT D 0; l ¤ l0I
(b) p limT!1 $iT D 1; i 2 I 01 ; p limT!1 $iT D 0; i 2 I 02 :
Proof. According to Theorem 4.1, for any " > 0 and ı > 0 there exists T0 > 0
for which:

1 " P fj#l0T " 1j < "g ! 1 " P f#l0T D 1g D 1 " pl0T ! ı; T > T0;

1 " P fj#lT j < "g ! 1 " P f#li T D 0g D plT ! ı; T > T0; l ¤ l0:

Thus (a) is proved. To prove (b) we note that if i 2 I 01 then i 2 Il0 . Then l0 2 ‚.i/
for all i 2 I 01 , which implies, together with (4.17) and Theorem 4.1 the proof of (b).
Lemma is proved. ut
According to the definition of #lT and (4.15), the estimate (4.14) is defined by taking
into account not all constraints, but only active ones up to ". Therefore, we call
the estimate (4.14) the truncated estimate of the matrix of m.s.e. of the regression
parameter estimate.

In the model we choose

!2T D
 
T " nC

X

i2I
$iT

!!1 TX

tD1
.yt " ft .’T //

2 (4.18)

as the estimate for the variance !2 of the noise in the model.
Such a choice is based on the fact that for a sample of volume T the random

variable
P

i2I $iT is the number of equality constraints imposed on the parameter, or
the number of additional degrees of freedom. Therefore, the denominator in formula
(4.18) represents the total number of degrees of freedom.

One can check that in the case when there are no constraints or only equality
constraints many known estimates can be derived from the estimate of !2 suggested
in (4.18).

Lemma 4.2. If Assumptions 2.1–2.3 hold true then !2T is a consistent esti-
mate of !2.

Proof. Rewrite (4.18) as follows:

!2T D T

T " nC P
i2I

$iT
$

TP
tD1

.y " ft .’T //
2

T
:

According to Lemma 4.1, the first factor in this expression converges in probability
to 1. According to Assumption 2.3, ’T is the consistent estimate, which implies by
Assumptions 2.1, 2.2 and Demidenko (1981, p. 269), the convergence of the second
factor to !2. ut

We assume that the noise in our model is normally distributed.
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Assumption 4.1. Random variables "t are independent and normally distributed
with zero expectation and variance !2, and in (2.38) ©T % N.On; !

2Jn/.

According to Theorem 2.7 we put in expression (4.15) Q D !N, where N is the
n-dimensional random variable, normally distributed with covariance matrix R.’0/,
EfNg D On. Denote Ul D S.N;R.’0/;Gl .’

0/; !/ . Then, .i; j /th element of the
matrix Fl .R.’0/;Gl .’

0/; !/ for i; j D 1; n is given by the expression:

k
.l/
ij .R.’

0/;Gl .’
0/; !/

D
Z

Rn

Si .x;R.’0/;Gl .’
0/; !/Sj .x;R.’0/;Gl .’

0/; !/f .X;R.’0//dx;

(4.19)

where Si .x;R.’0/;Gl .’
0/; !/ is the i th component of the vector S.N;R.’0/;Gl

.’0/; !/ , f .x;R.’0// is the density of the distribution N,

f .x;R.’0// D .2%/!.1=2/n.det R.’0//!1=2 exp
#
1

2
x0R!1.’0/x

$
: (4.20)

In order to prove the consistency of KT (see the expression (4.14)) we need two
following lemmas.

Lemma 4.3. Let ’ 2 Rn, Q 2 Rn, b # Om, R is the positive definite n&n matrix.
If in the quadratic programming problem

1

2
’0R’ " Q0’ ! min; G’ ! b; (4.21)

the m & n-matrix G is of full rank, then the following inequality takes place:

jj O’jj2 ! &max.R/
&min.R/

jj’"jj2; (4.22)

where &max.R/ and &min.R/ are, respectively, the maximal and minimal eigen-
values of R, O’ is the solution to (4.21), ’" is the solution to (4.21) without taking
into account the constraints.

Proof. In view of conditions of the lemma it is appropriate to switch from the
problem (4.21) to the problem

1

2
“0“ " P0“ ! min; S“ ! b;

where “ D H’, P D .H!1/0Q, S D GH!1, H is a non-degenerate matrix such
that H0H D R. Denote by O“ its solution under constraints, and by “" its solution
without constraints. Let “1 be a point belonging to the admissible convex set M D
f“ W S“ ! b; “ 2 Rng. Clearly, O“ is the projection of “" on M.
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Similarly to the proof of Theorem 2.12 we use the properties of a convex set,
namely, that the distance from any point a, not belonging to the set M, to the
projection of this point to the boundary of M is less than the distance from a to
an arbitrary point belonging to M. Therefore, we have jj O“ " “1jj !jj “" " “1jj.

It follows from the inequality above with “1 D On, that jjH O’jj2 ! jjH’"jj2,
implying O’0R O’ ! .’"/0R’". Then

&min.R/jj O’jj2 ! O’0R Ǫ ! .’"/0R˛" ! &max.R/jj’"jj2

and the statement of the lemma follows.

Lemma 4.4. Let S.N;R;G;b; ! / be the vector-function of the variables ! > 0,
N 2 Rn, n & n matrix R, m & n matrix G, b 2 Rm. Assume that S.N;R;G;b; ! /
is the solution to problem (4.21), where Q D !N, and N is a random variable,
normally distributed with the covariance matrix R,EfNg D On. Assume that for R,
G and b the conditions of Lemma 4.3 are fulfilled. Then for i; j D 1; n, the function

kij.R;G;b; ! /D
Z

Rn

si .x;R;G;b; !/sj .x;R;G;b; !/f .x;R/dx (4.23)

is continuous in R;G;b and ! provided that b # Om and

jkij.R;G;b; ! /j < 1; 8R; 8G; 8b; 8!: (4.24)

In (4.23) kij.R;G;b; !/; i; j D 1; n is an element of the matrix K DEfS.N;R;
G;b; ! / S0.N;R;G;b; ! /g; f .x;R/ is the density of distribution N, see (4.20) with
R.’0/ D R.

Proof. As results from (4.21), condition (4.24) is fulfilled. Indeed, in the absence
of constraints in (4.21) the solution to this problem is a normally distributed
centered n-dimensional random variable with finite second moments. Imposing of
the constraint G’ ! b does not influence the finiteness of the moments, since
when we calculate the second moments of the estimate we integrate over the subset
M ' Rn, M D f’ W G’ ! b;’ 2 Rng. Moreover, the mass on the boundary of M
is equal to

R
RnnM f.x;R/dx.

1. First we prove the continuity of (4.23) on R. Here by continuity of the function
kij.R;G;b; ! / with respect to the quadratic matrix R of order n we understand
the continuity of the function with respect to the vector of dimension n2.

For any matrices R1;R2 we have

jkij.R1;G;b; ! /" kij.R2;G;b; ! /j

!
ˇ̌
ˇ̌
Z

Rn

Œ si .x;R1;G;b; !/sj .x;R1;G;b; ! /
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" si .x;R2;G;b; !/sj .x;R2;G;b; !/'f .x;R2/dx
ˇ̌
ˇ̌

C
ˇ̌
ˇ̌
Z

Rn

si .x;R1; G;b; !/sj .x;R1; G;b; !/Œf .x;R1/ " .x;R2/'dx
ˇ̌
ˇ̌ : (4.25)

Let

jjR1 " R2jj < ı: (4.26)

Put '.R; ! ;’/ D .1=2/’0R’"Q0’ D .1=2/’0R’"!N0’. We have from (4.21)

j'.R1; ! ;’ " '.R2; ! ;’/ ! ıjj’jj2: (4.27)

Using the property of strongly convex functions (see Karmanov 1975, p. 36)
we obtain:

jjS.N;R2;G;b; ! /" S.N;R1;G;b; ! /jj2

! 2

&
Œ'.R1;S.N;R2;G;b; !// " '.R1;S.N;R1;G;b; !//' ;

where & > 0 is some constant.
Taking into account (4.27) and the fact that '.R2;S.N;R1;G;b; !// # '.R2;S

.N;R2;G;b; !//, we obtain

'.R1;S.N;R2;G;b; !// " '.R1;S.N;R1;G;b; !//

! j'.R1;S.N;R2;G;b; !// " '.R2;S.N;R2;G;b; !//j
Cj'.R2;S.N;R1;G;b; !// " '.R1;S.N;R1;G;b; !//j

! ı.jjS.N;R2;G;b; ! /jj2 C jjS.N;R1;G;b; ! /jj2/:

Using the last two equalities and (4.27) we obtain after transformation

jjS.N;R2;G;b; ! /" S.N;R1;G;b; ! /jj2

! 2ı

&
.jjS.N;R2;G;b; ! /jj2 C jjS.N;R1;G;b; ! /jj2/: (4.28)

The solution to problem (4.21) without taking into account the constraints is
’" D R!1¢N. Then its solution with constraints satisfies, according to Lemma 4.3,
the inequality

jjS.N;R;G;b; ! /jj! cjjNjj; (4.29)

where c > 0 is some value independent of N. From (4.28) and (4.29) it follows that

jjS.N;R2;G;b; ! /" S.N;R1;G;b; ! /jj2 ! .4=&/ıc2jjNjj2: (4.30)
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Denote the first term in the right-hand side of (4.25) by M1, and the second one by
M2. From (4.29) and (4.30) after some transformation we get

M1 !
Z

Rn

jsi .x;R1;G;b; ! /" si .x;R2;G;b; ! /j $ jsj .x;R2;G;b; ! /j

&f .x;R2/dx C
Z

Rn

jsj .x;R1;G;b; ! /" sj .x;R2;G;b; ! /j

&jsj .x;R2;G;b; ! /jf .x;R2/dx ! 4

s
ı

&
c2
Z

Rn

jjxjj2f .x;R2/dx ! ":

(4.31)

Let us estimate M2. The functions si .x;R;G;b; ! /, i D 1; n, are continuous in x,
see Lemma 2.3. Consequently, for any sphere Sr centered at zero and with radius r

Z

Sr

jsi .x;R;G;b; !/sj .x;R;G;b; ! /jdx < 1; i; j D 1; n: (4.32)

We have

M2 ! M3 CM4 D
Z

Sr

jsi .x;R1;G;b; !/sj .x;R1;G;b; ! /j

&jf .x;R1/" f .x;R2/jdx C
ˇ̌
ˇ̌
Z

RnnSr
si .x;R1;G;b; !/sj .x;R1;G;b; ! /

& Œf .x;R1/" f .x;R2/'dx
ˇ̌
ˇ̌ :

For a given number " > 0 we select r so large that

M4 !
ˇ̌
ˇ̌
Z

RnnSr
si .x;R1;G;b; !/sj .x;R1;G;b; !/f .x;R1/dx

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌
Z

RnnSr
si .x;R1;G;b; !/sj .x;R1;G;b; !/f .x;R2/dx

ˇ̌
ˇ̌ ! 2":

It is always possible because of (4.31) and the finiteness of kij.R;G;b; ! / for all R.
ThusM4 ! 2". Further, since the integral (4.32) is finite, we have

M3 ! max
x2Sr

jf .x;R1/" f .x;R2/j
Z

Sr

jsi .x;R1;G;b; !/sj .x;R1;G;b; ! /jdx:

It is easy to see that for fixed r D r."/ it is possible to select R2 such that

max
x2Sr

jf .x;R1/ " f .x;R2/j <
"R

Sr
jsi .x;R1;G;b; !/sj .x;R1;G;b; ! /jdx

:
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Summarizing all obtained estimates, we finally get for jjR1 " R2jj < ı

jkij.R1;G;b; ! /" kij.R2;G;b; ! /! 4":

Thus, the function kij.R;G;b; ! / is continuous in R.
Let us prove the continuity of kij.R;G;b; ! /with respect to ! . Let j!1 " !2j !

(! . After transformations we have from (4.23)

jkij.R;G;b; !1/" kij.R;G;b; !2/j !
Z

Rn

jsi .x;R;G;b; !1/ " si .x;R;G;b; !2/j

&jsj .x;R;G;b; !1/jf .x;R/dx C
Z

Rn

jsj .x;R;G;b; !1/" sj .x;R;G;b; !2/j

&jsi .x;R;G;b; !2/jf .x;R/dx: (4.33)

It follows from (4.21) that

j'.R; !1;’/ " '.R; !2;’/j ! (! jjNjjjj’jj: (4.34)

By strong convexity, (4.29) and (4.34), we get

jjS.N;R;B;b; !2/" S.N;R;B;b; !1/jj2 ! 2

&
Œ'.R; !1;S.N;R;B;b; !2//

"'.R; !1;S.N;R;B;b; !1//'

! 2(!

&
jjNjj$ ŒjjS.N;R;B;b; !2/jj C jjS.N;R;B;b; !1/jj' ! 4c(

&
jjNjj2:

From above, using (4.29), (4.33) we obtain for j!1 " !2j < (!

jkij.R;G;b; !1/ " kij.R;G;b; !2/j ! 4c

s
(c

&

Z

Rn

jjxjj2f .x;R/dx ! "1;

i.e. kij.R;G;b; ! / is continuous in ! .
Now we prove the continuity of kij.R;G;b; ! /with respect to G. Let G2"G1 D

(G. From (4.23) we get the expression analogous to (4.33):

jkij.R;G2;b; ! /" kij.R;G2;b; ! /j !
Z

<n

jsi .x;R;G2;b; ! /" si .x;R;G2;b; ! /j

&jsj .x;R;G2;b; ! /jf .x;R/dx C
Z

Rn

jsj .x;R;G2;b; ! /" sj .x;R;G1;b; ! /j

&jsi .x;R;G1;b; ! /jf .x;R/dx: (4.35)
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By the necessary and sufficient conditions for the existence of an extremum (4.21)
we obtain

jjS.N;R;G1;b; ! /" S.N;R;G2;b; ! /jj2

! jjR!1G0
2jj2jj).N;R;G2;b; ! /" ).N;R;G1;b; ! /jj2

CjjR!1jj2jj(G0jj2jj).N;R;G1;b; ! /jj2; (4.36)

where ).N;R;G2;b; ! / is the Lagrange multiplier for problem (4.21) with G D Gi ,
i D 1; 2, which is obtained in the solution to the dual problem

‰.R;G;b;œ/ D 1

2
œ0GR!1G0œ C œ0.b " GR!1!N/ ! min; œ # Om: (4.37)

Thus,

‰.R;G1;b;œ/ "‰.R;G2;b;œ/

! 1

2
jjG1R!1G0

1 " G2R!1G0
2jj $jj œjj2 C jj!R!1jj $jj (Gjj $jj Njj $jj œjj:

Taking into account this inequality and strong convexity, we get

jjœ.N;R;G2;b; ! /" œ.N;R;G1;b; ! /jj2 ! 2

&1
ŒjjG1R!1G0

1 " G2R!1G0
2jj

&.jjœ.N;R;G2;b; ! /jj2 C jjœ.N;R;G1;b; ! /jj2/C jj!R!1jj $jj (Gjj $jj Njj
&.jjœ.N;R;G2;b; ! /jj C jjœ.N;R;G1;b; !/:

Using Lemma 4.3, we find similarly to (4.29) that

jjœ.N;R;G;b; ! /jj! c2 C c1jjNjj; (4.38)

where cj > 0, j D 1; 2 are some values independent of N.
From two last inequalities, (4.36), and the finiteness of norms of matrices R, Gi ,

i D 1; 2, we obtain

jjS.N;R;G2;b; ! /" S.N;R;G1;b; ! /jj2

! .c0
1jj(G0jj C c0

2jj(Gjj C c0
3jj(G0jjjj(Gjj C c0

4jj(G0jj2/

0

@
2X

jD0
aj jjNjjj

1

A ;

(4.39)

where c0
1 > 0, i D 1; 4, are some constants, aj , j D 0; 1; 2, are the functions of

constants c1, &1 and c00
i > 0, i D 1; 4. Here jjG1R!1jj! c00

1 , jjR!1G0
1jj! c00

2 ,
jjR!1jj! c00

3 , jj! jj! c00
4 .
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It follows from (4.29), (4.35) and (4.39) that

jkij.R;G2;b; ! /" kij.R;G1;b; ! j ! 2.d1jj(G0jj2 C d2jj(Gjj

Cd3jj(G0jj $jj (Gjj C d4jj(G0jj/1=2
0

@
2X

jD0
aj

Z

Rn

jxjj f .x;R/dx

1

A ;

where di , i D 1; 4 are functions of constants introduced above: c0
i > 0, i D 1; 4;

c1; c2; &1 and c00
i > 0, i D 1; 4.

Since
R
Rn jjxjjj f .x;R/dx D const, j D 0; 1; 2, we derive from the last inequal-

ity that jkij.R;G2;b; ! / " kij.R;G1;b; ! /j ! 0 as jj(Gjj D jjG2 " G1jj ! 0,
which proves the continuity of kij.R;G;b; ! / in G.

Finally we prove the continuity of kij.R;G;b; ! / with respect to b. Let jjb1 "
b2jj! (b. Similar to (4.33), (4.35) we get, in this case,

jkij.R;G;b1; ! /" kij.R;G;b2; ! /j !
Z

Rn

jsi .x;R;G;b1; ! /" si .x;R;G;b2; ! /j

&jsj .x;R;G;b1; ! /jf .x;R/dx C
Z

Rn

jsj .x;R;G;b1; ! /" sj .x;R;G;b2; ! /j

&jsi .x;R;G;b2; ! /jf .x;R/dx: (4.40)

From the necessary and sufficient conditions for the existence of a minimum in
(4.21) we get

jjS.N;R;G;b1; ! /" S.N;R;G;b2; ! /jj
! jjR!1G0jj $jj œ.N;R;G;b1; ! /" œ.N;R;G;b2; ! /jj: (4.41)

Let us estimate the square of the norm of the difference of Lagrange multipliers.
Considering problem (4.37) which is dual to (4.21), we obtain

‰.R;G;b1;œ/"‰.R;G;b2;œ/ ! œ0(b: (4.42)

By conditions of the lemma, the function ‰.R;G;b;œ/ is strongly convex. Hence,
it satisfies (see Karmanov 1975, p. 54) the inequality

jj(œjj2 D jjœ.N;R;G;b1; ! /" œ.N;R;G;b2; ! /jj2

! 2

&2
.‰.R;G;b1;œ.b2// "‰.R;G;b1;œ.b1///; (4.43)

where &2 > 0 is some constant, œ.bi / D œ.N;R;G;bi ; ! /, i D 1; 2I(œ D
œ.b2/"œ.b1/.
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Taking into account (4.42), we get

‰.R;G;b1;œ.b2// "‰.R;G;b1;œ.b1//
! ‰.R;G;b1;œ.b2// "‰.R;G;b2;œ.b2//

C‰.R;G;b2;œ.b1// "‰.R;G;b1;œ.b1//

! .œ0.b1/" œ0.b2//(b D "(œ0(b # 0; (4.44)

where we used that ‰.R;G;b2;œ.b2// ! ‰.R;G;b2;œ.b1//.
From (4.43) and (4.44) we obtain

jjœ.N;R;B;b1; ! /" œ.N;R;B;b2; ! /jj!
2

&2
jj(bjj:

Then from (4.41)

jjS.N;R;G;b1; ! /" S.N;R;G;b2; ! /jj!
2

&2
jjR!1G0jj $jj (bjj:

From this inequality and (4.29), (4.40) it follows that

jkij.R;G;b1; ! /" kij.R;G;b2; ! /j

!
!
4c

&2
jjR!1G0jj $jj (bjj

"Z

Rn

jjxjjf .x;R/dx:

Therefore,

Z

Rn

jjxjjf .x;R/dx D
Z

jjxjj#1
jjxjjf .x;R/dx C

Z

jjxjj>1
jjxjjf .x;R/dx

!
Z

jjxjj#1
jjxjjf .x;R/dx C

Z

jjxjj>1
jjxjj2f .x;R/dx

!
Z

jjxjj#1
jjxjjf .x;R/dx C

Z

Rn

jjxjj2f .x;R/dx D const:

From the last two inequalities we have jkij.R;G;b2; ! /" kij.R;G;b1; ! /j ! 0 as
jjb1 " b2jj! (b ! 0, which proves continuity of kij.R;G;b; ! / in b.

Lemma is proved.
One can see that the solution Ul D S.N;R.’0/;Gl .’

0/; !/ to the problem (4.15)
satisfies the conditions of Lemma 4.4. Therefore, this lemma can be applied to
elements of the matrix Kl .R.’0/;Gl .’

0/; !/ , given by (4.19), since the elements
of matrices R.’0/ and Gl .’

0/ are continuous in ’0.
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Replacing ’0 and ! , respectively, with ’T and !T in the expression for the matrix
Kl .R.’0/;Gl .’

0/; !/ , we obtain its estimate Kl .RT .’T /;Gl .’T /;! T / where

k
.l/
ij .RT .’T /;Gl .’T /;! T /; i; j D 1; n: (4.45)

By consistency of ’T and continuity of rgi .’/ (see Assumption 2.2A) we get
p limT!1 Gl .’T / D Gl .’

0/; and, according to (2.29), p limT!1 RT .’T / D
R.’0/.

By convergence in probability of Il D fig, l D i C 1 (according to Lemma 4.2),
of the matrices Gl .’T /, R.’T /, and Lemma 2.11 together with (4.19) (4.45),
we obtain

p lim
T!1

Kl .RT .’T /;Gl .’T /;! T / D Kl .R;Gl ; !/: (4.46)

By Lemma 4.1,

p lim
T!1

#l0T D 1; p lim
T!1

#lT D 0; l ¤ l0: (4.47)

Since Jl0 D I 01 , (2.74) and (4.15) imply that Ul0 D U, which proves K D Kl0

.R;Gl0 ; ! /. Then, from (4.14), (4.46) and (4.47) we deduce that

p lim
T!1

KT D p lim
T!1

Kl0 .RT .’T /;Gl .’T /;! T /

D Kl0.R.’
0/;Gl0 .’

0/; !/ D K; (4.48)

i.e. the matrix OK, defined by (4.14), is the consistent estimate of the matrix K.
We proved

Theorem 4.2. If the Assumptions 2.2–2.7 and 4.1 are satisfied, then the matrix KT ,
defined by (4.14), converges in probability to the matrix K D EfUU0g, where U is
the solution to (2.74).

Denote the matrix of m.s.e. of the estimates of regression parameters by K0
T D

EfUTU0
T g.

Corollary 4.1. Let the conditions of Theorem 4.2 be satisfied.Then

p lim
T!1

jjK0
T " KT jj D 0: (4.49)

Proof. We have jjK0
T " KT jj !jj K0

T " Kjj C jjK " KT jj. It follows by Theorem 2.7
(see Theorems (VI) and (VII) in Rao 1965, Section 2.4) that K0

T ! K D EfUU0g
as T ! 1, i.e. for arbitrary " > 0 there exists T0 such that

jjK0
T " Kjj < "

2
; T > T0:
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According to Theorem 4.2 for arbitrary values " > 0 and ı > 0

P
n
jjKT " Kjj < "

2

o
> 1 " ı; T > T1:

From these three inequalities we obtain for T > max.T1; T0/

P fjjK0
T " KT jj < "g # P fjjK0

T " Kjj C jjKT " Kjj < "g

# P
n
jjK0

T"Kjj < "

2

o
"P

n
jjKT"Kjj# "

2

o
D P

n
jjKT " Kjj < "

2

o
> 1 " ı;

This completes the proof of the corollary. !
Corollary 4.1 explains the motivation why KT is used as the approximate matrix of
m.s.e. of the estimate of the parameter EfT .’T " ’0/.’T " ’0/0g.

Consider the bias of regression parameters estimates. For the l th combination
of active constraints we have EfUlg D Fl .R.’0/;Gl .’

0/; !/ , where Ul is the
solution to (4.15).

Put

‰T D
LX

lD1
Fl .RT .’T /;Gl .’T /;! T /#lT : (4.50)

We set #lT D 1, if we get the l th combination of active and inactive constraints in
the solution to the estimation problem with T observation, and #lT D 0 otherwise.
Then for the i th componentEfUlg we have

'li.R.’0/;Gl .’
0/; !/ D

Z

Rn

sli.x;R.’0/;Gl .’
0/; !/f .x;R.’0//dx; (4.51)

where sli.x;R.’0/;Gl .’
0/; !/ is the i th component of the solution to (4.15),

f .x;R.’0// is the distribution density of N, see (4.20).

Lemma 4.5. Let S.N;R;G;b; ! / be the solution to (4.21). Then for i D 1; n
the function

'i.R;G;b; ! /D
Z

Rn

si .x;R;B;b; !/f .x;R/dx (4.52)

is continuous with respect to R, G, b and ! provided that j'i.R;G;b; ! /j<1,
8R;8G;8b;8! . In (4.52), 'i .R;G;b; ! / is the i th component of ESf.N;R;
G;b; ! /g.

The proof is completely analogous to the proof of Lemma 4.4 and therefore
is omitted.

Theorem 4.3. If the Assumptions 2.2–2.7 and 4.1 are satisfied, then p limT!1
‰T D EfUg, where U is the solution to (2.74).
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Proof. We have p limT!1 !2T D !2, p limT!1 RT .’T / D R.’0/, which implies
together with Lemma 4.4

p lim
T!1

Fl .RT .’T /;Gl .’T /;! T / D Fl .R.’0/;Gl .’
0/; !/:

Then, according to (4.47), we derive from (4.50)

p lim
T!1

‰T D Fl0 .R.’
0/;Gl0 .’

0/; !/ D EfUl0g:

Since Ul0 D U, we have EfUg D EfUl0g. Theorem is proved. ut
Corollary 4.2. Let the conditions of Theorem 4.3 be satisfied. Then

p lim
T!1

jj‰0
T " ‰T jj D 0:

The proof is similar to the proof of Corollary 4.1.

4.3 Determination of the Truncated Sample Matrix of m.s.e.
of the Estimate of Parameters in Nonlinear Regression

In this section we investigate truncated sample estimates of parameters of nonlinear
regression.

Denote by OKT the truncated sample estimate of the matrix of m.s.e. of the
estimate of a multidimensional regression parameter. According to Sect. 4.2, to
calculate OKT it is sufficient to consider in (2.12) only active constraints up to
" > 0. The number " measures the inaccuracy with which the left-hand side of
the constraints is assumed to be equal to 0.

Assume that the sample consists of T observations of the pairs .xt ; yt /, and
that Assumption 4.1 holds true. According to Theorems 2.7 and 2.8, the value of
T should be sufficiently large. Denote by ’T D O’T and !T D O!T the sample LS
estimates of ’0 and ! , taking into account the constraints (2.12). From (4.14)

OKT D Kl .RT . O’T /;Gl . O’T /; O!T /; (4.53)

where l D l. O’T / is the number of the combination of active constraints up to ",
corresponding to the sample estimate O’T . For this value we have in (4.14) #lT D 1.

According to (4.18), O!T in (4.53) is determined by

O!2T D
 
T " nC

X

i2I
O$iT

!!1 TX

tD1
.yt " ft . O’T //2; (4.54)
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where

O$iT D
(
1; if " " ! gi . O’T / ! 0;

0; if gi . O’T / < "":

Let us replace in Assumption 4.1 the variance !2 of ©T by its sample estimate (4.54),
and in (2.38) the parameter ’0 by its sample estimate. We get

OQT D QD0
T . O’T /©T % N.On; O!2T RT . O’T //: (4.55)

According to Sect. 4.2,
OKT D Ef OUT

OU0
T j O’T ; O!T g; (4.56)

where OUT is the solution to the problem

1

2
X0RT . O’T /X " OQ0

TX ! min; rg0
i . O’T /X ! 0; i 2 I. O’T /; (4.57)

obtained from (4.15) by replacing ’0 with O’T , Q with OQT (see (4.55)), and ! with
O!T , when I. O’T / D fi W "" ! gi . O’T / ! 0; i 2 I g.

In the general case, the matrix OKT can be calculated by the Monte-Carlo method.
For this it is necessary to generate iteratively the random vector OQT , and then to
solve the quadratic programming problem (4.57). If the number of constraints in
(4.57) is less than or equal to three, it is possible to use the method for calculation
OKT considered in Sect. 4.6.

4.4 Accuracy of Parameter Estimation in Linear Regression
with Constraints and without a Trend

Consider the problem

ST .’/ D 1

2

TX

tD1
.yt " x0

t’/
2; gi .’/ D g0

i’ " bi ! 0; i D 1;m (4.58)

of parameter estimation by the LS method in the linear regression with liner
inequality constraints and without a trend. This problem is a special case of the
more general situation, see (2.114), when the admissible domain is convex and the
regressor has a trend.

Asymptotic properties of the estimates naturally follow from the results
of Sect. 2.5.

Under the assumptions made in Sect. 2.5, ET D
p
T Jn, NET D

p
T Jm, and

the functions gi .’/, i D 1;m are linear, see (4.58). Therefore, instead of
Assumptions 2.9–2.12 we consider Assumption 2.9 and Assumption 4.2 given
below, which is a special case of Assumption 2.10.
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Assumption 4.2. The matrix G with lines g0
i , i D 1;m is of full rank.

Assume that the random variables "t are identically distributed, i.e., that
Assumption 2.1 (which is a particular case of Assumption 2.8) is satisfied.

When Assumptions 2.1 and 4.1 about the normality of the noise hold true, the
result of Sect. 4.3 on the truncated estimate of the matrix of m.s.e. of the estimate
of the nonlinear regression parameter is transferred to case of linear regression, if
we put ft .’/ D x0

t’. In particular, the truncated estimate can be defined (4.14) with
RT . O’T / D RT , rg0

i . O’T / D g0
i .

The estimate of the matrix of m.s.e. considered below takes into account all
constraints and does not require that the errors are normally distributed, i.e., it
does not require Assumption 4.1 to be satisfied. Thus, such an estimate is the
generalization of the truncated estimate.

The advantage of the truncated estimate is that for its construction only part
of constraints is required. It considerably simplifies the calculations based on the
Monte-Carlo method which demands considerable computing resources.

To show the consistency of the estimate below we prove several auxiliary
statements.

4.4.1 Auxiliary Results

Let us estimate the dependence of the solution to quadratic programming problem
(4.21) on the matrix R and the vector b. Investigations of this dependence will
naturally complement the parametric properties of the solution to the quadratic
programming problem discussed in Lemma 2.5, and further on in Sect. 2.2.

Denote the solutions to (4.21) by

’1 D ’.R1;b1/; ’2 D ’.R2;b2/; (4.59)

where R1 and R2 are the arbitrary positive definite matrices, R2 D R1 C (R, b1
and b2 are arbitrary vectors, b2 D b1 C (b.

From necessary and sufficient conditions for the existence of the minimum in
(4.21) we have

R’ " Q C G0ƒ D On; ƒ # Om; (4.60)

where ƒ 2 Rm is the Lagrange multiplier for problem (4.21). From the first equality
in (4.60) we obtain

’1 " ’2 D "R!1
1 .R1 " R2/’2 " R!1

1 G0.ƒ1 " ƒ2/; (4.61)

where ƒ1 ¯ ƒ2 are Lagrange multipliers in problem (4.21), respectively, for pairs
R D R1, b D b1, and R D R2, b D b2. The problems, dual to (4.21) with R D Ri ,
b D bi , i D 1; 2, are:

'i D 1

2
ƒ0Miƒ C V0

iƒ ! min; "ƒ ! Om; i D 1; 2; (4.62)
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where
Mi D GR!1

i G0;Vi D bi " GR!1
i Q: (4.63)

According to Lemma 4.3 the solution ƒi to (4.62) satisfies the condition

jjƒi jj2 ! .&max.Mi /=&min.Mi /jjƒ"
i jj2; (4.64)

where ƒ"
i is the solution to problem (4.62) without constraints:

ƒ"
i D "M!1

i Vi : (4.65)

We have by (4.62)

.'1 " '2/ ! 1

2
jjM1 " M2jj $jj ƒjj2 C jjV1 " V2jj $jj ƒjj: (4.66)

Using strong convexity, (see Karmanov 1975, p. 36) for 'i ; i D 1; 2 we derive
from (4.66)

jjƒ1" ƒ2jj2 ! 2

*
ŒjjM1" M2jj$ .jjƒ2jj2Cjjƒ1jj2/CjjV1" V2jj$ .jjƒ2jj C jjƒ1jj/';

(4.67)
where * > 0.

After transformation we obtain

jjM1 " M2jj #jj R!1
1 jj $jj R!1

2 jj $jj GG0jj $jj (Rjj;
jjV1 " V2jj !jj (bjj C jjR!1

1 jj $jj R!1
2 jj $jj Gjj $jj Qjj $jj (Rjj:

Put
jj(bjj D (1; jj(Rjj D (2: (4.68)

Then
jjM1 " M2jj! c1(2; jjV1 " V2jj! (1 C c2jjQjj(2; (4.69)

where according to Assumptions 2.9 and 4.2

c1 D jjR!1
1 jj $jj R!1

2 jj $jj GG0jj > 0; c2 D jjR!1
1 jj $jj R!1

2 jj $jj Gjj > 0:

To get (4.69) we used the following inequalities for eigenvalues of a matrix
(Demidenko 1981, p. 289):

&max.GRG0/ ! &max.R/&max.GG0/;

&min.GRG0/ # &min.R/&min.GG0/; (4.70)

where R is a symmetric .n & n/ matrix, G is a rectangular .m & n/ matrix.
According to (4.64) and (4.63), (4.65), (4.68), (4.70) we have

jjƒi jj!
!
&max.Ri /

&min.Ri /

&max.GG0/
&min.GG0/

"1=2 &max.Ri /

&min.GG0/
.ci2jjQjjCci1(1Cci0/; i D 1; 2;

(4.71)
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where

ci2 D jjR!1
i jj $jj Gjj; ci1 D

#
0; i D 1;

1; i D 2;
ci0 D jjb1jj; i D 1; 2:

(4.72)
Then it follows from expressions (4.67) and (4.69) that

jjƒ1 " ƒ2jj2 ! c)2jjQjj2 C c)1jjQjj C c)0; (4.73)

where the coefficients c)i , i D 0; 1; 2, do not depend on Q and are the polynomials
of (1 and (2 (the values (1 ¯ (2 are defined in (4.68)):

c)i D +.(1;(2/; i D 0; 1; 2: (4.74)

Coefficients of polynomials +.(1;(2/, i D 0; 1; 2, are non-negative functions of

,jDjjR!1
j jj; jD1; 2 and ,3jD

!
&max.Ri /

&min.Ri /

&max.GG0/
&min.GG0/

"1=2 &max.Ri /

&min.GG0/
; jD1; 2:

Moreover, for bounded coefficients ,j , j D 1; 2, ,3j , j D 1; 2

c)i D +.0; 0/ D 0; i D 0; 1; 2: (4.75)

From (2.9) and (2.13), we have

jj’i jj2 ! c23i jjQjj2; c3i D .&max.Ri /=&
3
min.Ri //

1=2; i D 1; 2: (4.76)

From (4.61) we obtain

jj’1 " ’2jj !jj R1jj $jj ’2jj $jj (Rjj C jjR!1
1 jj $jj G0jj $jj ƒ1 " ƒ2jj: (4.77)

From here and expressions (4.73)–(4.76) we derive the estimate

jj’1 " ’2jj! c˛3jjQjj C .c˛2jjQjj2 C c˛1jjQjj C c˛0/
1=2; (4.78)

where

c˛3 D c32jjR1jj(2; c˛2 D .,1jjG0jj/1=2c)2;
c˛1 D .,1jjG0jj/1=2c)1; c˛0 D .,1jjG0jj/1=2c)0: (4.79)

Consider the case when in (4.59)

R1 D R; R2 D RT ; b1 D b; b2 D b.1/T : (4.80)
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where b is a fixed vector, b.1/T is a random vector, R is a matrix with fixed
elements, and

lim
T!1

RT D R; p lim
T!1

b.1/T D b.1/; jjRT jj < 1;8T: (4.81)

Thus,

&max.RT / ! &max.R/;& min.RT / ! &min.R/ > 0 as T ! 1:

Then, for coefficients of polynomials in (4.74), (4.76) we have:

,1 D const; lim
T!1

,2 D jjR!1jj D ,1; ,31 D const;

lim
T!1

,32 D ,31; lim
T!1

c32 D c31; c31 D const: (4.82)

According to (4.81) and (4.68):

p lim
T!1

(1 D p lim
T!1

jjb " b1T jj D 0; lim
T!1

(2 D lim
T!1

jjR " RT jj D 0;

(4.83)

where (1 D b " b1T ;(2 D R " RT :

By (4.82) the coefficients of functions +.(1;(2/, i D 0; 1; 2, converge to finite
values. Then, according to (4.75), we have

p lim
T!1

c)i D 0; i D 0; 1; 2;

which implies together with (4.79)

p lim
T!1

c˛i D 0; i D 0; 1; 2; 3: (4.84)

We have proved the following lemma.

Lemma 4.6. Consider two quadratic programming problems

1. .1=2/’0R’ " Q0’ ! min;G’ ! b;

2. .1=2/’0RT’ "Q0’ ! min;G’ ! b.1/T ; (4.85)

where ’ 2 Rn, the matrices R and RT satisfy Assumption 2.9, the matrix G satisfies
Assumption 4.2 and, moreover, conditions (4.81) hold true. Denote the solutions to
the first and the second problems, respectively, by ’1 and ’2.
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Then, ’1 and ’2 satisfy inequalities (4.76), (4.78). In these inequalities the
coefficients in the right-hand side of (4.76) are c31 D const, limT!1 c32 D c31;
by (4.84) the coefficients in the right-hand side of (4.78) have zero limits.

Consider two problems:

1

2
y0RT y " q0

T y ! min; G1y ! b.1/T ; (4.86)

1

2
y0Ry " q0y ! min; G1y ! b.1/; (4.87)

where qT D QT =! , q D Q=! (the vector QT is defined in (2.123)), m1 & n

matrix G1 is of full rank (see Assumption 2.12). We denote by s.RT ;b
.1/
T ;qT /

and s.R;b.1/;q/, respectively, the solutions to (4.86) and (4.87). Put k D
Efs.R;b.1/;q/.R;b.1/;q/0g. Elements of the .n & n/ matrix k are of the form

kij.R;b.1// D
Z

Rn

si .R;b.1/; x/sj .R;b.1/; x/dF.x/; i; j D 1; n; (4.88)

where si .R;b.1/; x/ is the i th component of u D s.R;b.1/;q/ at q D x, F.x/ is the
distribution function of q % N.On;R/.

Let us introduce the .n & n/ matrix ›T with elements

kTij .RT ;b1T / D
Z

Rn

si .RT ;b
.1/
T ; x; /sj .RT ;b

.1/
T ; x/dFT .x/; (4.89)

where si .RT ;b
.1/
T ; x/ is the i th component of s.RT ;b

.1/
T ;qT / as qT D x, FT .x/ is

the distribution function of qT .

Lemma 4.7. Suppose that in (4.86), (4.87)

1. qT 2 Rn is the random variable with distribution function FT .x/ and
EfqT q0

T g D RT ;
2. Matrices RT and R are of full rank;
3. limT!1 FT .x/ D F.x/; where F.x/ is the distribution function of q %
N.On;R/,

4. b1T 2 Rm1 is the random variable, and p limT!1 b.1/T D b.1/.

Then, p limT!1 kTij .RT ;b
.1/
T / D kij.R;b.1//; i; j D 1; n.

Proof. To prove the lemma it is enough to consider .i; j /th elements of matrices
›T and k. We proceed in the same way as in Lemma 4.4. After transformations we
obtain from (4.88) and (4.89) with probability 1

jkTij .RT ;b
.1/
T /" kij.R;b.1//j ! N1 C jN2j; (4.90)
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where

N1 D
Z

Rn

jsi .RT ;b
.1/
T ; x/sj .RT ;b

.1/
T ; x/" si .R;b.1/; x/sj .R;b.1/; x/jdFT .x/;

(4.91)

N2 D
Z

Rn

si .R;b.1/; x/sj .R;b.1/; x/.dFT .x/" dF.x//: (4.92)

Let us estimate the parts in the right-hand side in (4.91) and (4.92).
Estimation of N1. From (4.91) we have with probability 1

N1 ! N11 CN12

D
Z

Rn

jsi .RT ;b
.1/
T ; x/" si .R;b.1/; x/jjsj .RT ;b

.1/
T ; x/jdFT .x/

C
Z

Rn

jsj .RT ;b
.1/
T ; x/" sj .R;b.1/; x/jjsi .RT ;b.1/; x/jdFT .x/: (4.93)

Put in (4.85) G D G1;b D b.1/. Then we can apply Lemma 4.6 to estimate the
integrals (4.93). Using inequalities (4.76), (4.78), we see that

jsi .RT ;b
.1/
T ; x/" si .R;b.1/; x/j ! c˛3jjxjj C .c˛2jjxjj2 C c˛1jjxjj C c˛0/

1=2;

jsi .RT ;b
.1/
T ; x/j ! c32jjxjj:

From above and (4.93) we have with probability 1

N11 !
Z

Rn

c˛3c32jjxjj2dFT .x/

C
Z

Rn

Œc˛2jjxjj2 C c˛1jjxjj C c˛0'
1=2c32jjxjjdFT .x/ D N

.1/
11 CN

.2/
11 ;

where N.1/
11 D

R
Rn c˛3c32jjxjj2dFT .x/,

N
.2/
11 D

Z

Rn

Œc˛2jjxjj2 C c˛1jjxjj C c˛0'
1=2c32jjxjjdFT .x/:

The integral
R
Rn jjxjj2dFT .x/ is the sum of components of variances of qT , and

equals to the trace of the matrix RT . According to Assumption 2.9, this value
converges to the trace tr.R/ of the matrix R. Therefore, we have

lim
T!1

Z

Rn

jjxjj2 dFT .x/ D lim
T!1

tr.RT / D tr.R/ D
Z

Rn

jjxjj2 dF.x/: (4.94)
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According to Lemma 4.6 and (4.84) we have, respectively, limT!1 c32 D const,
and p limT!1 c˛3 D 0. Then N.1/

11 is bounded from above by the value converging
in probability to 0. Hence,

p lim
T!1

N
.1/
11 D 0: (4.95)

According to Hölder inequality, we have with probability 1

N
.2/
11 ! c32

%Z

Rn

.c˛2jjxjj2 C c˛1jjxjj C c˛0/dFT .x/
&1=2 %Z

Rn

jjxjj2 dFT .x/
&1=2

:

(4.96)

Further,
Z

Rn

jjxjj dFT .x/ !
Z

jjxjj#1
jjxjj dFT .x/C

Z

jjxjj>1
jjxjj2 dFT .x/

D
Z

jjxjj#1
.jjxjj"jjxjj2/dFT .x/C

Z

Rn

jjxjj2 dFT .x/ ! c4; c4 > 0;

(4.97)

Put

 .x/ D
(

jxj " jxj2; jxj ! 1;

0; jxj # 1:

Then we have
R

jjxjj#1 .jjxjj "jj xjj2/dFT .x/ D
R
Rn  .x/dFT .x/. Since the function

 .x/ is continuous and bounded on Rn, we have by Helli-Brey theorem (see
Rao 1965, Sect. 2c4)
Z

Rn

 .x/dFT .x/ !
Z

Rn

 .x/dF.x/ D
Z

jjxjj#1
.jjxjj "jj xjj2/dF.x/ as T ! 1:

Thus, we obtain that the right-hand side of (4.96) converges in probability to zero.
Consequently, p limT!1N

.2/
11 D 0. Hence, taking into account (4.95),

p lim
T!1

N11 D 0:

Similarly we get p limT!1N12 D 0.
Thus,

p lim
T!1

N1 D 0: (4.98)

Estimation of N2: Denoteˆij.R;b.1/; x/ D si .R;b.1/; x/sj .R;b.1/; x/. Then for any
sphere Sr centered at zero and with radius r we have



146 4 Determination of Accuracy of Estimation of Regression Parameters Under Inequality...

N2 D
Z

Rn

ˆij.R;b.1/; x/dFT .x/"
Z

Rn

ˆij.R;b.1/; x/dF.x/

D
Z

Sr

ˆij.R;b.1/; x/dFT .x/"
Z

Sr

ˆij.R;b.1/; x/dF.x/

C
Z

RnnSr
ˆij.R;b.1/; x/dFT .x/"

Z

RnnSr
ˆij.R;b.1/; x/dF.x/: (4.99)

We can always choose values of r and T large enough to make the right-hand side of
(4.99) arbitrarily small. Thus, we have limT!1N2 D 0. From this expression, limit
(4.98) and inequality (4.90) we obtain that the left-hand side of (4.90) converges in
probability to 0. Lemma is proved. ut

Denote by si .R;b;Q/ the i th component of the solution s.R;b;Q/ to (4.21).
Let Q in expression (4.21) be a random variable with distribution function ‰.x/,
x 2 Rn. The following statement takes place.

Lemma 4.8. Assume that in (4.21) the .n & n/ matrix R is positive definite. Then
the solution s.R;b;Q/ 2 Rn to (4.21) is continuous with respect to R and b.

Proof. We prove first the continuity of s.R;b;Q/ with respect to R for fixed
Q and b. Put R1 D R, R2 D R C (R, where (R is the non-negative definite
matrix. Since R1 and R2 are positive definite there always exist non-degenerate
matrices Hi ; i D 1; 2, such that Ri D H0

iHi ; i D 1; 2. Since (R is non-negative
definite it follows that (R D (H0(H, where (H is some square matrix. From
these expressions we obtain

(R ! Onn implying(H ! Onn and H2 ! H1: (4.100)

The solutions to (4.21) without constraints for R D Ri , i D 1; 2 are, respectively,
’"
1 D R!1Q and ’"

2 D .R C (R/!1Q. Clearly,

’"
2 ! ’"

1 as (R ! Onn; (4.101)

i.e. the solution ’" D R!1Q to (4.21) without constraints is continuous in R.
Put “"

i D Hi’!
i

, “i D His.Ri ; b;Q/, i D 1; 2. According to the proof of
Theorem 2.12, “i is the projection of “"

i onto the convex set, determined by the
constraints of the problem (4.21). Then (see Poljak 1983, p. 116)

jj“1 " “2jj !jj “"
1 " “"

2 jj: (4.102)

Then by (4.100) and (4.101) we have

“"
1 " “"

2 D .H1 " H2/’
"
1 C H2.’

"
1 " ’"

2 / ! On as (R ! Onn;

and according to (4.102)

jj“1 " “2jj ! 0 as(R ! Onn: (4.103)
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Analogously, for “"
1 " “"

2 we have by (4.103)

“1 " “2 D .H1 " H2/s.R1;b;Q/C H2.s.R1;b;Q/" s.R2;b;Q// ! On:

Taking into account (4.100) and that H1 is non-degenerate, we have s.R2;b;Q/ !
s.R1;b;Q/ as (R ! Onn. Thus, s.R;b;Q/ is continuous in R.

Now we prove the continuity of s.R;b;Q/ with respect to b. The necessary and
sufficient conditions for the existence of the minimum in (4.21) are

R’.b/" Q C
X

i2I
)i .b/gi D On; )i .b/.g0

i’.b/" bi/ D 0;) i .b/ # 0; i 2 I;

where )i.b/, i 2 I are Lagrange multipliers, g0
i is the i th row of the matrix G,

i 2 I ; bi , i 2 I are the components of b. Taking b1 and b2 D b1 C (b in the
right-hand side of (4.21) we get ’.b2/ D ’.b1/ C (’, )i .b2/ D )i .b1/ C ()i ,
i 2 I . Inserting ’.b2/ and ’.b1/ in the first condition for the minimum, we obtain

(’0R’ C
X

i2I
()i(’0gi D 0:

Now define the lower bound for the second term in this equality. There are four
possible cases.

1. )i .b1/ > 0; )i .b2/ > 0: Then by the second equation in the conditions for the
existence of the minimum we see that g0

i’.b1/ D b1i , g0
i’.b2/ D b2i where b1i ,

b2i are the i th components of vectors b1 and b2, respectively. Hence, g0
i(’ D

(bi D b2i " b1i and ()i(’0gi D ()i(bi .
2. )i .b1/ D 0;) i .b2/ > 0: By the second equation in the conditions for the

existence of the minimum we have g0
i’.b1/ ! b1i , g0

i’.b2/ D b2i . Hence,
g0
i(’ # (bi . Since ()i > 0, we get ()i(’0gi # ()i(bi .

3. )i .b1/ > 0; )i .b2/ D 0: Then g0
i’.b1/ D b1i , g0

i’.b2/ ! b2i and, therefore,
g0
i(’ ! (bi . Since ()i < 0 we have ()i(’0gi # ()i(bi .

4. )i .b1/ D 0;) i .b2/ D 0; implying that g0
i’.b1/ ! b1i , g0

i’.b2/ ! b2i and
()i(’0gi D ()i(bi D 0.

Thus,
P

i2I ()i(’0gi # P
i2I ()i(bi . From this expression and the conditions

for the existence of the minimum

(’0R(’ ! "
X

i2I
()i(bi ! jj(œjj $jj (bjj:

By (4.43) and (4.44) we have

jj(œjj! 2

&2
jj(bjj; &2 D const:
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From the last two inequalities (’0R(’ ! .2=&2/jj(bjj2. Hence, jj(bjj ! 0
implying (’0R(’ ! 0. Since the matrix R is positive definite, this limit implies
(’ ! On. Thus statement of the lemma on continuity of the solution to (4.21) with
respect to b is proved. ut
Lemma 4.9. Let the conditions of Lemma 4.8 be satisfied, and assume that the
distribution Q has the first and the second moments. Then the functions

kij.R;b/ D
Z

Rn

si .R;b; x/sj .R;b; x/d‰.x/; i; j D 1; n (4.104)

are continuous with respect to R and b.

Proof. If constraints in the problem (4.21) are absent, then its solution is ’" D
s.R;b;Q/ D R!1Q. By conditions of the lemma, the matrix of second moments
Ef’".’"/0g D R!1EfQQ0gR!1 exists, implying the existence of the integral
(4.104). Adding to the problem (4.21) constraints G’ ! b does not affect the
existence of the integral (4.104), because in this case we integrate over the set - '
Rn, - D f’ W G’ ! b;’ 2 Rng. Moreover, the mass concentrated on the boundary
is
R
Rnn- d‰.x/. Thus, under constraints G’ ! b the integral (4.104) exists.
Putting Q D x in (4.21) we obtain from (4.22)

jsi .R;b; x/sj .R;b; x/j ! &max.R/
&min.R/

jjR!1jj2jjxjj2 8R; 8b # Om:

According to the conditions of the lemma, the function jjxjj2 is integrable with
respect to‰.x/. Hence, jsi .R;b; x/sj .R;b; x/j is bounded from above by a function,
integrable with respect to ‰.x/ for all elements R and components b. Moreover, by
Lemma 4.8, the function s.R;b; x/ is continuous in R and b. Thus, the function
si .R;b; x/sj .R;b; x/ satisfies the conditions of the continuity theorem, implying
the statement of the lemma. ut

4.4.2 Main Results

Let ET D
p
T Jn, NET D

p
T Jm. The corollary below follows from Theorem 2.13.

Corollary 4.3. If Assumptions 2.1, 2.9 and 4.2 hold true, and the constraints are of
the form (4.58), the random variable UT D

p
T .’T " ’0/ converges in distribution

as T ! 1 to the random variable U which is the solution to the problem

1

2
X0RX " Q0X ! min; G1X ! Om1: (4.105)
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Let us transform the initial estimation problem to the problem which allows to get a
consistent estimate of the matrix of m.s.e. of the parameter estimate and in which all
constraints in (4.58) are taken into account. Note that the truncated estimate takes
into account only active constraints.

We transform the problem (4.58) as follows:

1

2
’0X0

TXT’ " ’0X0
T yT ! min; G’ ! b; (4.106)

where XT is .T &n/ matrix with t th row x0
t , yT D Œy1; y2; :::; yT '

0, G is the .m&n/
matrix with rows g0

i , i D 1;m, b is the vector consisting of the constraints in the
right-hand side of (4.58).

Let us transform problem (4.106). We add in the cost function the term
.1=2/.’0/0X0

T XT’0 C .’0/0X0
T ©T and observe that yT D XT’0 C ©T (©T D

Œ"1"2 : : : "T '
0 is the noise in the regression). Then, we get

1

2
Y0RTY " Y0QT ! min; GY !

p
T .b " G’0/; (4.107)

where

RT D T !1X0
T XT ; Y D

p
T .’ " ’0/;

QT D .
p
T /!1X0

T "T D .
p
T /!1

TX

tD1
"txt : (4.108)

Put in (4.107) Y D !y, QT D !qT , where !2 is the variance of "t ; t D 1; T .
Then (4.107) transforms to

1

2
y0RT y " y0qT ! min; G1y ! B.1/T ; G2y ! B.2/T ; (4.109)

where Gj is the .mj & n/ matrix with rows g0
i ; i 2 I 0j ; j D 1; 2 .mj D jI 0j j/, and

B.i/T D
p
T .“.i/ " Gi’

0/=!; i D 1; 2; (4.110)

where b.i/ 2 <mi is the vector with components bj ; j 2 I 0i (see (4.58)), with
b.1/ D G1’

0. Thus b.1/T D Om1 , and components b.2/T are non-negative.
Denote by uT the solution to (4.109). By (4.109), uT is a function of RT , B.1/T ,

B.2/T and qT : uT D S.RT ;B
.1/
T ;B

.2/
T ;qT /. Let UT D !uT . Then

K0
T D EfUTU0

T g D !2k0T ; k0T D EfuT u0
T g: (4.111)
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Corollary 4.3 implies that uT converges in distribution to the random variable u D
s.R;b.1/;q/ which is the solution to

1

2
y0 Ry " q0y ! min; G1y ! b.1/ D Om1; (4.112)

where q % N.On;R/ is the random variable, to which qT converges in distribution
as T ! 1. Moreover, U D !u, where U D S.R;b.1/;q/ is the solution to problem
(4.105). Then we have

K D EfUU0g D !2k; k D Efuu0g; (4.113)

where k D Efs.R;b.1/;q/s0.R;b.1/;q/g.
The matrix k0T depends on unknown values ’0 and !2 from the expressions for

B.i/T ; i D 1; 2, in (4.110). Let us replace ’0 and !2 by their estimates ’T and !T
(!T is some consistent estimate of !). Then right-hand side parts in (4.109) can be
written as QB.i/T D

p
T .b.i/ " Gi’T /=!T , i D 1; 2 (see (4.110)). Since b.1/ D G1’

0,
we get by Corollary 4.3.

p lim
T!1

QB.1/T D "p lim
T!1

G1UT =!T D "G1U=! ¤ b.1/ D Om1:

Consequently, uT does not converge to u in distribution. In order to get the
consistent estimate of the matrix of m.s.e. we use the concept of active constraints
up to order " > 0, introduced in Sect. 4.2.

Let us replace the right-hand side parts of the constraints in (4.109) with
the values

biT D
p
T .bi " g0

i’T /

!T
.1 " $iT/; i 2 I: (4.114)

In (4.114) !2T is the estimate of the variance !2 of the noise:

!2T D
 
T " nC

X

i2I
$iT

!!1 TX

tD1
.yt " x0

t’T /
2: (4.115)

The expression (4.115) is a particular case of the estimate (4.18) for the regression
function ft .’T / D x0

t’T . According to Lemma 4.2, the estimate !2T is consistent.
Using (4.114), we pass from the problem (4.109) to

1

2
y0RT y " y0qT ! min; G1y ! b.1/T ; G2y ! b.2/T :

Here, b.j /T 2 <mj is the vector with components biT given by (4.114), i 2 I 0j ,
j D 1; 2.
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The solution to the problem above is of the form S.RT ;b
.1/
T ;b

.2/
T ;qT /. By

consistency of ’T (see Theorem 2.12) and !2T (see Lemma 4.2), we have

p lim
T!1

b.1/T D b.1/ D Om1; b.2/T ! 1 as T ! 1: (4.116)

Consider matrix OkT with elements

KT
ij .RT ;b

.1/
T ;b

.2/
T / D

Z

<n

Si .RT ;b
.1/
T ;b

.2/
T ; x/Sj

'
RT ;b

.1/
T ;b

.2/
T ; x

(
dFT .x/;

(4.117)

as the estimate of the matrix k0T in (4.111). Here Si.RT ;b
.1/
T ;b

.2/
T ; x/ is the i th

component of S.RT ;b
.1/
T ;b

.2/
T ; x/, FT .x/ is the distribution function of qT D QT =! .

The estimate K0
T of the matrix of m.s.e. of regression parameter estimate is,

according to (4.111),

KT D !2T kT ; (4.118)

where kT D ŒKT
ij .RT ;b

.1/
T ;b

.2/
T /'; i; j D 1; n:

Theorem 4.4. If Assumptions 2.1, 2.9, 4.2 hold true, then p limT!1 kT D k,
where the matrix k is defined in (4.113).

Proof. Consider the problem:

1

2
y0RT y " y0qT ! min; G1y ! b.1/T ;

and denote its solution by s.RT;b
.1/
T ;qT /. Put

kTij .RT;b
.1/
T / D

Z

<n

si .RT;b
.1/
T ; x/sj .RT;b

.1/
T ; x/dFT .x/; (4.119)

where si .RT;b
.1/
T ; x/ is the i th component of s.RT;b

.1/
T ; x/.

Consider elements kij.R;b.1// of the matrix k, determined by (4.88), where F.x/
is the distribution function. Equation (2.131) implies that qT D QT =! converges
in distribution to q D Q=! , i.e. limT!1 FT .x/ D F.x/. Then by Assumption 2.9,
(4.116) and Lemma 4.7 we obtain

p lim
T!1

kTij .RT ;b
.1/
T / D kij.R;b.1//; i; j D 1; n: (4.120)

Let us show that kTij .RT ;b
.1/
T / and KT

ij .RT ;b
.1/
T ;b

.2/
T / (see (4.117)) have the same

limit as T ! 1. Introduce the set

!.b1T ;b2T / D fx W s.RT ;b
.1/
T ; x/ ! b.2/T ; x 2 <ng:

It is easy to verify that !.b.1/T ;b
.2/
1T / ( !.b.1/T ;b

.2/
2T / provided that b.2/1T ! b.2/2T .
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According to (4.116), for arbitrary values " > 0, ı > 0, M > 0 and $ > 0 there
exists such T0 > 0 that

P fjjb.1/T jj! "g > 1 " ı; P fjjb.2/T jj# M g > 1 " $; T > T0: (4.121)

Put

'ij.RT ;b
.1/
T ; x/ D si .RT ;b

.1/
T ; x/sj .RT ;b

.1/
T ; x/;

ˆij.RT ;b
.1/
T ;b

.2/
T ; x/ D Si.RT ;b

.1/
T ;b

.2/
T ; x/Sj .RT ;b

.1/
T ;b

.2/
T ; x/:

Then we get from (4.107) with QGT D G, ET D
p
T Jn and (4.119), that

jKT
ij .RT ;b

.1/
T ;b

.2/
T /" kTij .RT ;b

.1/
T /j D

ˇ̌
ˇ̌
ˇ

Z

!.b1T ;b2T /
+ij.RT ;b

.1/
T ; x/dFT .x/

C
Z

<nn!.b.1/T ;b.2/T /

+ij.RT ;b
.1/
T ; x/dFT .x/"

Z

!.b1T ;b2T /
ˆij .RT ;b

.1/
T ;b

.2/
T ; x/dFT .x/

"
Z

<nn!.b.1/T ;b.2/T /

ˆij.RT ;b
.1/
T ;b

.2/
T ; x/dFT .x/

ˇ̌
ˇ̌
ˇ

D
Z

<nn!.b.1/T ;b.2/T /

j+ij.RT ;b
.1/
T ; x/"ˆij.RT;b

.1/
T ;b

.21/
T ; x/jdFT .x/DLT .RT ;b

.1/
T ;b

.2/
T /

(4.122)

since si .RT ;b
.1/
T ; x/ D Si .RT ;b

.1/
T ;b

.2/
T ; x/; i D 1; n for x 2 !.b.1/T ;R

.2/
T /.

For fixed x we have Si.RT ;b
.1/
T ;b

.2/
T ; x/ ! si .RT ;b

.1/
T ; x/ as T ! 1, since

b.2/T ! 1. Thus, for any # > 0 there exist M > 0 and N > 0 such that the
following inequality holds true:

max
jjb.1/T jj#";jjb.2/T jj$M

Z

<nn!.b.1/T ;b.2/T /

j'ij.RT ;b
.1/
T ; x/"ˆij.RT ;b

.1/
T ;b

.2/
T ; x/jdFT .x/ ! #;

where " > 0 is known. Then by (4.121) we obtain

P fLT .RT ;b
.1/
T ;b

.2/
T / ! #g # P fjjb.1/T jj! "; jjb.2/T jj# M g

D P fjjb.1/T jj! "g " P fjjb.1/T jj! "; jjb.2/T jj < M g

# P fjjb.1/T jj! "g"P fjjb.2/T jj < M g # 1"""$; T > T0:

The above inequality and (4.122) imply that

P fjKT
ij .RT ;b

.1/
T ;b

.2/
T / " kTij .RT ;b

.1/
T /j ! #g # 1 " " " $; T > T0:
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Thus,

p lim
T!1

jKT
ij .RT ;b

.1/
T ;b

.2/
T / " kTij .RT ;b

.1/
T /j D 0: (4.123)

By (4.120), kTij .RT ;b
.1/
T / converges in probability (and, hence, in distribution) to

kij.R;b.1//. Moreover, the limit distribution function kTij .RT ;b
.1/
T / has a jump equal

to 1 at kij.R;b.1//. Then, according to (4.123), KT
ij .RT ;b

.1/
T ;b

.2/
T / converges in

distribution to kij.R;b.1//, since kij.R;b.1// D const. Theorem is proved. ut
Theorem 4.5. If Assumptions 2.1, 2.9, 4.2 are satisfied, then matrix KT , defined in
the (4.118), is the consistent estimate of the matrix of m.s.e. of the estimate of the
regression parameter in regression with inequality constraints (4.58).

The proof follows from Lemma 4.2 and Theorem 4.4.
Now we turn to the calculation of the sample estimate of the matrix of m.s.e. of

the estimate OKT . According to obtained results, OKT is the conditional expectation,
OKT D Efj OUT

OU0
T j O’T ; O!T g, where OUT is the solution to the problem

1

2
Y0RT Y " Q0

T Y ! min; GY ! ObT ; QT D .
p
T /!1

TX

tD1
"txt ; (4.124)

and ObiT D Œ.
p
T .bi " g0

i O’T /= O!T /.1" O$iT/', i 2 I . Here fixed values O’T and O!T are
the sample estimates of ’0 and ! , respectively, O$iT is the value of $iT for a concrete
sample. Hence, under known distribution of "t for all t (not necessarily normal) the
matrix OKT can be calculated for arbitrary number of regressors by the Monte-Carlo
method, solving iteratively (4.124).

It is also interesting how the multiplier .1 " $iT/ inserted in the right-hand side
of the i th constraint in (4.114), affects the accuracy of calculations of k0T .This
multiplier is necessary for the consistency of kT and, therefore, of KT . For this
purpose, we consider another estimate of k0T :

k"
T D EfS.RT ;WT ;qT /S0.RT ;WT ;qT /g;

where WT D
p
T .b " G’T /=!T D ŒwiT '; i 2 I;wiT D

p
T .bi " g0

i’T /=!T :
The estimate k"

T differs from the estimate kT in that kT depends on liT D wiT .1"
$iT/, while k"

T depends on wiT , i 2 I . Therefore, we compare the vectors WT and
bT , where bT D .

p
T = !T /..b " G’T /.Jm " HT //, HT D diag.$iT /, i D 1;m.

Taking into account that ObT in (4.124) is the sample estimate of bT , we show that

jjWT " bT jj! Ÿ
p

nT: (4.125)
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There are two possible cases.

1. The i th constraint is active up to " W "" ! gi .’T / ! 0. Let "gi .’T / ! ".
This case includes situations when the i th constraint may be active or inactive.
We have

liT " wiT D
p
T gi .’T /$iT D

#
0 if " " ! gi .’T / ! 0;

gi .’T /
p
T otherwise:

Then liT " wiT ! jliT " wiT j ! "
p

T, since !iT D 1. If all constraints are active
up to ", ( 4.125) holds true.

2. The i th constraint is inactive up to " W "gi .’T / > ". This case includes only
usual inactive constraints, therefore we have #iT D 0. Then liT " wiT D 0. If all
constraints are inactive up to ", we have jjWT " bT jj D 0, i.e., (4.125) is true. If
the part of constraints is inactive up to ", (4.125) also holds true. Denote by Ok"

T

and OkT , respectively, the sample estimates of Ok"
T and OkT under fixed ’T D Ǫ T ,

!T D O!T and $iT D O$iT . By Lemma 4.9, jj OkT " Ok"
T jj! ı, where ı is small

provided that the value in the right-hand side of (4.125) is small. This situation
takes place when the value " is sufficiently small, for example, represents the
accuracy of computer calculations.

4.5 Determination of Accuracy of Estimation of Linear
Regression Parameters in Regression with Trend

In this section we use Assumptions 2.9–2.12 concerning the regressor and the
constraints, given in Sect. 2.5. We assume that the noise in the model has a normal
distribution, i.e., satisfies Assumption 4.1 (see Sect. 4.2).

As in Sect. 4.4 we estimate the matrix of m.s.e. of the estimate of the regression
parameter K0

T by (4.118), where the estimate of the noise dispersion !2T is given
by (4.115).

Lemma 4.10. If Assumptions 2.8–2.12 are satisfied, then " 2T is the consistent
estimate of " 2.

Proof. We have from (4.115)

!2T D U0
TRTUT " 2U0

T QT

T " nCP
i2I $iT

C
PT

tD1 .yt " x0
t’

0/2

T
$ T

T " nCP
i2I $iT

; (4.126)

where the random variable QT is defined in (4.108), UT D ET .’T " ’0/, ET D
diag

)q
,T11;

q
,T22; :::;

p
,Tnn

*
, and ,Tii are the elements on the main diagonal of PT D

PT
tD1 xtx0

t .
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Assumptions 2.8, 2.9 imply the convergence (2.131). According to Theorem 2.13,
under Assumptions 2.8–2.12, UT converges in distribution as T ! 1. Conse-
quently, the numerator of the first term in (4.126) has a limit distribution. Its
denominator tends to infinity, since the sum

P
i2I $iT converges in probability to

some finite number m1 according to Lemma 4.1. Then the first term in (4.126)
converges in probability to zero. By Assumption 2.8 and Lemma 4.1, the second
term converges in probability to !2 by the law of large numbers. Lemma is
proved. ut

In the case when the regression has a trend the matrix kT in (4.118) is defined as

kT D ŒKT
ij .RT ; QGT1; QGT 2;b

.1/
T ;b

.2/
T /'; i; j D 1; n: (4.127)

In (4.127) the matrices QGTk, k D 1; 2 are determined in terms of the notation used
in (2.140), vectors b.j /T 2 <mj have the components biT , i 2 I 0j , j D 1; 2,

biT D NeiT.bi " g0
i’T /

!T
.1 " $iT /; i 2 I: (4.128)

In (4.128) NeiT is an element on the main diagonal of the matrix ET , determined by
Assumption 2.12, and .i; j /th elements of the matrix kT are defined by

KT
ij .RT ; QGT1; QGT 2;b

.1/
T ;b

.2/
T / D

Z

<n

Si .RT ; QGT1; QGT 2;b
.1/
T ;b

.2/
T ; x/

&Sj .RT ; QGT1; QGT 2;b
.1/
T ;b

.2/
T ; x/f .x;RT /dx:

(4.129)

Here Si.RT ; QGT1; QGT 2;b
.1/
T ;b

.2/
T ; x/ is the i th component of S.RT ; QGT1; QGT 2;

b.1/T ;b
.2/
T ; x/ which is the solution to the problem

1

2
z0RT z " z0qT ! min; QGT1z ! b.1/T ; QGT 2z ! b.2/T ; (4.130)

where (see (4.108) and Assumption 4.1)

qT D QT =! D E!1
T

XT

tD1 "txt =! % N.On;RT /: (4.131)

By (4.131) and (2.131) we have

qT
p

) q; T ! 1; where q % N.On;R/: (4.132)

According to (4.131), the distribution density f .x;RT / of qT , appearing in the
integral (4.129), is given by

f .x;RT / D .2%/!n=2.det RT /
!1=2 exp

#
"1
2

x0R!1
T x
$
: (4.133)
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Let us show that the matrix KT , defined in (4.118), (4.126)–(4.131), is the consistent
estimate of the matrix of m.s.e. of the regression parameter estimate.

Theorem 4.6. If Assumptions 4.1, 2.9–2.12 hold true, then p limT!1 KT D K,
where the matrix K is determined by (4.113), and U is the solution to problem
(2.129).

Proof. First we show that

p lim
T!1

kT D k; (4.134)

where the matrix kT is given by (4.127)–(4.131), k D !!2K D !!2EfUU0g.
For this purpose consider two quadratic programming problems, which are the

generalizations of (4.86) and (4.87):

1

2
y0RT y " q0

T y ! min; QGT1y ! b.1/T ; (4.135)

1

2
y0Ry " q0y ! min; QG1y ! b.1/: (4.136)

Here QGT1 and QG1 are full-rank .m1 & n/ matrices (see Assumptions 2.10, 2.12).
Denote the solutions to (4.135) and (4.136), respectively, by s.RT ; QGT1;b

.1/
T ;qT /

and s.R; QG1;b.1/;q/.
Define the .n & n/ matrix of second moments of the solution to (4.135) as the

matrix with elements

kTij .RT ; QGT1;b
.1/
T / D

Z

<n

si .RT ; QGT1;b
.1/
T ; x/sj .RT ; QGT1;b

.1/
T ; x/f .x;RT /dx;

(4.137)
where si .RT ; QGT1;b

.1/
T ; x/ is the i th component of s.RT ; QGT1;b

.1/
T ; x/.

Comparing (4.87) and (4.136), we can easily see that the .n&n/ matrix k is given
by

k D Efs.R; QG1;b.1/;q/s.R; QG1;b.1/;q/0g:
Consequently, by (4.132), we can write the .i; j /-element of the matrix k as

kij .R; QG1;b.1// D
Z

<n

si .R; QG1;b.1/; x/sj .R; QG1;b.1/; x/f .x;R/dx; i; j D 1; n;

(4.138)

where si .R; QG1;b.1/; x/ is the i th component of s.R; QG1;b.1/; x/ and f .x;R/ is the
distribution density of q,

f .x;R/ D .2%/!n=2.det R/!1=2 exp
!

"1
2

x0R!1x
"
: (4.139)
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By Assumption 2.9 and (2.141), (4.116), we have limT!1 RT D R; limT!1
QGT1 D QG1, p limT!1 b.1/T D b.1/ D Om1 . Then, applying Lemma 4.4 to (4.137),
we obtain from (4.137) and (4.138) that

p lim
T!1

kTij .RT ; QGT1;b
.1/
T / D kij.R; QG1;b.1//; i; j D 1; n: (4.140)

Let us show that kTij .RT ; QGT1;b
.1/
T / and KT

ij .RT ; QGT1; QGT 2;b
.1/
T ;b

.2/
T / (see (4.129))

have the same limit as T ! 1. Introduce the set

!. QGT1;b
.1/
T ;b

.2/
T / D fx W s.RT ; QGT1;b

.1/
T ; x/ ! b.2/T ; x 2 <ng:

Observe that !. QGT1;b
.1/
T ;b

.2/
T1/ ( !. QGT1;b

.1/
T ;b

.2/
T 2/ provided that b.2/T1 ! b.2/T 2.

Denote

'ij.RT ; QGT1;b
.1/
T ; x/ D si .RT ; QGT1;b

.1/
T ; x/sj .RT ; QGT1;b

.1/
T ; x/;

ˆij.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/ D Si .RT ; QGT ;b

.1/
T ;b

.2/
T ; x/Sj .RT ; QGT ;b

.1/
T ;b

.2/
T ; x/;

KT
ij .RT ; QGT ;b

.1/
T ;b

.2/
T / D KT

ij .RT ; QGT1; QGT 2;b
.1/
T ;b

.2/
T /;

where Sk.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/ D Sk.RT ; QGT1; QGT 2;b

.1/
T ;b

.2/
T ; x/, k D i; j . Then

by (4.129) and (4.137) we have

jKT
ij .RT ; QGT ;b

.1/
T ;b

.2/
T /" kTij .RT ; QGT1;b

.1/
T /j

D
ˇ̌
ˇ̌
ˇ

Z

!.b
.1/
T ;b

.2/
T /

'ij.RT ; QGT1;b
.1/
T ; x/f .x;RT /dx

C
Z

<nn!.b.1/T ;b.2/T /

'ij.RT ; QGT1;b
.1/
T ; x/f .x;RT /dx

"
Z

!.b.1/T ;b.2/T /

ˆij.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/f .x;RT /dx

"
Z

<nn!.b.1/T ;b.2/T /

ˆij.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/f .x; RT /dx

ˇ̌
ˇ̌
ˇ

"ˆij.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/jf .x; RT /dx D LT .RT ; QGT ;b

.1/
T ;b

.2/
T /; (4.141)

since for x 2 !. QGT1;b
.1/
T ;b

.2/
T /

si .RT ; QGT1;b
.1/
T ; x/ D Si.RT ; QGT ;b

.1/
T ;b

.2/
T ; x/; i D 1; n:

Since b.2/T ! 1 we have for fixed x

Si.RT ; QGT ;b
.1/
T ;b

.2/
T ; x/ ! si .RT ; QGT1;b

.1/
T ; x/ as T ! 1:
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Thus, for any # > 0 there exist M > 0 and N > 0 such that the inequality

max
jjb.1/T jj""

jjb.2/T jj#M

jj QGT$ QGjj"N

Z

<nn!.b.1/T ;b.2/T /

j'ij.RT ; QGT1;b
.1/
T ; x/"ˆij.RT ; QGT ;b

.1/
T ;b

.2/
T ; x/j

f .x;RT /dx ! #

holds true for given " > 0.
In the inequality above, the vectors b.j /T , j D 1; 2, whose components are defined

by (4.128), have the asymptotic behavior (4.116). Therefore they satisfy inequalities
(4.121), implying that

P fLT .RT ; QGT ;b
.1/
T ;b

.2/
T / ! #g

# P fjjb.1/T jj! "; jjb.2/T jj# M; jj QGT " QGjj! N g

DP fjjb.1/T jj!"; jj QGT" QGjj! N g"P fjjb.1/T jj! "; jj QGT" QGjj!N; jjb.2/T jj < M g

#P fjjb.1/T jj!"g"P fjjb.2/T jj < M g"P fjj QGT" QGjj > N g # 1"ı"$; T > T0;

where we used that by (2.141) limT!1 QGT D QG.
From the last inequality and (4.141) we have

P fjKT
ij .RT ; QGT ;b

.1/
T ;b

.2/
T /" kTij .RT ; QGT1;b

.1/
T /j ! #g # 1 " ı " $; T > T0:

Thus,

p lim
T!1

jKT
ij .RT ; QGT ;b

.1/
T ;b

.2/
T /" kTij .RT ; QGT1;b

.1/
T /j D 0: (4.142)

By (4.142) and (4.140), KT
ij .RT ; QGT ;b

.1/
T ;b

.2/
T / converges in probability to kij.R;

QG1;b.1//, which proves (4.134). Then the statement of the theorem follows from
Lemma 4.11. ut

For the case considered in Sect. 4.5 the sample estimate of the matrix of m.s.e. of
OKT is given by

OKT D O!2T OkT ; (4.143)

where

O!2T D
 
T " nC

X

i2I
O$iT

!!1 TX

tD1
.yt " x0

t O’T /2; (4.144)
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see (4.118), (4.115) and (4.128)–(4.131). Here O’T is the solution to problem (4.58)
for a concrete sample, according to (4.58):

O$iT D
#
1 if " " ! g0

i O’T " bi ! 0;

0 if g0
i O’T " bi < "Ÿ; (4.145)

OkT D Efj OuT Ou0
T j O’T ; O!T g; (4.146)

where OuT is the solution to
1

2
y0RT " q0

T y ! min; QGT y ! ObT ; qT % N.On;RT /: (4.147)

In (4.145) " is the accuracy of computer calculations, and ObT 2 <m in (4.147) is the
vector with components (see (4.128))

ObiT D NeiT.bi " g0
i O’T /

O!T
.1 " O$iT /; i 2 I: (4.148)

To calculate OkT one can use the Monte Carlo method. For this we need to solve
iteratively the problem (4.147).

4.6 Calculation of Sample Estimate of the Matrix of m.s.e.
Regression Parameters Estimates for Three Inequality
Constraints

In Sect. 4.5, we suggested the general method for calculating the sample estimate
of the matrix of the m.s.e. of the estimate OKT , based on Monte Carlo method. In
this section, we describe the method which allows to calculate OKT precisely under
Assumptions 4.1 on the normality of the noise in the regression, and the assumptions
that the dimension n of the regression parameter is larger than m, where m ! 3 is
the number of inequality constraints. This case appears quite often in practice. In
our notation, we need to take in (4.148) I D f1; 2; 3g. For calculations we use
the sequence of linear transformations of the space of regression parameters, which
allows to reduce the dimension of problem (4.147), i.e., to replace the problem with
arbitrary number of variables n # 3 with three constraints to the problem with three
variables and constraints.

4.6.1 Transformation of the Original Problem

In order to simplify the notation we will drop T and the sign “ˆ” (unless otherwise
specified). Then the problem (4.147) can be written as

1

2
y0Ry " q0y ! min; QGy ! b; q % N.On;R/: (4.149)
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Let us transform (4.149). Let M D diag.&i /, i D 1; n, where &i is the i th
eigenvalue of R, C is the orthogonal .n&n/ matrix such that C0RC D M, (note that
C0C D Jn/. Putting

X D M1=2C0y; (4.150)

we obtain the transformed problem (4.149):

1

2
X

0
X " .P"/0X ! min; AX ! b; (4.151)

where P" % N.On; Jn/;A D QGCM
!1=2

:
According to Assumption 2.10, matrix A has a full rank. Then its orthogonal

decomposition according to Lawson and Hanson (1974, Chap. 2), has the form

A D SH; S D Œs
:::Om;n!m'; m ! n; (4.152)

where s is the triangular .m&m/matrix, with zero elements located above the main
diagonal, and H is orthogonal .n & n/ matrix .H0H D Jn/. For m D 3

s D

2

4
s11 0 0

s21 s22 0

s31 s32 s33

3

5: (4.153)

Let Z D HX. Taking into account the transformations above, we obtain from (4.151)

1

2
Z0Z " P0Z ! min; SZ ! b; (4.154)

where P D HP" % N.On; Jn/:
Denote by V the solution to (4.154), by Zi ; Vi ; Pi i th components of vectors

Z;V;P, respectively. It is easy to show that Vi D Pi , i D mC 1; n is the solution
to the problem (4.154), and the remaining components of Z, namely Vi , i D 1;m,
are the solutions to

1

2
NZ0 NZ " NP0 NZ ! min; s NZ ! b; (4.155)

where NZ D ŒZ1 : : : Zm'
0; NP D ŒP1 : : : Pm'

0; NP % N.Om; Jm/:
Let Z D Q…z, where Q… D diag.sign sii/, i D 1;m. By Assumption 2.10 the

matrix B D s Q… is non-degenerate, and its elements bij ¤ 0, i; j D 1;m, i # j ,
differ from the corresponding elements sij of the matrix s only by the sign. Moreover,
bii D siisign.sii/ > 0, i D 1;m. Ifm D 3, matrix B takes the form (cf. (4.153) for s/:

B D

2

64
b11 0 0

b21 b22 0

b31 b32 b33

3

75: (4.156)
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Taking into account the introduced transformation, we obtain from (4.155)

1

2
z0z " p0z ! min; p % N.Om; Jm/; (4.157)

Bz ! b; (4.158)

where p D Q… NP.
By (4.148) we have in (4.158):

b # Om: (4.159)

The admissible region given by inequalities (4.158), is bounded by the planes !i ,
i D 1; 2; 3, defined, respectively, by the equations

B0
1z D b11z1 D b1; (4.160)

B0
2z D b21z1 C b22z2 D b2; (4.161)

B0
3z D b31z1 C b32z2 C b33z3 D b3; (4.162)

where B0
i is the i th row of B, i D 1; 3; bi are the components of b; zi are the

components of z, i D 1; 3.
The cut of the admissible region by the plane parallel to the coordinate plane

z1Oz2, is represented on Fig. 4.1. Here ˆ is the angle between the plane !2 and the
abscissa tgˆ D "b21=b22, jˆj ! %=2. Whenˆ D "%=2, two inequalities coincide,
when ˆ D %=2 the admissible region is situated between the planes !1 and !2,
which are parallel to each other and perpendicular to X -axis.

Denote the solution to problem (4.157), (4.158) by v. It is defined for all
realizations of p for fixed b. According to the calculations above the solution to

(4.149) is u D CM!1=2H0…V, where … D
% Q… Om;n!m

On!m;m Jn!m

&
. Hence, the solution

to (4.147) is OuT D CTM!1=2
T H0

T…TV. Then, according to (4.146),

OkT D CTM!1=2
T H0

T…T
OKV…THTM!1=2

T C0
T ; (4.163)

where

OKV D EfVV0g D
% OMvŒm' Om;n!m

On!m;m Jn!m

&
(4.164)

and OMvŒm' D Efvv0g:
From (4.143) and (4.163) we get the expression for the sample estimate of the

matrix of m.s.e. of the estimate

OKT D O!2T CTM!1=2
T H0

T…T
OKV…THTM!1=2

T C0
T : (4.165)
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Fig. 4.1 Section of the admissible domain in coordinates (z1; z2; z3) by the plane z3D const

As it follows by (4.165) and (4.164), to find OKT one needs to calculate O!2T
(by (4.144)) and matrix OMvŒm', the remaining values in (4.165) can be calcu-
lated using known algorithms of linear algebra, see for example, Lawson and
Hanson (1974). Below we find MvŒm' form D 3.

4.6.2 Finding Matrix MvŒ3#

To calculate the elements of MvŒ3', it is necessary to determine the density of
the unit mass distribution at the boundary of the admissible region, given by the
constraints (4.158), i.e., (see Fig. 4.1) on the planes !i , i D 1; 3, in their intersection
point !1;2;3, on the faces !12; !13; !23, which are the intersections of planes !1
and !2, !1 and !3, !2 and !3, respectively, and inside the admissible region !4,
allocated on Fig. 4.1 by dotted lines.



4.6 Calculation of Sample Estimate of the Matrix of m.s.e. Regression... 163

As it is shown on Fig. 4.1, the portion of the unit mass on the plane !1 is
defined by those realizations of p, for which the constraint B0

1z ! b1 is active.
For planes !2 and !3 the situation is similar. The mass, determined by realizations
of p enclosed between planes -1 and -2, orthogonal, respectively, to planes !1 and
!2, is concentrated on the face !12. The mass distribution on the planes !13 and
!23 is determined similarly. At the point !1;2;3 the mass concentration is determined
by the simultaneous activity of all constraints in (4.158). The mass concentration in
the domain !4 is determined by the realizations of p, for which all constraints are
inactive.

From above, the distribution function F.z/ of v (the solution to problem (4.157),
(4.158)), is not continuous. Therefore elements mijŒ3', i; j D 1; 2 of the matrix
MvŒ3' are determined by the Lebesgue-Stieltjes integral

mijŒ3' D
Z

z2<3

zi zj dF.z/ D
4X

kD1

Z

z2!.z/k
zi zj dFk.z/C

3X

kD1
k¤l

3X

lD1
l>k

Z

z2!.z/kl
zi zj dFkl.z/

C
Z

!
.z/
1;2;3

zi zj dF1;2;3.z/ D
4X

kD1
m
.k/
ij Œ3' C

3X

kD1
k¤l

3X

lD1
l>k

m
.k;l/
ij Œ3'

Cm.1;2;3/
ij Œ3'; i; j D 1; 3; (4.166)

where Fk.z/, Fkl.z/, F1;2;3.z/ are the distribution functions of portions of the unit
mass, respectively, on the face !k , on the edge !kl, at the point !1;2;3 of intersection
of three faces; !.z/k , !.z/ki are the sets of points on the face !k and on the edge !ki ,
respectively, which are located in the admissible region (4.158) and determined in
coordinates of z; !.z/1;2;3 is the point of !1;2;3 with the coordinates z" D .z"

1 ; z
"
2 ; z

"
3 /

0

(z" is the solution to the system of (4.160)–(4.162)). Such a solution always exists,
since the matrix B is non-degenerate.

According to (4.166), we have

m
.k/
ij Œ3' D

Z

z2!.z/k
zi zj 'k.z/d!

.z/
k ; m

.k;l/
ij Œ3' D

Z

z2!.z/kl

zi zj 'kl.z/d!
.z/
kl ;

m
.1;2;3/
ij Œ3' D zi zj p1;2;3; i; j D 1; 3;

where 'k.z/ and 'kl.z/ are distribution densities of the fractions of the unit mass
on the face !k and on the edge !kl, and p1;2;3 ¤ 0 is the fraction of the unit mass
located in the point of intersection of faces !k , k D 1; 2; 3.

Introduce the matrices

M.k/Œ3' D
h
m
.k/
ij Œ3'

i
; k D 1; 4;

M.k;l/.3/ D
h
m
.k;l/
ij .3/

i
; k; l D 1; 3;

M.1;2;3/Œ3' D
h
m
.1;2;3/
ij Œ3'

i
; i; j D 1; 3:
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Fig. 4.2 Projection of the unit mass on the boundary of the admissible domain in coordinates
(z1; z2; z3) (a section by the plane z3D const)

By (4.166)

M$ Œ3' D
4X

kD1
M.k/Œ3' C

3X

kD1
k¤l

3X

lD1
l>k

M.k;l/Œ3' C M.1;2;3/Œ3': (4.167)

To calculate matrices M.k/Œ3', k D 1; 4, we examine the case when there is one
linear constraint B0

kz ! bk , Bk D Œbk1 bk2 bk3'
0, k D 1; 3. In order to illustrate

further transformations let us examine Fig. 4.2, where the cut of plane !k by the
plane, perpendicular to the axis Oz3 is drawn.

Let the solution z0 of (4.157) be located outside the admissible region, formed by
the plane !k determined by the equation B0

kz ! bk , i.e., outside the shaded area in
Fig. 4.2. Then, the solution Qz to (4.157) is the projection of z0 onto !k . Obviously,
Qz is the solution to this problem for all cases when p is located on the normal N to
the plane !k at the point Qz. Thus, in the neighborhood of Qz, belonging to the plane
!k , we have the mass

dFk.Qz/ D 'k.Qz/d!k; Qz 2 !k; (4.168)

where

'k.Qz/ D
Z 1

0

f .z.t//jjBkjjdt ; (4.169)

f .z/ is the density of normal distribution, z.t/ is the normal to the plane !k , z.t/ D
QzCBkt , 0 ! t ! 1. According to (4.150), we have f .z/ D .1=2%/ expf".z0z=2/g.

Therefore,

f .z.t// D 1

2%
exp

#
"2bkt C jjBkjj2 t2

2

$
exp

#
" Qz0 Qz
2

$
:
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Substituting this expression into (4.169) and making some transformations we
obtain the density of the mass distribution at the point z D Qz (note that B0

kz D bk/:

'k.Qz/ D ak

2%
exp

#
" b2k
2jjBkjj2

$
exp

#
" Qz0 Qz
2

$
; (4.170)

where

ak D 1p
2%

Z 1

bk=jjBk jj
e!x2=2 dx; k D 1; 3: (4.171)

In further calculations we use the linear transformation of variables. For conve-
nience we give below one useful property.

Statement 4.1. Let x 2 <n, y 2 <n, be related as y D Ax, where A is the orthogonal
matrix. Introduce two .n & n/ matrices: M D ŒMij' and N D ŒNij', i; j D 1; n, with
elements

Mij D
Z

.y

yiyj +.y/d.y; Nij D
Z

.x

xixj f .x/d.x:

Here '.y/ D f .A0y/, f .x/ D g.h.x//, where g.u/ is a monotone decreasing
differentiable function, h.x/ D x0x, G is the .m & n/ matrix, b 2 <m, .x D fx W
Gx ! b; x 2 <ng, .y D fy W GA!1y ! b; y 2 <ng. Then M D ANA0.

Proof. The component i of the vector y is given by yi D Pn
kD1 aikxk , where xk is

the kth component of x. Then

yiyj D
nX

kD1

nX

sD1
aikxkxsajs: (4.172)

Let us multiply both parts of (4.172) by f .x/d.x and integrate the left and the right-
hand sides over the domain .x. We obtain

Z

.x

yiyj f .x/d.x D
nX

kD1

nX

sD1
aikajs

Z

.x

xkxsf .x/d.x: (4.173)

Taking into account the fact that f .x/ D +.y/, .det A!1/ D .det A/!1 D 1 and
d.x D .det A/!1d.y we obtain from (4.173)

Mij D
Z

.y

yiyj f .y/d.y D
nX

kD1

nX

sD1
aikNksajs;

proving Statement 4.1. ut
For example, one can take in Statement 4.1 as f .x/ the density of multivariate
normal distribution, or Student’s distribution.
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Let

 .y/ D 1p
2%

exp
!

"y
2

2

"
;

‰.y/ D 1p
2%

Z y

!1
exp

!
"x

2

2

"
dx: (4.174)

Let us calculate the matrices M.k/, M.kl/, M.1;2;3/ from (4.167).

Calculation of M.1/Œ3'. According to (4.170) the distribution density of the fraction
of the unit mass on the face !1 (given by (4.160) with Qz D .z"

1 ; z2; z3/
0, where

z"
1 D b1=b11 D b1=jjB1jj > 0/, is given by

Q'1.Qz/ D a1

2%
exp

#
" z22 C z23

2

$
D '1.z/: (4.175)

Here a1 is determined by (4.171) with k D 1.
Points on the plane !1, satisfying inequalities ( 4.158), belong to the set

!
.z/
1 D fz 2 <3 D z"

1 ;"1< z2 ! z"
2 ;"1< z3 ! b!1

33 .b3"b31z"
1"b32z2/DL31.z2/g:

(4.176)

In what follows the indices of the linear function Lij.$/ indicate the following: i is
the number of the variable, determined by this function, i ! 3; j is the function
number.

From (4.175) and (4.176) we obtain the expression for elements of the matrix
M.1/Œ3' D Œm

.1/
ij Œ3'', i; j D 1; 3:

m
.1/
ij Œ3'D

a1

2%

Z z!
2

!1
zi zj e!z22=2

Z L31.z2/

!1
e!z23=2dz3dz2; i; j D 1; 3; z1 D z"

1 D const;

where L31.z2/ D b!1
33 .b3 " b31z"

1 " b32z2/:
Calculation of M.2/Œ3': Consider the plane !2, given by (4.161). We make the
change of variable

z D D.z;“/“; “ 2 <3; (4.177)

where D.z;“/ is the orthogonal matrix which transforms the vector “ into the vector
z. Write D.z;“/ in the form

D.z;“/ D
% ND.z;“/ O21
O12 1

&
;

where ND.z;“/ D Œdij', i; j D 1; 2 is the orthogonal matrix, such that B0
2D.z;“/ D

+
0
::: jjB2jj

::: 0
,
. Then elements of ND.z;“/ are determined by

d11 D cosˆ; d12 D " sinˆ; d21 D "d12; d22 D d11; (4.178)

whereˆ is the angle of the rotation of axes.



4.6 Calculation of Sample Estimate of the Matrix of m.s.e. Regression... 167

In the new coordinate system the point of the intersection of constraints is

“" D D0.z;“/z" D Œˇ"
1 ˇ

"
2 ˇ

"
3

0':

According to ( 4.170) and (4.177), in the new coordinate system the mass distribu-
tion on the plane !2 has the form

Q'2.Qz/ D '2.z/ D ‚2.“/ D 1

2%
a2 exp

!
.ˇ"
2 /
2

2

"
exp

 
"“

0
“

2

!
;

where Qz D z satisfies (4.160), and a2 is given by (4.171).
Taking into account that ˇ2 D ˇ"

2 D const, we get

‚2.“/ D 1

2%
a2 exp

#
"“

2
1 C “23
2

$
: (4.179)

Define in new coordinates the part of !2 which belongs to the admissible domain.
For this we find the equation of the edge !23. According to (4.158) and (4.177), !23
is described by the system of equations:

(
B0
2z D ˇ2 D ˇ"

2 ;

B0
3z D r0

3.“/“ D r31.“/ˇ1 C r32.“/ˇ2 C r33.“/ˇ3 D b3;
(4.180)

where r3.“/ D D0.z;“/B3 is the vector with components r3i .“/, i D 1; 3.
From (4.180) we obtain the equation for !23

r31.“/ˇ1 C r33.“/ˇ3 D R3.“/ D b3 " r32.“/ˇ
"
2 :

Thus, in new coordinates the points of !2 which belong to the admissible domain
are given by

!
.“/
2 D f“ 2 <3 W " 1< ˇ1 D ˇ"

1 ; ˇ2 D ˇ"
2 ;"1 < ˇ3 ! r!1

33 .“/.R3.“/

"r31.“/ˇ1/ D L32.ˇ1/g: (4.181)

Denote M.“/ D Ef““0g. Since the distribution density ˇ is determined by (4.179),
we obtain by (4.181) the expression for the matrix elements M.“/ D Œmij.“/',
i; j D 1; 3:

mij.“/D a2

2%

Z ˇ!
1

!1
ˇiˇj e

!ˇ21=2 dˇ1

Z L32.ˇ1/

!1
e!ˇ23=2 dˇ3; i; j D 1; 3;

ˇ2 Dˇ"
2 D const;

where L32.ˇ/1 D r!1
33 .“/.R3.“/" r31.“/ˇ1/:
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According to Statement 4.1 and (4.177), M.2/Œ3' D D.z;“/M.“/D0.z;“/.

Calculation of M.3/Œ3': Consider the plane !3 given by (4.162). Make the change
of variables

z D D.z; •/•; • 2 <3; (4.182)

where D.z; •/ is the orthogonal matrix, satisfying

B0
3z D B0

3D.z; •/• D Œ0
::: 0
::: jjB3jj'• D b3 (4.183)

and • D Œı1 ı2 ı3'
0 .

Denote
r.•/ D BD.z; •/ D Œrij.•/'; i; j D 1; 3; (4.184)

where the matrix B is determined in (4.156). We can write r.•/ as follows

r.•/ D

2

666664

Nr.•/
::: r13.•/
::: r23.•/

$ $ $ $ $ $ $ $ $
O12

::: r33.•/

3

777775
; (4.185)

where Nr.•/ is the .2 & 2/ matrix, r33.•/ D jjB3jj (see (4.183)). Since the matrix
r.•/ is non-degenerate, Nr.•/ is also non-degenerate, implying that its orthogonal
decomposition is of the form:

Nr.•/ D s.•/h.•/; (4.186)

where s.•/ D
%
s11.•/ 0

s21.•/ s22.•/

&
, h.•/ is the orthogonal matrix. Introduce the matrices

….•/ D "
%

sign s11.•/ 0

0 sign s22.•/

&
; D.•;”/ D

%
h0.•/….•/ O21

O12 1

&
; (4.187)

and put • D D.•;”/”. Then by (4.184)–(4.187) we obtain from (4.158)

Bz D r.•/D.•;”/” D BD.z;”/” ! b; (4.188)

where

r.•/D.•;”/ D

2

666664

s.•/….•/
::: r13.•/
::: r23.•/

$ $ $ $ $ $ $ $ $
O12

::: r33.•/

3

777775
; D.z;”/ D D.z; •/D.•;”/: (4.189)
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Fig. 4.3 Section of the admissible domain in coordinates (#1I #2I #3) by the plane #3D const

Let r.”/ D r.•/D.•;”/ D Œrij.”/', i; j D 1; 3. Moreover, according to (4.185), we
have

ri3.”/ D ri3.•/; i D 1; 3: (4.190)

Then by (4.188) the system of inequalities

8
ˆ̂<

ˆ̂:

r11.”/#1 C r13.”/#3 ! b1;

r21.”/#1 C r22.”/#2 C r23.”/#3 ! b2;

r33.”/#3 ! b3

(4.191)

determines the admissible area (4.158) in new coordinates.
Taking in the inequalities above #3 D #"

3 D b3=r33.”/ D b3=jjB3jj we get the
inequalities which describe the admissible values of # on !3 (see Fig. 4.3):

(
r11.”/#1 ! R1.”/ D b1 " r13.”/#"

3 ;

r21.”/#1 C r22.”/#2 ! R2.”/ D b2 " r23.#/# "
3 :

(4.192)

Here the edges !13 and !23 correspond to the cases when we have equalities in the
first and in the second constraints, respectively.

Let us determine the distribution density of the fraction of the unit mass on !3.
According to (4.170), we have

Q'3.Qz/ D a3

2%
exp

#
" b23
2jjB3jj2

$
exp

#
" Qz0 Qz
2

$
; (4.193)

where Qz is the projection of z on !3, a3 is determined by (4.171). We have

z D D.z;”/”; (4.194)
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where matrix D.z;”/ is defined in (4.189). It is easy to see that D0.z;”/
D.z;”/ D J3. Hence, according to (4.194), z0z D Qz0 Qz D ”0”. Then from (4.193) we
obtain the distribution density of the fraction of the unit mass on !3.

Q'3.Qz/ D ‚3.”/ D a3

2%
exp

#
" b23
2jjB3jj2

$
exp

#
"#21 C #22

2

$
; (4.195)

where z D Qz satisfies (4.160).
Denote the point of the intersection of all constraints (or, equivalently, of edges

!13 and !23/ in new coordinates by ”" D Œ#"
1 ; #

"
2 ; #

"
3 '

0 D D0.z;”/z". Then by
(4.192) the range of the values of #1 and #2 on the plane !3 is

!
.”/
3 D f” 2 <3 W " 1< #1!#"

1 ;"1 < #2!r!1
22 .”/.R2.”/"r21.”/#1/DL23.#1/g:

(4.196)

Let M.”/ D Ef””0g D Œmij.”/', i; j D 1; 3. By (4.196) and (4.193) the elements
of M.”/ are given by

mij.#/ D a3

2%

Z #!
1

!1
#i#j e

!#21 =2 d#1

Z L23.#1/

!1
e!#22 =2d#2; i; j D 1; 3;# 3 D #"

3 D const;

where L23.#1/ D r!1
22 .”/.R2.”/ " r21.”/#1/:

According to Statement 4.1, we have M.3/Œ3' D D.z;”/M.”/D0.z;”/.

Calculation of M.4/Œ3'. The distribution density of the unit mass within the
admissible area is

'4.z/ D 1
'p

2%
(3 exp

#
"z0z
2

$
; (4.197)

and the range of the variables defined by inequalities (4.158) is given by

!
.z/
4 D

˚
z 2 <3 W " 1< z1 ! z"

1 ;"1 < z2 ! b!1
22 .b2 " b21z1/ D L24.z1/;

"1 < z3 ! b!1
33 .b1 " b31z1 " b32z2/ D L35.z1; z2/

-
: (4.198)

By (4.197) and (4.198), elements of the matrix M.4/Œ3' D Œm
.4/
ij Œ3'', i; j D 1; 3 are

of the form

m
.4/
ij Œ3' D 1

'p
2%
(3

Z z!
1

!1
zi zj e!z21=2 dz1

Z L24.z1/

!1
e!z22=2

& dz2

Z L35.z1;z2/

!1
e!z23=2 dz3; i; j D 1; 3:

Calculation of M.12/Œ3': For the edge !12 the range of variables is given by

!
.z/
12 D fz 2 <3 W z1 D z"

1 ; z2 D z"
2 ;"1 < z3 ! z"

3 g: (4.199)
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Consider the cut of the area determined in (4.158) by the plane -0 orthogonal
to the axis Oz3 when z3 2 ¨

.z/
12 (see Fig. 4.1). Denote by -1 and -2 the planes

orthogonal to planes !1 and !2, respectively. On Fig. 4.1, -1, -2, !1, !2 mean the
lines, obtained by intersecting, respectively, the planes -1, -2, !1, !2 with -0.
According to Fig. 4.1, the mass, enclosed between -1 and -2 is concentrated at the
point .z"

1 ; z
"
2 ; z3/, located on -0. We obtain from (4.158) that the equation of the line

!2 is z2 D kz1 C b"
2 , where k D "b21=b22, b"

2 D b2=b22. Then the equation of the
line -2, orthogonal to the line !2 and passing through the point .z"

1 ; z
"
2 / is

z1 D L16.z2/ D k.l " z2/; l D z"
2 C z"

1 =k:

Hence, the entire mass, located in the domainO D fz D Œz1z2' W z1 # k.l"z2/; z2 #
z"
2 I z 2 <2g is projected into the point .z"

1 ; z
"
2 / on the plane -0. The distribution

density of the projected mass is standard three-dimensional normal density, see
(4.197). Then for .z"

1 ; z
"
2 ; z3/ 2 ¨.z/12 the fraction of the unit mass has the density

'12.z/ D '12.z3/ D  .z3/

"
1p
2%

Z 1

z!
2

exp
!

" z22
2

"
.1"‰ŒL16.z2/'/dz2

#
:

Hence we obtain the expression for elements of the matrix M.12/Œ3' D Œm
.12/
ij Œ3'',

i; j D 1; 3:

m
.12/
ij Œ3' D

Z z!
3

!1
zi zj '12.z3/dz3; i; j D 1; 3; zi D z"

i D const; i; j D 1; 2:

Calculation of M.13/Œ3': The range of ” on the edge !13 (which is the intersection
of !1 and !3 ) is

!
.”/
13 D f” 2 <3 W #1 D #"

1 ;"1 < #2 ! #"
2 ; #3 D #"

3 g: (4.200)

The mass, located between the lines, formed by the cut of planes -1 and -3 by
the plane, parallel to the coordinate plane #2O#1, is projected into an arbitrary point
” 2 !.”/13 . Let us find equations for -1 and -3.

When r13.#/ ¤ 0 we get the equation for !1 from (4.191):

#3 D r11.”/

r13.”/
#1 C b3

r13.”/
:

Then the equation of the plane -1, orthogonal to the plane !1, is

#3 D "r13.”/
r11.”/

#1 C r13.”/

r11.”/
#"
1 C #"

3 D L37.#1/:
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Fig. 4.4 Section of the admissible domain in coordinates (r1I r2I r3) by the plane r2D const

The equation of the plane -3 orthogonal to the plane !3 and parallel to the
coordinate axis O#2 is #1 D #"

1 . Thus, the mass projected into the point ” 2 !.”/13 , is
located in the following area:

f” 2 <3 W #"
1 ! #1 < 1;"1 < #2 ! #"

2 ; L37.#1/ ! #3 < 1g: (4.201)

The considerations above are illustrated in Fig. 4.4. It is easy to see that (4.201) is
valid for all values of r13.”/, including r13.”/ D 0.

By (4.201) the distribution density of the fraction of the unit mass on the edge
!
.”/
13 is

'13.#2/ D  .#2/

"
1p
2%

Z 1

#!
1

exp
!

"#21
2

"
.1 "‰ŒL37.#1/'/d#1

#
:

Denote M.13/.”/ D Ef””0g D Œm
.13/
ij .”/', ” 2 !

.”/
13 , i; j D 1; 3. The elements of

M.13/.”/ are given by

m
.13/
ij .”/ D

Z #!
2

!1
#i#j '13.#2/d#2; i; j D 1; 3;# i D #"

i D const; i; j D 1; 3:
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Using the relation z D D.z;”/” and Statement 4.1, we have

M.13/Œ3' D D.z;”/M.13/.”/D0.z;”/:

Calculation of M.23/Œ3'. Introduce the transformation

” D D.”;˜/˜; (4.202)

where D.”;˜/ D
% ND.”;˜/ O21

O12 1

&
D Œrij.$/', i; j D 1; 3. Here ND.”;˜/ is the

orthogonal 2 & 2 matrix. We choose ND.”;˜/ from the condition

Œr21.˜/
:::r22.˜/' D Œr21.”/

:::r22.”/' ND.”;˜/ D
%p

.r21.”//2 C .r22.”//2
:::0

&
; (4.203)

where r21.”/ and r22.”/ are coefficients of the equation of the plane !2, see (4.191),
r21.˜/ and r22.˜/ are the first two coefficients of the same plane equation in new
coordinates .$1; $2; $3/.

By (4.202) and (4.191) the equation of the edge !23 is

(
r21.˜/$1 C r23.˜/$3 D b2;

r33.˜/$3 D b3;
(4.204)

where r21.˜/ D
p
.r21.”//2 C .r22.”//2 (see (4.203)), and by (4.190) ri3.˜/ D

ri3.”/ D ri3.•/, i D 2; 3. Here coefficients ri3.•/, i D 2; 3, are determined by
(4.189).

Further considerations are analogous to those used for calculating M.13/.
By (4.204) the equation of the plane !2 at r23.˜/ ¤ 0 is

$3 D r21.˜/

r23.˜/
$1 C b1

r23.”/
:

Then the equation of the plane -2 orthogonal to !2 is

$3 D "r23.˜/
r21.˜/

$1 C r23.”/

r21.”/
$"
1 C $"

3 D L38.$1/;

where $"
1 $"

3 are the components of ˜" D D0.”;˜/”".
The equation of the plane -3 orthogonal to !3 and parallel to coordinate axis

O$2 is $1 D $"
1 .

Points of the edge !23, located in the admissible area, belong to the set

!
.˜/
13 D f˜ 2 <3 W $1 D $"

1 ;"1 < $2 ! $"
2 ; $3 D $"

3 g: (4.205)
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The mass, which is located in the domain

f˜ 2 <3 W $"
1 !; $1 < 1;"1 < $2 ! $"

2 ; L38.$1/ ! $3 < 1g; (4.206)

is projected into the point ˜ 2 !.˜/13 .
It is easy to check both for this case and for the edge !13, that the expression

(4.203) holds for all values of r21.˜/.
By (4.206), the distribution density of the portion of the unit mass on the edge

!23 is

'23.$2/ D  .$2/

"
1p
2%

Z 1

$!
1

e!$21=2.1 "‰ŒL38.$1/'/d$1
#
:

The elements of M.23/.˜/ D Ef˜!0g D Œm
.23/
ij .˜/', ˜ 2 !23, i; j D 1; 3 are

m
.23/
ij .˜/ D

Z $!
2

!1
$i$j '23.$2/d$2; i; j D 1; 3;$ i D $"

i D const; i; j D 1; 3:

Using z D D.z;”/” and (4.202) we obtain

z D D.z;˜/˜; D.z;˜/ D D.z;”/D.”;˜/: (4.207)

It is easy to see that the matrix D.z;˜/ is orthogonal. According to Statement 4.1
we have by (4.207)

M.23/Œ3' D D.z;˜/M.23/.˜/D0.z;˜/:

Calculation of M.1;2;3/Œ3'. Let us calculate p1;2;3, i.e., the mass, which is projected
to the point z". It is obvious that

p1;2;3 D 1 " Np1;2;3; (4.208)

where Np1;2;3 is the mass located in the admissible domain, given by inequalities
(4.158) on faces !i , i D 1; 3, in area !4 and on all edges:

Np1;2;3 D
4X

iD1
pi C p12 C p13 C p23;

where pi is the mass concentrated on !i , p12, p13, p23 are the masses concentrated
on the edges !12, !13, !23, respectively.

We have from above:

p1 D
Z

z2!.z/1
'1.z/d!

.z/
1 D a1

Z z!
2

!1
 .x/‰ŒL31.x/'dx;

p2 D
Z

z2!.z/2
'2.z/d!

.z/
2 D

Z

“2!.ˇ/2

‚2.“/d!
.“/
2 D a2

Z ˇ!
1

!1
 .x/‰ŒL32.x/'dx;
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p3 D
Z

z2!.z/2
'3.z/d!

.z/
3 D

Z

”2!.”/3
‚3.”/d!

.”/
3 D a3

Z #!
1

!1
 .x/‰ŒL23.x/'dx;

p4 D
Z

z2!.z/4
'4.z/d!

.z/
4 D 1

'p
2%
(3

Z z!
1

!1
e!z21=2 dz1

Z L24.z1/

!1
e!z22=2

dz2

Z L35.z1;z2/

!1
e!z23=2 dz3;

p12 D
Z

z2!.z/12
'12.z/d!

.z/
12 D

Z z!
3

!1
'12.z3/dz3;

p13 D
Z

z2!.z/13
'13.z/d!

.z/
13 D

Z #!
2

!1
'13.#2/d#2;

p23 D
Z

z2!.z/23
'23.z/d!

.z/
23 D

Z $!
2

!1
'23.$2/d$2:

These expressions allow to calculate Np1;2;3 in (4.208). The elements of the matrix
M.1;2;3/Œ3' D Œm

.1;2;3/
ij Œ3'', i; j D 1; 3 are determined by

m
.1;2;3/
ij Œ3' D z"

i z"
j p1;2;3; i; j D 1; 3:

4.7 Sample Estimates of the Matrix of m.s.e. of Parameter
Estimates When the Number of Inequality Constraints
Is less than Three

From the relations obtained in Sect. 4.6 one can get the formulas when the number
of constraints is m D 1; 2. In this case, the admissible area is defined by lines !1
and !2 (case m D 2), see Fig. 4.1, and by the line !1 (case m D 1). The matrices
s and B are .m & m/ matrices, located in the upper left corners, of, respectively,
matrices (4.153) and (4.156).

4.7.1 Case m D 2

In this case, the unit mass is distributed in the admissible area in the sets !k (in the
line !1 when k D 1, in the line !2 when k D 2, and in the set within the admissible
area when k D 3) and in the point (1,2) which is the intersection of !1 and !2. Then
the symmetric matrix M*Œ3' in (4.167) can be written as
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M*Œ2' D
3X

kD1
M.k/Œ2' C M.1;2/Œ2': (4.209)

Elements of the matrices in the right-hand side of (4.209) are calculated as follows.

Calculation of M.1/Œ2' D Œm
.1/
ij Œ2'', i; j D 1; 2. Since form D 2we have in (4.176)

L31.z2/ D 1, we obtain from the expression form.1/
ij in Sect. 4.6

m
.1/
11 Œ2' D a1p

2%

Z z!
2

!1
.z"
1 /
2 exp

#
" z22
2

$
dz2;

m
.1/
22 Œ2' D a1p

2%

Z z!
2

!1
z22 exp

#
" z22
2

$
dz2;

m
.1/
12 Œ2' D a1p

2%

Z z!
2

!1
z"
1 z2 exp

#
" z22
2

$
dz2; (4.210)

where z"
1 ; z

"
2 are the components of z" 2 <2, which is the solution to Bz D b, and

a1 is determined by (4.171) for k D 1, jjB1jj D b11.

Calculation of M.2/Œ2'. Make the change of variables z D D.z;“/“, where “ 2 <2,
and the matrix D.z;“/ D Œdij', i; j D 1; 2 is defined by (4.178).

Then

M.2/Œ2' D D.z;“/M.“/D0.z;“/; M.“/ D Œmij.“/'; i; j D 1; 2: (4.211)

Taking into account that for m D 2 in (4.181) L32.z2/ D 1, we obtain from the
expression for mij.“/ in the Sect. 4.6 that

m11.“/ D a2p
2%

 
"ˇ"

1 e
!.ˇ!

1 /
2=2 C

Z ˇ!
1

!1
e!ˇ21=2 dˇ1

!
;

m22.“/ D a2.ˇ
"
2 /
2

p
2%

Z ˇ!
1

!1
e!ˇ21=2 dˇ1;

m12.“/ D a2ˇ
"
2p
2%

Z ˇ!
1

!1
xe!ˇ21=2 dˇ1; (4.212)

where “" D D0.z;“/z", ˇ"
1 ; ˇ

"
2 are the components of “", a2 is determined by

(4.171) for k D 2, B2 D Œ b21 b22 '
0.

Calculation of M.3/Œ2' D Œm
.3/
ij Œ2'', i; j D 1; 2. Calculations below are particular

cases of the calculations made for matrix M.4/Œ3', see Sect. 4.6. In this case, in
(4.198) we have L35.z1; z2/ D 1. Let us rewrite the linear function in (4.198)
L24.z1/ D b!1

22 .b2 " b21z1/ as L24.z1/ D kz1 C b"
2 , where k D "b21=b22,

b"
2 D b2=b22. Then (see (4.174) for the notation)
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m
.3/
11 Œ2' D 1p

2%

Z z!
1

!1
z21e

!z21=2‰0.kz1 C b"
2 /dz1;

m
.3/
22 Œ2' D 1p

2%

Z z!
1

!1
e!z21=2‰0.kz1 C b"

2 /dz1;

m
.3/
12 Œ2' D 1p

2%

Z z!
1

!1
z1e!z21=2‰0.kz1 C b"

2 /dz1: (4.213)

Calculation of M.1;2/Œ2' D Œm
.1;2/
ij Œ2'', i; j D 1; 2. In this case,

m
.1;2/
ij Œ2' D z"

i z"
j p3; i; j D 1; 2; (4.214)

where p3 is the mass, concentrated at the point of intersection of lines !1 and !2.
According to Fig. 4.1, p3 is the mass enclosed between the normals -1 and -2

to lines !1 and !2, respectively. From (4.161) we obtain the equation for !2: z2 D
kz1 C b"

2 . Then the equation of the line -2, orthogonal to !2 and passing through
the point z D z", is z1 D k.l " z2/, where l D z"

2 C z"
1 =k. Hence, the entire mass,

located in the area O D fz W z1 # k.l " z2/; z2 # z"
2 I z 2 <2g, is projected to the

point !3. Thus

p3 D 1p
2%

Z 1

z!
2

exp
!

" z22
2

"
.1 "‰0.k.l " z2///dz2:

4.7.2 Case m D 1

Since in this case we do not have !2, we put in the formulas of Sect. 4.7.1 z"
2 D k D

b"
2 D 1. Then in (4.209) we have M* Œ2' D M.1/Œ2' C M.3/Œ2'. Using (4.210) and

(4.214) one can show that M*Œ2' D diag.M*Œ1'; 1/, with

M*Œ1' D m
.1/
11 Œ2' Cm

.3/
11 Œ2' D a1.z"

1 /
2 C 1p

2%

Z z!
1

!1
z21 exp

#
" z21
2

$
dz1: (4.215)

4.7.3 Comparison of the Estimate of the Matrix of m.s.e.
of the Regression Parameter Estimate Obtained
with and Without Inequality Constraints for m D 1; 2

The estimate for the matrix of m.s.e. of the regression parameter estimate is given
by (see (4.165))

KT D !2T CTM!1=2
T H0

T…TKV…THTM!1=2
T C0

T ; (4.216)
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where (cf. (4.164))

KV D
%

MvŒm' Om;n!m
On!m;m Jn!m

&
; (4.217)

and MvŒm' is a matrix whose elements are functions of the random vector bT
with components given in (4.128). Denote estimate for the matrix of m.s.e. of the
regression parameter estimate by the LS method without constraints by QKT . In order
to determine the effect of the influence of constraints on the accuracy of estimation
of QKT and KT we use in both cases the same estimate for !2. We can take any
estimate for !2 obtained as the solution to (4.58) with or without constraints. To be
more precise, we use the estimate !2T , defined in (4.115). Then for KV D Jn we get
from (4.216) QKT D !2T R!1

T .
Let m D 1. For this case the following theorem takes place.

Theorem 4.7. If m D 1, and Assumptions 2.9, 4.1, 4.2 hold true, then: (a) the
matrix QKT " KT is non-negative definite for n > 1, .b/ QKT " KT is positive
definite for n D 1, (c) if the first component of the n-dimensional vector WT D
…THTM!1=2

T C0
T x is not equal to zero, then for an arbitrary non-zero vector x 2 <n

we have x0. QKT " KT /x > 0 for n > 1.

Proof. By (4.217) we have

KV D diag.MvŒ1' 1 : : : 1/; (4.218)

where the scalar M*Œ1' is given in (4.215). Here, according to (4.171), a1 D'p
2%
(!1 R1

z!
1

exp
n
" z21
2

o
dz1, where z"

1 D b1T =jjB1jj, and b1T D bT 2 <1 is a
random variable. According to (4.159) we have bT # 0. (Recall that we dropped in
the index T in (4.171) and (4.159)).

Let us find the upper bound forM*Œ1'. Since bT is non-negative, we have z"
1 # 0.

Then

a1.z"
1 /
2 D .z"

1 /
2
'p

2%
(!1 Z 1

z!
1

exp
#

" z21
2

$
dz1 <

'p
2%
(!1 Z 1

z!
1

z21 exp
#

" z21
2

$
dz1:

From here and (4.215) we get
M*Œ1' < 1: (4.219)

From (4.215) we obtain the lower bound for M*Œ1':

M*Œ1' D a1.z"
1 /
2 C 1p

2%

Z z!
1

!1
z21 exp

#
" z21
2

$
dz1 # 1

2
;

as z"
1 # 0. Moreover,M*Œ1' D 1=2 if z"

1 D 0.
By (4.216) QKT " KT D !2T LT .Jn " KV/L0

T, where LT D CTM!1=2
T H0

T…T ,
implying together with (4.218), (4.219) the statements (a) and (b).

To prove (c) consider the quadratic form sT D !2T x0LT .Jn " KV/L0
T x D

!2TW0
T .Jn " KV/WT , where x is an arbitrary nonzero vector, WT D L0

T x. By
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(4.218) and (4.219) sT D !2T .1 " M*Œ1'/w21T , where w1T is the first component of
the vector WT . Moreover, sT > 0 if wnT ¤ 0, which proves (c). ut

Let us substitute in (4.128) the values biT , i 2 I , as well as ’T and !T (4.216)
with their true values ’0 and ! . Moreover, put in (4.128) $iT D 0, i 2 I . Then
(4.216) and (4.128) determine the true matrices of the m.s.e. of parameter estimates
K0
T (with constraints) and QK0

T (without constraints). It is obvious that Theorem 4.7
remains valid also for K0

T and QK0
T .

Let us compare the estimate KT , which takes into account all constraints for each
sample, with the truncated estimate Ktr

T of the matrix K0
T . According to (4.14) we

have for the linear regression

Ktr
T D

LX

lD1
KlT #lT ;

LX

lD1
#lT D 1: (4.220)

Here L D 2m is the number of all combinations of active and inactive constraints
up to ", including all inactive constraints case,

KlT D !2T klT ; klT D EfulT u0
lT g; (4.221)

where ulT is a solution to the problem

1

2
y0RT y " q0

T y ! min; Qg0
iTy ! 0; i 2 Il ( I; qT % N.On;RT /: (4.222)

In (4.222) Qg0
iT is the i th row of the matrix QGT , Il is the set of numbers of the

l th combination of active and inactive constraints up to " (which is completely
determined by the combination of active constraints up to "/.

For the case m D 1 we have for L D 2 (see (4.220))

Ktr
T D Q%T #1T C K1T #2T ; #1T C #2T D 1;

where the matrices Q%T and K1T are defined by (4.220)–(4.222), when I.’T / D ¿
and I.’T / D f1g, respectively. Hence, %1T D O%T , where O%T is a sample estimate
of the matrix %T , calculated by (4.216), (4.217) for m D 1 and the right-hand side
of the constraint Ob1T D 0.

We have %tr
T " %T D . Q%T " %T /#1T C .%1T " %T /#2T . In this expression the first

term is a non-negative definite matrix according to Theorem 4.7 and the inequality
#1T # 0. Let #2T D 1 (i.e., the constraint is active up to "), which holds true when
Ob1T D 0. Then OKtr

T " OKT D K1T " OKT D Onn, since in this case %1T D O%T . Thus,
OKtr
T " OKT is the non-negative definite matrix for all possible samples.
Let us formulate the obtained result.

Theorem 4.8. Ifm D 1, and Assumptions 2.9, 4.1, 4.2 hold true, then the difference
Ktr
T " KT is the non-negative definite matrix.
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According to Theorem 4.8 the estimate KT of the matrix of m.s.e. of the parameter
estimate obtained by taking into account the constraints on parameters is more
precise than the truncated estimate Ktr

T .
Let us compare the accuracy of parameter estimation with the accuracy of the LS

method when the number of constraints is m D 2. To avoid tedious calculations we
determine the accuracy of estimation with the constraints my means of the truncated
matrix Ktr

T . According to (4.220) for L D 4 we have

Kt r
T D Q%T #1T CK1T #2T CK2T #3T CK3T #4T ; #1T C#2T C#3T C#4T D 1 (4.223)

where the matrices Q%T and KiT , i D 1; 2 are defined by (4.220)–(4.222) for I1 D ¿
and I1 D fig, l D iC1, respectively, and the matrix K3T is determined by (4.220)–
(4.222) with I4 D f1; 2g. Hence

KiT D O%T ; i D 1; 2; 3; (4.224)

where O%T is the sample estimate of %T , calculated by (4.164), (4.165) form D 1 and
the right-hand side of the constraint ObiT D 0, i D 1; 2. For i D 3 in (4.224) O%T is
also calculated by (4.164), (4.165), but with m D 2 and ObT D 02.

Consider the matrix QKT " K3T . According to (4.164) and (4.165), the difference
between QKT and K3T D QK is determined by J2 " OMV Œ2'. By (4.209), elements of
the matrix OMV Œ2' D Œmij', i; j D 1; 2 are given by

mijŒ2' D
3X

kD1
m
.k/
ij Œ2' Cm

.1;2/
ij Œ2'; i; j D 1; 2; (4.225)

where the values in the right-hand side of (4.225) are determined by (4.210)–
(4.214), and (4.178), where Z"

1 D Z"
2 D 0. From these formulas and (4.225) we

obtain

m11 D 1

4
sin2 ' C 1

2%

!
' " 1

2
sin 2'

"
;

m22 D 1

4
.1C cos2 '/C 1

2%

!
' C 1

2
sin 2'

"
;

m12 D "cos' sin '
4

C sin2 '
2%

; (4.226)

where ' is the angle between the lines !1 and !2, see Fig. 4.1. ' and the angle ˆ,
appearing in (4.178), are related by ˆ D ' " .%=2/. When ' D % two inequality
constraints are transforming into one, see Fig. 4.1.

Lemma 4.11. Let the elements of the matrix OMvŒ2' be determined by (4.225). Then
the matrix A D J2 " OMvŒ2' is positive definite for 0 ! + < % and is equal to the
matrix diag.1; 0/ for ' D % .
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Proof. Let us show that trA > 0 and det A D (A > 0. By (4.226) we obtain
trA D 2 " ..1=2/ C .'=%// # 1=2. Further, after transformation, we get from
(4.226)

(A.'/ D 1=2C s1.'/C s2.'/C s3.'/;

where

s1.'/ D " .% C 1/ sin 2'
16%

; s2.'/ D .%2 sin2 '/
16%2

; s3.'/ D " 3'
4%

C '2

4%2
:

We divide the interval ' into two intervals: i1 D Œ0I%=2/ and i2 D Œ%=2I%'.
In the interval i1 we have dS3.'/=d' < 0, and s3.'/ decreases from s3.0/ D 0

to s3.%=2/ D "5=6. Then

(A.'/ # "% C 1

16%
C s3.'/C 1

2
D 0; 1051; 0 ! ' ! %

2
: (4.227)

In the interval i2 we have (A.'/ # N(A.'/ D .1=2/ C d sin2 ' " .3' C
4%/ C.'2=4%2/, where d D ..%2 " 4/=16%2/ D 0:03714. For this interval
.d N(A.'/=d'/ D d sin 2' " .1=4%/ < 0, as sin 2' ! 0, ' 2 Œ%=2; %'.
Consequently, (A.'/ # N(A.'/ > 0 for %=2 ! ' < %, as N(A.'/ decreases
monotone in i2 from N(A.%=2/ D 0:2246 to N(A.%/ D 0. From above and (4.227),
taking into account that (A.%/ D 0, we obtain the statement of the lemma. ut
Theorem 4.9. If m D 2 and Assumptions 2.9, 4.1, 4.2 hold true, then the matrix
QKT " Ktr

T is non-negative definite.

Proof. From (4.223) we have

QKT " Ktr
T D

3X

iD1
. Q%T " %iT /#iC1;T (4.228)

By Theorem 4.7, (4.224), and #iT # 0, i D 1; 2;, it follows that . Q%T " %iT/#iC1;T is
a non-negative definite matrix.

It follows from Lemma 4.8 that the matrix Jn" OKv, where OKv D
ˇ̌
ˇ̌ OMvŒ2' O2;n!2
On!2;2 Jn!2

ˇ̌
ˇ̌

(see 4.164), is positive definite for n D 2, and is non-negative definite for n > 2.
Then, according to (4.224) and (4.165), we have Q%T " %3T D O!2TLT .Jn " OKV /L0

T ,
where the matrix LT D CTM!1=2

T H0
T

Q
T is non-degenerate, as the product of non-

degenerate matrices. Hence, since #4T # 0, we see that the matrix . Q%T " %3T /#4T is
the non-negative definite, and the theorem follows by (4.228). ut



Chapter 5
Asymptotic Properties of Recurrent Estimates
of Parameters of Nonlinear Regression
with Constraints

In Sect. 1.2 we consider iterative procedures of estimation of multidimensional
nonlinear regression parameters under inequality constraints. Here we investigate
asymptotic properties of iterative approximations of estimates, obtained on each
iteration. Moreover, we allow the situation when the multidimensional regressor
has a trend, for example, it may increase to infinity. We start with a special case in
which the constraints are absent.

5.1 Estimation in the Absence of Constraints

In Sect. 1.2.1.2, we described algorithms of estimation without constraints, and min-
imized the function (1.4) with respect to ’. Such algorithms are the particular cases
in the general scheme of estimation under constraints. We give the representations
for the cost function of the problem, and the algorithms for calculation of estimates,
which take into account the sample volume T .

According to (1.4) the cost function is

S!
T .’/ D 1

2

TX

tD1

.yt ! ft .’//2:

(Note that in Chap. 1 we used the notation S!
T .’/ for S.’/.)

According to Sect. 1.2.1.2, the iterative process of estimation can be written as

’kC1;T D ’kT C !kTXkT ; k D 0; 1; 2; : : : ; (5.1)

where ’kT is the regression parameter on the kth iteration of estimation,

XkT D !.D0.’kT/D.’kT/ C vkTAT .’kT//"1rS!
T .’kT/:

Here DT .’/ D @ft .’/=@˛j , t D 1; T , j D 1; n is a T " n matrix.

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0 5, © Springer Science+Business Media, LLC 201
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Since the regressors might have a trend, the assumptions on the regression
functions used in Chap. 2 need to be replaced by the assumption given below.

Assumption 5.1. A. Functions ft .’/, t D 1; T are twice differentiable on <n.
B. There is a diagonal matrix ET of dimension n " n with positive elements on the

main diagonal ETi, which possesses the following properties:

1. ETi ! 1 as T ! 1; k D 1; n
2. .@ft .’/=@˛i /

2=E2
Ti ! 0 as T ! 1; i D 1; n; uniformly in ’ 2 ‚, where ‚

is any compact set
3. NRT .’/ D E"1

T D0
T .’/DT .’/ET ! NR.’/ as T ! 1; uniformly in ’ 2 ‚,

and NR.’0/ is a non-degenerate matrix
4. limT !1

PT
tD1 j@2ft .’/=@˛k@˛l j=ETkET l < 1; uniformly in ’ 2 ‚;

k; l D 1; n
5. E"2

Tk E"2
T l

PT
tD1 .@2ft .’/=@˛k@˛l /

2 ! 0 as T ! 1; uniformly in ’ 2 ‚,
k; l D 1; n

6. limT !1
p

T =ETk < 1; k D 1; n

As an example of the matrix ET which satisfies Assumption 5.1.B one can take a
matrix with

E2
T i D

TX

tD1

!
@f1.’/

@˛i

ˇ̌
ˇ
’D’0

"2

i D 1; n; or ET D
p

T Jn:

For a noise "t in the regression model yt D ft .’
0/ C "t , t D 1; 2; : : : we use

Assumption 2.8, in which we do not assume that "t , t D 1; 2; : : : ; are identically
distributed, but only that their dispersions "2 are equal.

Using the notation introduced above, the formulas for calculation of XkT can be
rewritten as follows:

XkT D
p

T E"1
T

NQR"1
T .’kT/ NqT .’kT/; (5.2)

where

NQRT .’kT/ D NRT .’kT/ C vkTE"1
T AT E"1

T ;

NRT .’kT/ D E"1
T D0

T .’kT/DT .’kT/E"1
T ; (5.3)

NqT .’kT/ D
p

T E"1
T qT .’kT/; (5.4)

where

qT .’kT/ D !T "1rS!
T .’kT/; S!

T .’/ D TST .’/ D 1

2

TX

tD1

.yt ! ft .’//2; (5.5)

and AT is a positive definite matrix, properties of which are specified in Condition
5.1 below.

Algorithms of estimation (see Sect. 1.2.1.1) differ in the choice of the step
multiplier !kT and the regularization parameter vkT . In the present chapter, we study
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Algorithms B5.1and B5.2 in which !kT is determined by minimization of the cost
function. Below, we give a short description of the algorithms taking into account
the volume of the sample.

Algorithm B5.1
The parameter !kT is found by Armijo condition: consecutive division of the unit into two equal
parts until the inequality

S!
T .’kT C !XkT / # S!

T .’kT/ " !2X0
kT .D0.’kT/D.’kT/ C vkT AT .’kT //XkT (5.6)

holds true. Further the parameter vkT is specified:

vkC1;T D
8
<

:

vkT if !kT D 1;

vkT if !kT < 1; cvkT > V;

cvkT if !kT < 1; cvkT # V:

(5.7)

where c > 1, V D const, v0T D v0 D const.

Algorithm B5.2
The parameter vkT D 0, while !kT is found as in Algorithm B5.2.
Since we study the asymptotic properties of iterative calculation of regression parameter estimates,
we need to impose some restrictions on the matrix AT .’kT/, introduced in (5.3).

Condition 5.1 The matrix AT .’kT/ is positive definite. Its elements can be
constants, or they might depend on ’kT . In the latter case, if ’kT is a consistent
estimate of ’0, then

p lim
T !1

E"1
T AT .’kT/E"1

T D Onn: (5.8)

In particular, Condition 5.1 is fulfilled for the matrix AT .’kT/ D diag.rT
ii .’kT//,

i D 1; n, where rT
ii .’kT/ is a diagonal element of the matrix RT .’kT/ D

T "1D0
T .’kT/DT .’kT/.

According to the above expressions, parameters !kT and vkT depend on a random
vector Y , i.e. on the values of the dependent variable, since independent variables
are deterministic.

Suppose that in (5.1) ’0T is random. Then the sequences ’kT ; k D 1; 2; : : : I vkT ;
k D 1; 2; : : : I !kT ; k D 0; 1; 2; : : : formed by Algorithms B5.1 and B5.2, are se-
quences of random variables.

Lemma 5.1. Suppose that for any finite T we can fix arbitrary random vectors aT ,
b1T ; b2T ; satisfying with probability 1

jjaT jj #jj b1T jj C jjb2T jj; (5.9)
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and, moreover, for any numbers #i ; 0 <#i < 1; i D 1; 2 there exist "i > 0; $i > 0,
such that

P fjjbiT jj$ "i g < #i ; T > $i ; i D 1; 2: (5.10)

Then for any #i , 0 < #i < 1, i D 1; 2, there exist " > 0 and $ > 0,
such that

P fjjaT jj$ "g < #; T > $ : (5.11)

Proof. We have for " D "1 C "2

P fjjaT jj < "g $ P fjjb1T jj C jjb2T jj < "g $ P fjjb1T jj < "1; jjb2T jj < "2g
$ P fjjb1T jj < "1g!P fjjb2T jj$ "2g>1!#1!#2 D 1!#; T >$D max.$1; $2/;

implying (5.11). ut
Lemma 5.2. Suppose that Assumptions 2.8, 5.1, and Condition 5.1 for the matrix
AT .’kT/ are fulfilled. Let ’0T be a random variable, ’kT is a consistent estimate of
the regression parameter ’0 2 ‚, where ‚ is some compact set. Assume that for a
given value%k > 0 there exist !k > 0 and Tk > 0 such that P fjjUkT jj$ !kg < %k

for T > Tk, where UkT D ET .’kT ! ’0/. Then for given %kC1 > 0 there exist
!kC1 > 0 and TkC1 > 0 such that

P fjjUkC1;T jj$ !kC1g < %kC1; T > TkC1; (5.12)

where UkC1;T D ET .’kC1;T ! ’0/, ’kC1;T is defined by (5.1) and Algorithm B5.1.

Proof. From (5.1), (5.2) and (5.4) we have

’kC1;T D ’kT ! !kTE"1
T

NQR"1.’kT/E"1
T rS!

T .’kT/: (5.13)

Similarly to (2.26),

E"1
T rS!

T .’kT/ D N̂
T ET .’kT ! ’0/ ! QT ; (5.14)

where QT D E"1
T D0

T .’0/©T , ©T D Œ"1 : : : "T &
0, the matrix ET is defined in

Assumption 5.1.B, N̂
T D T E"1

T ˆT E"1
T , where ˆT is defined by expressions

(2.26), (2.27). If Assumptions 5.1.B.1–5.1.B.3 are satisfied, then by Theorem 2.1
(Anderson 1971)

QT

p
) Q % N.On; "2 NR.’0//; T ! 1: (5.15)

Using (2.27), we can write the elements of N̂
T :

N̂ T
kl.Ÿ1T / D NrT

kl .Ÿ1T /C.ETkET l /
"1

TX

tD1

.yt ! ft .Ÿ1T //
@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌
ˇ
’DŸ1T

; (5.16)

where jjŸ1T ! ’0jj #jj ’kT ! ’0jj, NrT
kl .’/ is an element of matrix NRT .’/, see (5.3).
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We can find the limit in probability of N̂
T in the same way as it was done for ˆT

in Sect. 2.2, see (2.30). Using the mean value theorem, we get the expression for the
second summand in the formula for N̂ T

kl.Ÿ1T / (which we denote by BT ):

BT D B1T ! B2T D .ETkETl/
"1

TX

tD1

"t
@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌

’DŸ1T

!.ETkETl/
"1

TX

tD1

.rft .Ÿ2t //
0.Ÿ2t ! ’0/

@2ft .’/

@˛k@˛l

ˇ̌
ˇ̌

’DŸ1t

;

where jjŸ2T ! ’0jj #jj Ÿ1T ! ’0jj #jj ’kT ! ’0jj. From Assumption 5.1.B.5 and
Chebyshev inequality, it follows that p limT !1.ETkETl/

"1
PT

tD1 "t .@
2ft .’/=

@˛k@˛l / D 0 uniformly in ’ 2 ‚. Then according to Wilks (1962, Chap. 4),
p limT !1 B1T D 0, and we have by consistency of ’kT that p limT !1 Ÿ1T D ’0.

After necessary transformations we get

B2T D .ETkETl/
"1

nX

iD1

%'1t;i

TX

tD1

@2ft .’/

@˛k@˛l

@ft .’/

@˛i
D

nX

iD1

B2T;i ;

where%'1t;i D '1t;i ! ’0, '1t;i is the i th component of !1t . We have

B2T;i # .ETij%'1t;i j/
maxtD1;T j.@ft .’/=@˛i /j’DŸ2t

j
ETi

TX

tD1

ˇ̌
ˇ̌
ˇ.ETkETl/

"1 @2ft .’/

@˛k@˛l

ˇ̌
ˇ̌
’DŸ1t

ˇ̌
ˇ̌
ˇ:

According to Assumptions 5.1.B.1–5.1.B.2 and Lemma 2.1 (Anderson 1971),

maxtD1;T .@ft .’/=@˛i /
2

E2
Ti

! 0 uniformly in ’ 2 ‚ as T ! 1:

Then, since by consistency of ’kT we get p limT !1 !2T D ’0, the second
multiplier in the right-hand side of the inequality for B2T;i converges in probability
to 0. Similarly, by Assumption 5.1.B.4 the third multiplier is bounded.

We have ETij%'1t;i j # jjUkT jj. By the condition of the lemma for jjUkT jj we
obtain P fETij%'1t;i j $ !kg < %k for any T > Tk. Then it is easy to show that
the product of the first and the second multipliers in the right-hand side of the
inequality for B2T;i converges in probability to 0 and, hence, the right-hand side part
of the inequality also converges in probability to 0, implying p limT !1 B2T;i D 0.
Therefore, since p limT !1 B1T D 0, we arrive at p limT !1 BT D 0.

By Assumption 5.1.B.3 and the consistency of Ÿ1T we have p limT !1 NrT
kl

.Ÿ1T / D Nrkl.’
0/ (that is, the (k; l)th element of the matrix NR.’0/). Hence, N̂ T

kl.Ÿ1T /
converges to 0 in probability, which holds for arbitrary k and l .
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Therefore,
p lim

T !1
N̂

T D NR.’0/: (5.17)

From (5.13) and (5.14) we have

UkC1;T D UkT C !kT
NQR"1

T .’kT/.QT ! N̂
T UkT/: (5.18)

We get from (5.2), (5.3)

p lim
T !1

NQRT .’kT/ D NR.’0/; (5.19)

where we used Assumption 5.1.3, Condition 5.1, and boundedness of vkT (see (5.7))
and !kT . Then we derive from (5.18)

UkC1;T D B1T C B2T ;

where

B1T D !kT
NQR"1

T .’kT/QT ;

B2T D .1 ! !kT/UkT C !kT.Jn ! MT .’kT//UkT : (5.20)

Here
MT .’kT/ D NQR"1

T .’kT/ N̂
T : (5.21)

Therefore,
jjUkC1;T jj D jjB1T jj C jjB2T jj: (5.22)

By (5.15) and (5.19), the random variable NQR"1
T .’kT/QT has a limit distribution. Then

for any ı1 > 0 there exist positive values e1 and $1, such that

P fjjB1T jj < e1g $ P fjj NQR"1
T .’kT/QT .’kT/jj < e1g $ 1 ! ı1; T > $1: (5.23)

From (5.20) we get

jjB2T jj# .1 ! !kT/jjUkT jj C !kT jj.Jn ! M.’kT//UkT jj:

By the conditions of the lemma for jjUkT jj,

P f.1 ! !kT/jjUkT jj < e21g $ P fjjUkT jj < e21g $ 1 ! ı21; T > $21; (5.24)

where e21 D !k , ı21 D %k , $21 D Tk .
According to (5.17) and (5.19), the matrix Jn ! M.’kT/ converges in probability

to a zero matrix as T ! 1, i.e. for any Nı > 0; Ne22 > 0,

P fjjJn ! M.’kT/jj < Ne22g $ 1 ! Nı; T > N$:
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Then, since !kT # 1 we have

P f!ktjj.Jn ! MT .’kT//Uktjj < e22g
$ P fjjJn ! MT .’kT/jj &jj Uktjj < e22g

$ P

#
jjJn ! MT .’kT/jj <

e22

e21

$
! P fjjUktjj$ e21g

$ 1 ! ı22; T > $22 D max.$21; N$/;

where ı22 D ı21 C Nı.
Further, put in (5.9) aT D B2T ; b1T D .1 ! !kT/jjUkT jj, b2T D !kT jj.Jn ! MT

.’kT//Uktjj and in (5.10) "i D e2i , #i D ı2i ; $i D $2i , i D 1; 2. Then from (5.11)
we have

P fjjB2T jj$ e2g < ı2; T > $2 D max.$21; $22/; (5.25)

where e2 D e21 C e22; ı2 D ı21 C ı22.
Similarly, using (5.9)–(5.11) for (5.22), (5.23), (5.25) and putting "i D ei , #i D

ıi , i D 1; 2, !kC1 D e1 C e2, %kC1 D ı1 C ı2 we obtain the statement of the
lemma. ut

Let us proceed to the main results.

Theorem 5.1. Suppose that Assumptions 2.8, 5.1 and the Condition 5.1 are ful-
filled. Assume that the initial value of iterative process is a consistent estimate ’0T

of ’0 2 ‚, where ‚ is a compact set. Then the values ’kT , k D 1; 2; : : :, obtained
by Algorithm B5.1, are the consistent estimates of ’0.

Proof. Consider the expression (5.1). Let k be an arbitrary value, and let
’kT be a consistent estimate of ’0. From (5.2), (5.4), (5.5), we have XkT D
!

p
T E"1

T
NQR"1

T .’kT/E"1
T rS!

T .’kT/. According to (5.14), (5.15), (5.17) and (5.19)
we obtain

p lim
T !1

XkT D p lim
T !1

E"1
T

NQR"1
T .’kT/.QT ! N̂

T UkT/ D On:

From the last expression and (5.1), we obtain the consistency of ’kC1;T . Since k is
arbitrary, ’0T is consistent, and v0T is constant, we get (5.2). Theorem is proved. ut
Theorem 5.2. Let conditions of Theorem 5.1 be satisfied, and assume that U0T D
ET .’0T ! ’0/ has a limit distribution. Then QUkT D ET . Q’kT ! ’0/, k=1,2. . . , where
Q̨ kT D ’k"1;T CXk"1;T , are asymptotically normal, i.e. they converge as T ! 1 in
distribution to a random variable U % N.On; "2R"1.’0//. Here ’kT is the sequence
of values formed by Algorithm B5.1.

Proof. Take an arbitrary k $ 1. Then ’kT is the consistent estimate of ’0 (see
Theorem 5.1). According to Lemma 5.2 and the fact that U0T has a limit distribution,
(5.12) holds for any k $ 0. The arguments above allow us to investigate the limit
properties of Q’kC1;T .
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We have
QUkC1;T D .Jn ! MT .’kT//UkT C NQR"1

T .’kT/QT ; (5.26)

where MT .’kT/ is defined by (5.21).
The matrix Jn ! MT .’kT/ converges in probability to a zero matrix, which

implies the convergence in probability of the first term in (5.26) to a zero vector
(cf. (5.12)). According to (5.15) and (5.19), the second term in (5.26) converges
in distribution to a random variable U % N.On; "2R"1.’0//. Thus, QUkC1;T also
converges in distribution to U. Theorem is proved. ut

It is easy to see that Theorems 5.1 and 5.2 hold true for Algorithm B5.2 if the
conditions of Theorem 5.2 are supplemented by the next one: the matrix NRT .’kT/ is
positive definite for any k and T (which is true under Assumption 1.5, Sect. 1.2.1.1,
if we replace D.’/ by DT .’//.

It is necessary to note that for finite k the sequences Q̨ kT and ’kT , k D 1; 2; : : :
are close enough. In the beginning of the iterative process the step multiplier
equals 1, implying Q’kT D ’kT . Under large division of the step, the size !kTXkT

is small, implying Q’kT ' ’kT . The same correspondence takes place for large k
independently from the size of the step multiplier, because XkT ! On as k ! 1.
Such a property of XkT takes place according to Theorem 1.3 (estimation under
constraints using Algorithm A5.1).

A little modification of Algorithms B5.1 and B5.2 allows to obtain the sequence
’kT , k D 1; 2; : : : with the same properties as Q’kT , k D 1; 2; :::. From this point of
view the following result is useful.

Corollary 5.1. Let conditions of Theorem 5.2 be fulfilled, k0 be the number of the
iteration for which !k0T D 1, 8T .k0 $ 0/ and starting from ’k0T Algorithm B5.1
converges. Then for the kth iteration with k > k0 the limit distribution of UkT D
ET .’kT ! ’0/ coincides with the distribution U % N.On; "2R"1.’0//.

Proof. From (5.18) we derive

Uk0C1;T D .JnMT .’kT//Uk0T C NQR.’KT/QT : (5.27)

Since the matrix Jn ! MT .’kT/ converges in probability, the first term in (5.27) also

converges to a zero vector. Taking into account that NQR"1.’kT/QT

p
) U, we obtain

Uk0C1;T

p
) U. Then from (5.15)–(5.18) we derive UkC1;T

p
) U for k > k0 C 1. ut

According to the algorithms investigated above, the iterative process of calculat-
ing the estimate for the multi-dimensional regression parameter allows to achieve
(with prescribed accuracy) the neighbourhood of the point in which the sufficient
condition for the extremum of the cost function ST .’/ in the estimation problem
holds true. Moreover, there is no guarantee that the point where the calculation
process breaks (we call it for simplicity the machine minimum) is close or equal
to the true global minimum. It is known that the solution to the estimation problem,
corresponding to the global minimum of ST .’/, is the consistent estimate of the
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regression parameter, see, for example Jennrich (1969) and Malinvaud (1969),
which is asymptotically normal (Ivanov 2007).

According to Corollary 5.1, machine local minima of ST .’/ are asymptotically
equivalent, if calculation process begins with a random variable which has a limit
distribution. In many cases (Demidenko 1989) ST .’/ has 2–3 local minima and
for any initial approximation it is necessary to find the global minimum. If the
initial estimate of the parameter has a limit distribution, then, as follows from the
results proved in this section, the estimate corresponding to any local minimum is
consistent. In this case, it is desirable to sort local minima and choose one that has
the best (in some sense) matrix consisting of sum of squares of parameter estimates.
As a possible criterion for the choice of such matrix one can take its determinant, i.e.
the generalized dispersion. Other possible criterion follows from the interpretation
of the obtained result from the point of view of the stability of regression parameter
estimations. In Demidenko (1989, Chap. 6, Sect. 4), it is suggested to use the
norm of the gradient @˛iT =@Y, i D 1; n (where ˛iT is the i th component of ’T , Y is
T -dimensional vector of observed values of the dependent variable). It is shown that
if E2

T D T Jn, then jj@˛iT=@Yjj' .R"1
T .’T //ii. Thus, choosing as a solution to the

argument of the machine minimum of the sum of squares, which corresponds to the
minimal trace of the matrix R"1

T .’T /, we get the solution which is steady enough.
By consistency of the estimate at the point of the machine local minimum ’k!;T

(here k! is the iteration number on which the desired accuracy of estimation is
achieved), instead of a matrix "2

T R"1.’k!;T / of m.s.e. of estimates of parameters
we can use more exact estimates (here "2

T is the estimate of the dispersion "2

corresponding to the remainders calculated for ’ D ’k!;T ). For instance, one
can use the estimation that takes into account second derivatives of the regression
function (Demidenko 1981, Sect. 8.3), or an interesting method which requires more
detailed analysis of the regression function (Ivanov 1997, Chap. 4).

The described properties of the iterative process are based on the assumption
about consistency of the initial approximation and the existence of its limit
distribution. The approximation, which satisfies this condition, can be derived by
other methods of parameter estimation. It is possible to specify the area of applied
statistics where such initial approximation exists – modeling of distributed lags.
It can be found by the method of instrumental variables which is applied, for
example, for parameter estimation in dynamic systems (in econometric and in time
series analysis they are also called distributed lags), see Ljung (1987, Sect. 7.6) and
Hannan (1976, Chap. 7).

5.2 Estimation with Inequality Constraints

Consider the statistical properties of iterative calculations performed by Algorithms
A1.1 and A1.2. Recall that these algorithms describe the estimation of parameters of
a nonlinear regression with inequality constraints. Here we give a short description
of Algorithms A1.1, A1.2 modifications. Denote by T the sample volume.
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Algorithm A5.1
We specify regression parameters according to (5.1); the step multiplier used in (5.1) can be found
by (1.36), which can be written as

u.’kT C !kT XkT ; ‰T / " u.’kT ; ‰T / # "!2
kT X0

kT.D0.’kT /D.’kT/ C vkT AT .’kT//XkT ; (5.28)

where u.’kT ; ‰T / D S!
T .’/ C ‰T ˆ.’kT/, and the matrix NQRT .’kT/ is defined by

(5.3). Then the regularization parameter vkT is specified by (5.7). Vector XkT is
the solution to the quadratic programming problem which arises from (1.32) by
multiplying the cost function by T "1 and replacing S.’/ by S!

T .’/, and ’ by ’kT :

8
<

:

1

2
X0 QRT .’kT/X ! q0

T .’kT/X ! min;

G.’kT/X # !g.’kT/:

(5.29)

Here QRT .’kT/ D T "1.D0.’kT/D.’kT/ C vkTAT .’kT//, rg0
i .’kT/; i 2 I , g.’kT/ D

Œg0
i .’kT/&, i 2 I , are the lines of the matrix G.’kT/. According to (5.5), we have

qT .’kT/ D ! rST .’kT/, where ST .’/ D .1=2T /
PT

tD1 .yt ! ft .’//2.
In contrast to (1.32), the supplementary problem (5.29) includes all linearized

constraints (i.e. the case ı D 1), which simplifies further investigations. In practice,
in the auxiliary problem all constraints are taken into account.

Algorithm A5.2
We perform the iterative specification of the estimation of regression parameters by (5.1). The
regularization parameter vkT identically equals to 0. The step multiplier !kT is defined by (5.6),
(5.28). In this algorithm we take QRT .’kT / D T "1D0.’kT/D.’kT/ in case of problem (5.29).

We add to Assumptions 2.2.A and 2.4 about properties of constraints which were
used in Sect. 2.2, the assumptions on properties of the noise "t and regression
functions (see Sect. 5.1). Also, we add one more assumption:

Assumption 5.2. There exists an .m " m/ diagonal matrix NET with positive
elements on the main diagonal, such that for any ’ 2 <n we have p limT !1 NET G.’/
E"1

T D NG.’/, where .m " n/ matrix G.’/ has an element rg0
i .’/ in its i th line.

Further, limT !1
p

T = NETk < 1; k D 1; n, where NETk is the kth element on the
main diagonal of the matrix NET .

The assumption above generalizes Assumption 2.12, see Sect. 2.5. We assume
everywhere below that Assumption 1.2 (on the initial approximation and the
solvability of auxiliary problem (5.29)) holds true.

As before, we assume that the true value of the vector of regression parameters
satisfies the inequality constraints and the equalities (2.14):

gi .’
0/ D 0; i 2 I 0

1 ; gi .’
0/ < 0; i 2 I 0

2 ; I 0
1 [ I 0

2 D I D f1; :::; mg:
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Assume also that in I 0
1 that m1 < n, where n is the number of regression parameters.

We need some auxiliary statements which characterize statistical properties of
iterative procedures of calculations based on Algorithms A5.1 and A5.2.

Lemma 5.3. Suppose that the approximation ’kT obtained by Algorithms A5.1 and
A5.2 on the kth iteration is the consistent estimate of ’0 2 ‚, where ‚ is a compact
set. Suppose also that Condition 5.1 and Assumptions 2.2A, 2.8, 5.1, 5.2 (in case of
using Algorithm A5.2, are fulfilled. Assume that the matrix DT .’/ is of full rank in
any compact set and for any given %k > 0 there exist !k > 0 and Tk > 0 such that

P fjjUkT jj$ !kg < %k; T > Tk; UkT D ET .’kT ! ’0/: (5.30)

Then for the solution to auxiliary problem (5.29) on k C 1th iteration XkT we have

p lim
T !1

XkT D p lim
T !1

NXkT D On; (5.31)

where NXkT D
%p

T
&"1

ET XkT .

Proof. Change the variables:

X D
p

T E"1
T

NX: (5.32)

Then by (5.29)

1

2
NX0 NQRT .’kT/ NX ! Nq0

T .’kT/ NX ! min; NGT .’kT/ NX # !NgT .’kT/; (5.33)

where NQRT .’kT/ is defined in (5.3), Nq0
T .’kT/ is defined in (5.4) and

NGT .’/ D NET G.’/E"1
T ; NgT .’/ D

%p
T
&"1 NET g.’/; (5.34)

where matrices NET , G.’/, E"1
T are defined in Assumption 5.2.

Since the matrix NQRT .’kT/ is positive definite, we have

NQRT .’kT/ D QM0
T .’kT/ QMT .’kT/: (5.35)

Here QMT .’kT/ D Qƒ1=2
T .’kT/ QCT .’kT/, where Qƒ1=2

T .’kT/ is a diagonal matrix with

values NQRT .˛kT/ on the main diagonal, QCT .’kT/ is an orthogonal matrix.
Put

QX D QMT .’kT/ NX: (5.36)

Then we obtain from (5.33)

1

2
QX0 QX ! NQ 0qT .’kT/ QX ! min; NQGT .’kT/ QX # !NgT .’kT/; (5.37)
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where

NQqT .’kT/ D . QM"1
T .’kT//0 NqT .’kT/; NQGT .’kT/ D NGT .’kT/ QM"1

T .’kT/: (5.38)

According to Lemmas 2.6 and 4.8, the solution to (5.37) is given by

QXkT D F. NQqT .’kT/; NQGT .˛kT/; NgT .’kT//: (5.39)

It is continuous in NQqT .’kT/ NQGT .’kT/, NgT .’kT/, which in turn are continuous
functions of ’kT .

From (5.4), (5.5), and taking into account (5.14), we obtain after some transfor-
mations that

NqT .’kT/ D
%p

T
&"1

.QT ! N̂
T UkT/: (5.40)

Further, by (5.40), taking into account (5.15), (5.17), (5.30) and the consistency of
’kT (cf. conditions of the theorem) we arrive at

p lim
T !1

NqT .’kT/ D On: (5.41)

Under Assumptions 2.2A and 5.2,

p lim
T !1

NGT .’kT/ D NG.’0/: (5.42)

By Lemma 2.4 and (5.19),

p lim
T !1

QMT .’kT/ D M.’0/; (5.43)

where M.’0/ D ƒ1=2.’0/C.’0/. Here ƒ.’0/ is a diagonal matrix with elements
R.’0/ on its main diagonal, and C.’0/ is the modal matrix of R.’0/. Then from
(5.38) and (5.41)–(5.43) it follows that

p lim
T !1

NQqT .’kT/ D On; p lim
T !1

NQGT .’kT/ D NQG.’0/: (5.44)

Now we estimate the limit (in probability) of NgT .’kT/. Using the mean value
theorem, we have for the i th components of g.’kT/

gi .’kT/ D gi .’
0/ C rg0

i .!ikT /.’kT ! ’0/;

where the random variable 'ikT 2 <n is such that jj'ikT ! ’0jj #jj ’kT ! ’0jj.
Under the conditions of the lemma and the consistency of ˛kT , we get p limT !1
'ikT D ’0.
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Multiplying both parts of the expression for gi .’kT/ on
%p

T
&"1 NETi, where NETi is

the element on the main diagonal of matrix NET defined in Assumption 5.2, we obtain
for the i th component NgTi.’/ of the vector NgT .’/, i 2 I ,

NgTi.’kT/ D NgTi.’
0/ C

%p
T
&"1 NETirg0

i .! ikT/E"1
T UkT : (5.45)

According to Assumption 5.2 on the continuity of functions gi .’/; i 2 I
(Assumption 2.2.A), and using the consistency of ! iT , we get

p lim
T !1

NETirg0
i .!ikT/E"1

T UkT D NG0
i .’

0/; (5.46)

where NG0
i .’

0/ is the i th line of matrix NG.’0/.
Then taking into account (5.30) we get from (5.45)

p lim
T !1

NgTi.’kT/ D 0; i 2 I 0
1 ;

p lim
T !1

NgTi.’kT/ D lim
T !1

NgTi.’
0/ D gi .’

0/ lim
T !1

ET ip
T

D g0
i .’0/; i 2 I 0

2 : (5.47)

By Assumption 5.2, gi .’
0/ 2 .!1; 0& ; i 2 I 0

1 .
Taking into account (5.44) and (5.47), we derive from (5.39)

p lim
T !1

QXkT D F.On; NQG.’0/; g0.’0// D QXk; (5.48)

where g0.’0/ D Œg0
i .’0/&; i 2 I . According to (5.47), the components g0.’0/ with

indexes i 2 I 0
2 belong to non-positive semi-axis, while the components with indexes

i 2 I 0
1 are equal to 0.

One can show that the vector QXk is the solution to the problem

1

2
QX0 QX ! min; NQG.’0/ QX # !g0.’0/: (5.49)

Since the right-hand side parts of (5.49) are non-negative, we have QXk D On, and
by (5.36) NXkT D QM"1

T .’kT/ QXkT . From here and (5.43), (5.48), we obtain

p lim
T !1

NXkT D On:

Therefore (5.31) follows by (5.2) and Assumption 5.1.6.

Lemma 5.4. Let the conditions of Lemma 5.3 be satisfied and assume that Assump-
tion 2.4 holds true. Then the Lagrange multipliers of auxiliary problem (5.33)
converge in probability to 0 as T ! 1:

p lim
T !1

N(i .’kT/ D N(0
i D 0; i 2 I: (5.50)
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Proof. The necessary and sufficient conditions for the existence of the minimum in
(5.33) are

NQRT .’kT/ NXkT ! NqT .’kT/ C P
i2I

N(i .’kT/ NG0
Ti.’kT/ D On; (5.51)

N(i.’kT/. NG0
Ti.’kT/ NXkT C Ngi .’kT// D 0; N(i.’kT/ $ 0; i 2 I; (5.52)

where NG0
Ti.’kT/ is the i th .i 2 I / line of the matrix NGT .’kT/ defined in (5.33).

From (5.52) and (5.45) we get

N(i .’kT/
%
.
p

T E"1
Ti / NG0

Ti.’kT/ NXkT C gi .’
0/

Crg0
i .ŸikT/E"1

T UkT
'

D0; N(i.’kT/$0; i 2 I: (5.53)

Taking into account Assumptions 5.1 and 5.2, conditions of the lemma and conver-
gence of NXkT to zero (see (5.53)) we get p limT !1 N(i .’kT/ D 0, i 2 I . Hence we
obtain

p lim
T !1

N(i .’kT/ D 0; i 2 I 0
2 : (5.54)

From (5.51) we have system of equations for m1 < n unknown parameters is
X

i2I 0
1

N(i .’kT/ NG0
Ti.’kT/ D NqT .’kT/ ! NQRT .’kT/ NXkT !

X

i2I 0
2

N(i .’kT/ NG0
Ti.’kT/: (5.55)

By (5.19), (5.31), (5.41), (5.42) and (5.54), the right-hand side of (5.55) converges
in probability to 0 as T ! 1. According to (5.42) and Assumption 2.4, the matrix
in the left-hand side of (5.55) converges in probability to a matrix with linearly
independent columns. From here and Lemma 2.5 we obtain p limT !1 N(i .’kT/ D 0,
i 2 I 0

1 , which implies together with (5.54) the limit (5.50). ut

Put viT.’kT/ D
p

T . N(i .’kT/ ! N(0
i / D

p
T N(i .’kT/, i D 1; m, since according to

Lemma 5.4 N(0
i D 0. Denote by V1k;T the vector with components vi .’kT/, i 2 I 0

1 ,
and by V2k;T the vector with components vi .’kT/, i 2 I 0

2 . Below we prove two
lemmas for Vik;T , i D 1; 2, using the arguments similar to those in the proofs of
Lemmas 2.8 and 2.9.
Lemma 5.5. Assume that the conditions of Lemma 5.3 are satisfied.

p lim
T !1

V2k;T D Om1:

Proof. From (5.53) we have

viT

h%p
T E"1

Ti

&
NG0

Ti.’kT/ NXkT C gi .’
0/ C rg0

i .ŸikT/E"1
T UT

i
D 0; i 2 I: (5.56)
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Using (5.31) and that gi .’
0/ < 0 for i 2 I 0

2 , we see that for i 2 I 0
2 the random

variables in square brackets converge in probability to some non-zero constants,
which proves the lemma. ut

We need some more notations. Denote

G.ŸkT/ D

2

66664

rg0
i .Ÿ1kT /

rg0
i .Ÿ2kT /

:::

rg0
i .ŸmkT/

3

77775
;

where the entries ŸkT D ŒŸ0
1kT Ÿ0

2kT : : : Ÿ0
mkT &

0 2 <nm and such that

p lim
T !1

ŸikT D ’0; i 2 I: (5.57)

By (5.57) we have

p lim
T !1

G.ŸkT/ D G.1n ˝ ’0/ D G.’0/; (5.58)

where 1n is the n-dimensional vector with components equal to 1.
Further, denote

NGT .ŸkT/ D

2

66664

NG0
T1.Ÿ1T /

NG0
T 2.Ÿ2kT/

:::
NG0

T m.ŸmkT /

3

77775
D NET G.ŸkT/E"1

T : (5.59)

By (5.46), (5.57), (5.58) we get under Condition 5.2

p lim
T !1

NGT .ŸkT/ D NG.’0/: (5.60)

It follows from (5.60)

p lim
T !1

NG.j /
T .ŸkT/ D NG.j /.’0/; j D 1; 2; (5.61)

where NG.j /
T .ŸkT/ (respectively, NG.j /.’0// is the matrix composed from lines of

matrices NGT .ŸkT/ (respectively, NG.’0// with indexes i 2 I 0
j , j D 1; 2.

Finally, let
NG.j /

T .’/; j D 1; 2; (5.62)

be the matrix, composed from lines of NG0
Ti.’/, i 2 I 0

j , of the matrix NGT .’/ defined
in (5.34).
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Lemma 5.6. Let the conditions of Lemma 5.4 be satisfied. Then for given ık > 0
there exist ek > 0 and $k > 0 such that

P fjjV1k;T jj$ ekg < ık; T > $k: (5.63)

Proof. Since gi .’
0/ D 0, i 2 I 0

1 , we have by (5.53)

V0
1k;T

%
NG.1/

T .’kT/ NNXkT C NG.1/
T .ŸkT/UkT

&
D 0; (5.64)

where NG.1/
T .’kT/ is the matrix defined in (5.62), and NNXkT D

p
T NXkT .

Since NQRT .’kT/ is positive definite, we get by (5.51), (5.14)

NNXkT D NQR"1
T .’kT/¡T .’kT/ ! NQR"1

T .’kT/
%

NG.1/
T .’kT/

&0
V1k;T

! NQR"1
T .’kT/. NG.2/

T .’kT//0V2k;T ; (5.65)

where, according to (5.4) and (5.40),

¡T .’kT/ D
p

T NqT .’kT/ D QT ! N̂
T UkT : (5.66)

Using (5.64), we obtain from (5.65) after necessary transformations

V0
1k;T AT V1k;T ! V0

1k;T hT D 0; (5.67)

where
AT D NG.1/

T .’kT/ NQR"1
T .’kT/. NG.1/

T .’kT//0; (5.68)

and

hT D NG.1/
T .’kT/ NQR"1

T .’kT/QT .’kT/ C Œ NG.1/
T .ŸT / ! NG.1/

T .’kT/

" NQR"1
T .’kT/ N̂

T &UkT ! NG.1/
T .’kT/ NQR"1

T .’kT/. NG.2/
T .’kT//0V2k;T : (5.69)

For the matrix AT we have C0
T AT CT D NT , where CT is the orthogonal matrix,

NT D diag.)1T ; : : : ; )nT/ and )iT is the i th eigenvalue of AT .
By continuity of the elements of G.’/ in ’ and Assumption 5.2, we see that for

the matrices NG.j /
T .’kT/, j D 1; 2,

p lim
T !1

NG.j /
T .’kT/ D NG.j /.’0/; j D 1; 2; (5.70)

where the matrix NG.j /
T .’kT/ is defined in (5.62).
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According to (5.19) and Assumption 2.2, we obtain

p lim
T !1

AT D A D NG.1/.’0/ NR"1.’0/. NG.1/.’0//0:

By Assumptions 2.4, 5.1.3, the matrix A is positive definite, which implies
by Lemma 2.4 that p limT !1 NT D N, p limT !1 CT D C, where N D
diag.)1; : : : ; )n/, )i is the i th eigenvalue of A, C is the orthogonal matrix such
that C0AC D N.

Put Q)iT D )iT , if )iT > 0, and Q)iT D 1 otherwise. Denote NNT D diag
. Q)1T ; : : : ; Q)nT /. In the proof of Lemma 2.9 we obtained that

P fNT D QNT g > 1 ! ı

3
; T > T1: (5.71)

Using the transformation YT D QN1=2
T C"1

T V1T , we obtain from (5.67) (and using
(5.71)) the estimate

P fY0
T YT C 2Y0

T KT D 0g $ P fNT D QNT g > 1 ! ı

3
; T > T1; (5.72)

where KT D .1=2/ QN"1=2
T C0

T hT .
From (5.15), (5.17), (5.19), (5.56), (5.61), (5.70) and Lemma 5.5 we get

hT

p
) NG1.’

0/ NR"1.’0/Q:

Then the limit distribution of KT coincides with the distribution of the m1-
dimensional random variable

K D !1

2
N"1=2C0 NG.1/

.’0/ NR"1.’0/Q N.On; "2Jn/:

Note that the expression (5.72) completely coincides with (2.56). Therefore,
repeating the arguments from the proof of Lemma 2.9, we obtain (5.63). ut
Lemma 5.7. Under the conditions of Lemma 5.4, for given %kC1 > 0, there exist
!kC1 > 0 and TkC1 > 0 such that

P fjjUkC1;T jj$ !kC1g < %kC1; T > TkC1;

where UkC1;T D ET .’kC1;T ! ’0/.

Proof. Put " D "1 C "2 C "3 C "4, with "i > 0 , i D 1; 4. According to (5.65) and
(5.66)

P fjj NNXkT jj$ "g # P fjj NQR"1
T .’kT/. NG.1/

T .’kT//0jj &jj V1k;T jj$ "1g

CP fjj NQR"1
T .’kT/QT jj$ "2g C P fjj NQR"1

T .’kT/. NG.2/
T .˛kT//0V2k;T jj$ "3g

CP fjj NQR"1
T .’kT/ N̂

T UkT jj$ "4g: (5.73)
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The estimate for the first term can be obtained using Lemma 5.6 and following the
proof of (2.67). We only need to replace V1T by V1k;T , and Q̂

T by NQR"1
T .’kT/.

Then, for given ı1 > 0 there exist "1 > 0 and $1 > 0, such that

P
n
jj NQR"1

T .’kT/. NG.1/
T .’kT//0jj &jj V1k;T jj$ "1

o
< ı1; T > $1: (5.74)

Since NQR"1
T .’kT/QT converges in distribution to NR"1.’0/Q, for given ı2 > 0 there

exist "2 > 0 and $2 > 0, such that

P fjj NQR"1
T .’kT/QT jj$ "2g < ı2; T > $2: (5.75)

Taking into account Lemma 5.5, for given "3 > 0 and ı3 > 0 there exists $3 > 0
such that

P fjj NQR"1
T .’kT/. NG.2/

T .’kT//0V2k;T jj$ "3g < ı3; T > $3: (5.76)

For CT D NQR"1
T .’kT/ N̂

T , we have

jjcT UkT jj #jj cT ! Jnjj &jj UkT jj C jjUkT jj:

According to (5.17), (5.19) and (5.30), p limT !1 cT D Jn. Applying to the above
inequality (5.9)–(5.11), we get for given ı4,

P fjj NQR"1
T .˛kT/ N̂

T UkT jj$ "4g < ı4; T > $4; (5.77)

where "4 and $4 depend on ı4.
Combining inequalities (5.74)–(5.77) with (5.73), we obtain that for any ı DP4
iD1 ıi there exist " D P4

iD1 "i and $0 D max1#i#4f$ig, for which

P fjj NNXkT jj$ "g < ı; T > $0:

By (5.1) we have jjUkC1;T jj #jj UkT jj C !kT jj NNXkT jj #jj UkT jj C jj NNXkT jj. Applying
to it the formulas (5.9)–(5.11), by (5.30) and the previous inequality we derive the
statement of the lemma. ut

Now we can formulate the main result of this section.

Theorem 5.3. Assume that:

1. Estimates of regression parameters are calculated by means of Algorithms A5.1
and A5.2.

2. Condition 5.1, Assumptions 2.2A, 2.8, 5.1, 5.2 (in case of using Algorithm A5.2,
the matrix DT .’/ should be of full rank in any point of a compact set) are
satisfied.
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3. The initial value ’0T of the iterative process is the consistent estimate of ’0 2 ‚,
where ‚ is a compact set, and the value U0T D ET .’0T ! ’0/ has a limit
distribution.

Then ’kT , k D 1; 2 : : : are consistent estimates of ’0.

Proof. Let jjUkT jjsatisfy (5.30), and suppose that the estimate ’kT is consistent.
Then we derive from (5.1) and Lemma 5.3 (see (5.31)) that ’kC1;T is also consistent.
Since for jjUkC1;T jj the conditions of Lemma 5.7 hold true, we get from Lemma 5.3
p limT !1 XkC1;T D On. Taking into account that the estimate ’0T is consistent
and k is random, we obtain the statement of the theorem. ut
Corollary 5.2. Under conditions of Theorem 5.3, (5.30) hold for k D 0; 1; 2; : : : :

Proof. For k D 0 the statement is true due to conditions of Theorem 5.3. For k D
1; 2; : : :, the statement follows directly by Theorem 5.3 and Lemma 5.7. ut
Theorem 5.4. Suppose that conditions of Theorem 5.3 are satisfied, Assumption 2.4
is fulfilled, and U0T D ET .’0T ! ’0/ has a limiting distribution. Then the values
QUkT D ET . Q’kT ! ’0/, k D 1; 2; : : : ; where Q’kT D ’k"1;T C Xk"1;T , converge
(in distribution) to the random variable U which is the solution to the quadratic
programming problem

1

2
Z0 NR.’0/Z ! Q0Z ! min; ˇi .Z/ D NG0

i .’
0/Z # 0; i 2 I 0

1 ; (5.78)

where NG0
i .’

0/ is the ith line of the matrix NG.’0/ defined in Assumption 5.2.

Proof. Put
NX D

%p
T
&"1

.Z ! UkT/; UkT D ET .’kT ! ’0/: (5.79)

Substituting NX from (5.79) in (5.33), and taking into account expressions (5.45) and
(5.66), we obtain after some transformations (we drop all terms which do not depend
on Z/

1

2
Z0 NQRT .’kT/Z ! d0

T .’kT/Z ! min; NG0
iT .’kT/Z # li .’kT/; i 2 I: (5.80)

Here NQRT .’kT/ is defined in (5.3),

dT .’kT/ D
% NQRT .’kT/ ! N̂

T .Ÿ1T /
&

UkT C QT ; (5.81)

li .’kT/ D
( NG0

iT .’kT/ ! NG0
Ti.ŸiT /

'
UkT ; i 2 I 0

1 ; (5.82)

li .’kT/ D
( NG0

iT .’kT/ ! NG0
Ti.ŸikT/

'
UkT ! NETigTi.’

0/; i 2 I 0
2 : (5.83)

The solutions to the problems (5.33) and (5.80) are related by

p
T NXkT D ZkC1;T ! UkT ;
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see (5.79), where ZkC1;T is the solution to (5.80). From last formula and (5.32) get

ZkC1;T D ET .’kT C XkT ! ’0/ D ET . Q’kC1;T ! ’0/ D QUkC1;T :

To investigate the statistical properties of QUkC1;T , consider the quadratic program-
ming problem

1

2
Z0 NQRT .’kT/Z ! d0

T .’kT/Z ! min; NG0
iT .’kT/Z # li .’kT/; i 2 I 0

1 : (5.84)

Denote its solution by U!
kC1;T . We show that

U!
kC1;T

p
) U; T ! 1; (5.85)

where U is the solution to (5.78). Let

y D QMT .’kT/Z; (5.86)

where the matrix QMT .’kT/ is defined in (5.35). Using (5.86), we obtain from (5.84)

1

2
y0y ! y0 QdT .’kT/ ! min;

NQG.1/
T .’kT/y # L1.’kT/:

9
=

; (5.87)

Here QdT .’kT/ D . QM"1
T .’kT//0dT .’kT/, NQG.1/

T .’kT/ D NG.1/
T .’kT/ QM"1

T .’kT/, where
the matrix NG.1/

T .’/ is defined in (5.62), and L1.’/ is a vector with components
l1.’/, i 2 I 0

1 . Put y D M.’0/Z, with the matrix M.’0/ defined in (5.43). In this
notation, (5.78) can be rewritten as

1

2
y0y ! y0 QQ ! min; NQG.1/.’0/y # L1.’

0/ D Om1; (5.88)

where NQG.1/.’0/ D NG.1/.’0/ QM"1.’0/, QQ D .M"1.’0//0Q.
The solutions to (5.87) and (5.88), are, respectively,

u!
kC1;T D F. QdT .’kT/; NQG

.1/

T .’kT/; L1.’kT// (5.89)

and

u D F
!

QQ; NQG
.1/

.’0/; L1.’0/

"
: (5.90)

According to Lemmas 2.6 and 4.8, the function F. QdT ; NQG.1/; L1/ is continuous in
QdT D QdT .’kT/, NQG.1/ D NQG.1/.’kT/, and L1 D L1.’kT/, which in turn are continuous
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in ’kT . Under consistency of ’kT (Theorem 5.3) we get, using (5.15), (5.17), (5.19),
(5.43), (5.34), (5.81),

p lim
T !1

NQG.1/.’kT/ D NQG.1/.’0/; QdT .’kT/
p

) QQ; T ! 1: (5.91)

In the limit expression for QdT , we use (5.81) and (5.30), which holds true for any
k $ 1 (cf. Lemma 5.7), and the fact that U0T has a limit distribution. Since ’kT is
consistent we get by (5.82)

p lim
T !1

L1.’kT/ D L1.’
0/ D Om1:

By (5.89), (5.90) and the last three limit expressions we derive u!
kC1;T

p
) u; T !

1. But U!
kC1;T D QM"1

T .’kT/u!
kC1;T and U D M"1.’0/u, which implies (5.85).

Now we obtain the limit distribution of QUkC1;T . Since NQRT .’kT/ is positive
definite, QUkC1;T D U!

kC1;T provided that

U!
kC1;T 2 fZ W NG0

iT .’kT/Z # li .’kT/; i 2 I g:

The relation above takes place when NG0
iT.’kT/U!

kC1;T # li .’kT/, i 2 I 0
2 , since

U!
kC1;T satisfies inequality (5.84). Thus,

P fjj QUkC1;T ! U!
kC1;T jj D 0g D P f NG.2/

T .’kT/U!
kC1;T # L2.’kT/g; (5.92)

where the matrix NG.2/
T .’/ is defined in (5.62), L2.’kT/ is a vector with components

li .’kT/, i 2 I 0
2 .

Put

"T D !Œ NG.2/.’0/U ! NG.2/
T .’kT/U!

kC1;T C . NG.2/
T .’kT/ ! NG.2/

T .ŸkT//UkT &;

where the matrix NG.2/.’0/ is defined in (5.61), and components of ŸkT satisfy the
condition jjŸikT ! ’0jj #jj ’kT ! ’0jj, i 2 I . Since ’kT is consistent, this implies
(5.57), cf. Theorem 5.3.

After simple transformations, the inequality NG.2/
T .’kT/U!

kC1;T # L2.’kT/ can

be rewritten as NG.2/.’0/U C "T # !ET Ng.2/
T .’0/, where Ng.2/

T .’0/ is a vector with
components NgiT .’0/ < 0, i 2 I 0

2 , of NgT .’0/. From here we obtain

P f NG.2/.’0/U C "T # !ET Ng.2/
T .’0/g $ P f NG.2/.’0/U

# !ET Ng.2/
T .’0/;* T # !ET Ng.2/

T .’0/g $
X

i2I 0
2

P f. NG.2/.’0/U/i

# !ETi NgTi.’
0/g !

X

i2I 0
2

P fj*Tij > !ETi NgTi.’
0/g ! m2; (5.93)
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where . NG.2/.’0/U/i and *Ti are i th components of vectors NG.2/.’0/U and *T , and
m2 is the number of elements in the set I 0

2 .
Because ’kT and ŸT are consistent, by Corollary 5.2 and (5.85), we get

p lim
T !1

*T D Omn: (5.94)

From (5.34) we conclude, according to Condition 5.1.B.1, Assumption 5.2 and
formula (2.14), that

! ETi NgTi.’
0/ D !ETi NETip

T
gTi.’

0/ ! 1; T ! 1; i 2 I 0
2 ; (5.95)

see (5.34). By (5.94) and (5.95), for any #1i > 0 there exists +1i > 0 such that

P fj*Tij > !ETi NgTi.’
0/g # #1i ; T > +1i ; i 2 I 0

2 : (5.96)

Further, by (5.95), for any #2i > 0 there exists +2i > 0 for which

P f. NG.2/.’0/U/i # !ETi NgTi.’
0/g $ 1 ! #2i ; T > +2i i 2 I 0

2 :

By (5.93) and (5.96) we obtain for T > +D maxi2I 0
2
.+1i ; +2i /

P f NG.2/.’0/U C "T # !ET Ng.2/
T .’0/g $ 1 ! #1 ! #2; (5.97)

where #1 D P
i2I 0

2
#1i , #2 D P

i2I 0
2
#2i . By (5.92) and (5.97), for any #1 > 0,

#2 > 0

P fjj QUkC1;T ! U!
kC1;T jj D 0g $ 1 ! #1 ! #2; T > + ;

which together with (5.85) implies the statement of the theorem. ut
Changing the algorithm similarly as in Corollary 5.1 (if there are no constraints)

allows to derive the asymptotic distribution of UkT , which is the same as for QUkT for
all k.

Theorem 5.5. Assume that conditions of Theorem 5.4 hold true. Let k0 be the
iteration number, and !k0T D 1, 8T .k0 $ 0/. Assume that starting from the point
’k0T Algorithms A5.1 and A5.2 converge. Then for k > k0 UkT D ET .’kT ! ’0/
converges in distribution as T ! 1 to a random variable U which is the solution
to problem (5.78).

Proof. Consider the problem

1

2
x0 NR.’0/x ! .Q ! NR.’0/U/0x ! min; NG.1/.’0/x # ! NG.1/.’0/U; (5.98)
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where the matrix NG.1/.’0/ consists of the lines of the matrix NG.˛0/ with indexes
i 2 I 0

1 (the matrix NG.’0/ is defined in Assumption 5.2).
Let us find the solution X0 to problem (5.98). Write the dual problem:

1

2
Z0 NG.1/.’0/ NR"1.’0/. NG.1/.’0//0Z

!Q0 NR"1
.’0/ NG.1/.’0/Z ! min; Z $ Om1: (5.99)

Denote by NV1 the solution to (5.99). It is easy to see that dual problem for (5.78)
coincides with (5.99). Hence, NV1 D V1, where V1 2 <m1 is the dual variable for
problem (5.78).

The necessary and sufficient conditions of the existence of a minimum in
(5.98) are ( NR.’0/X0 C NR.’0/U ! Q C . NG.1/.’0//0 NV1 D On;

Nvi . NG.1/
i .’0//0.X0 C U/ D 0; i 2 I 0

1 ;
(5.100)

where Nvi is the Lagrange multiplier, NV is the vector with components Nvi , i 2 I 0
1 .

Further, the necessary and sufficient conditions for the existence of a minimum
in (5.78) are ( NR.’0/U ! Q C . NG.1/.’0//0V1 D On;

vi . NG.1/
i .’0//0U D 0; i 2 I 0

1 ;
(5.101)

where vi is the Lagrange multiplier, and NV is the vector with components Nvi , i 2 I 0
1 .

Since NV1 D V1, we see from the first equations in (5.100) and (5.101) that
NR.’0/X D On. The matrix NR.’0/ is non-degenerate (see Assumption 5.1.B.3),
which implies X0 D On. One can show that X0 satisfies also the second condition
in (5.100). Thus, the solution to (5.98) is

X0 D On: (5.102)

Taking into account (5.40) and (5.45), we can rewrite auxiliary problem (5.33) as:
8
ˆ̂̂
<

ˆ̂̂
:

1

2
x0 NQRT .’kT/x ! .QT ! N̂

T UkT/0x ! min;

NG.1/
T .’kT/x # ! NG.1/

T .ŸT /UkT ;

NG.2/
T .’kT/x # ! NG.2/

T .ŸkT/UkT ! NET g.2/.’0/;

(5.103)

where x D
p

T NX, and g.2/.’0/ is a vector with components gi .’
0/, i 2 I 0

2 .
Consider another problem:

8
<

:

1

2
x0 NQRT .’kT/x ! .QT ! N̂

T UkT/0x ! min;

NG.1/
T .’kT/x # ! NG.1/

T .ŸkT/UkT ;
(5.104)

which differs from (5.103) in the absence of the second group of constraints.
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Denote the solutions to (5.103) and (5.104), respectively, by NNXkT D
p

T NXkT and
X!

kT . Put y D QMT .’kT/x, where the matrix QMT .’kT/ is defined in (5.35). From
(5.104) we get

8
<

:

1

2
y0y ! y0Œ. QM"1

T .’kT//0.QT ! N̂
T UkT/& ! min;

NG.1/
T .’kT/y # ! NG.1/

T .ŸkT/UkT ;

(5.105)

where the matrix NQG
.1/

T .’kT/ is defined in (5.87).
Now put y D M.’0/x, where M.’0/ is defined in (5.43). By (5.98) we arrive at

8
<̂

:̂

1

2
y0y ! y0Œ.M"1.’0//0.Q ! NR.’0/U/& ! min;

NQG
.1/

.’0/y # ! NG.1/.’0/U:

(5.106)

Denote the solutions to (5.105) and (5.106), respectively, by x!
kT and x0. These

solutions are related to the solutions X!
kT (i.e. the solution to (5.104)) and X0 (i.e.

the solution to (5.98)) as follows:

X!
kT D QM"1

T .’kT/x!
kT ; X0 D M"1.’0/x0: (5.107)

Assume that for any k > k0

UkT
p

) U; T ! 1: (5.108)

Taking into account (5.15), (5.17) and the limit (5.91), we get according to

Lemmas 2.6 and 4.8, that if (5.108) holds true, then x!
kT

p
) x0 D M.’0/X0 D On,

T ! 1 (cf. (5.102)). Then, taking into account (5.43), we obtain from (5.107)

p lim
T !1

X!
kT D On: (5.109)

Let us find the limit distribution of the solution NXkT to (5.103) as T ! 1. Since
NQRT .’kT/ is positive definite we have NXkT D X!

kT , provided that X!
kT satisfies the

second system of restrictions in (5.103). Thus, we get the expression similar to
(5.92):

P
n
jj NNXkT ! X!

kT jj D 0
o

D P
n

NG.2/
T .’kT/X!

kT C NG.2/
T .ŸkT/UkT # !ET g.2/.˛0/

o
:

(5.110)
Let

*T D !
h

NG.2/.’0/U ! NG.2/
T .’kT/X!

kT ! NG.2/
T .ŸkT/UkT

i
:

From (5.110) we have

P
n
jj NNXkT ! X!

kT jj D 0
o

D P
˚ NG.2/.’0/U C *T # ! NET Ng.2/.’0/

)
: (5.111)
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Suppose that (5.108) holds true; then it implies (5.109). From the existence of these
limits, consistency of ’kT and ŸkT , and the existence of limits (5.70) and (5.61),
we have p limT !1 *T D On. Then (5.93) implies inequality (5.97). From (5.111),
taking into account (5.97), we obtain

P
n
jj NNXkT ! X!

kT jj D 0
o

$ 1 ! #1 ! #2; T > + ;

where #1; #2 are some positive numbers, such that #1 C #2 < 1. From here and
(5.109), we derive the existence of the limit for the solution to (5.103), provided
that (5.108) holds true:

p lim
T !1

NNXkT D On: (5.112)

We have NXkT D
%p

T
&"1 NNXkT . Then by (5.32) we see that the solution to the

auxiliary problem satisfies
NXkT D E"1

T
NNXkT :

From here and (5.1) we derive

UkC1;T D UkT C !kT
NNXkT :

From the above equality and (5.112) we obtain (note that !kT is bounded)

UkC1;T

p
) U if UkT

p
) U; k > k0: (5.113)

According to Theorem 5.4, the asymptotic distribution of QUk0C1;T coincides with
the distribution of U. But Uk0C1;T D QUk0C1;T . Thus using (5.113) we obtain the
statement of the theorem. ut

Consider now the matrix of m.s.e. of parameter estimates and their biases at
each iteration. We generalize the concept of active and passive constraints for the
estimate ’T , introduced in Sect. 4.2, to its kth iteration ’kT . Then according to (4.8)
and (4.9), the i th constraint on kth iteration is active with accuracy up to ' > 0, if
!' # gi .’kT/ # 0, and is inactive, if gi .’kT/ < !'. The value ' is defined as in
Sect. 4.2, i.e. it satisfies the condition (4.10).

Denote by p
.k/
lT , l D 1; L (where L is the number of possible combinations

of active restrictions) the probability that on kth iteration ’kT corresponds to l th
combination of active restrictions. By Theorem 5.3 on the consistency of ’kT ,
Theorem 4.1 (Sect. 4.2) holds true for p

.k/
lT , l D 1; L, k D 1; 2; : : :.

As it was done in Sect. 4.2, put !.k/
lT D 1 if on kth iteration we obtain l th

combination of active and inactive restrictions, otherwise put !.k/
lT D 0.

Let

#
.k/
iT D

(
1 if ! ' # gi .’kT/ # 0;

0 if gi .’kT/ < !Ÿ;
k D 1; 2; : : : :
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Since for p
.k/
lT , l D 1; L, k D 1; 2; : : : Theorem 4.1 holds true, one can apply

Lemma 4.1 for !.k/
lT , l D 1; L, and #.k/

iT , i 2 I , k D 1; 2; : : :. This implies, in
particular, that

p lim
T !1

#
.k/
iT D 1; i 2 I 0

1 ; p lim
T !1

#
.k/
iT D 0; i 2 I 0

2 : (5.114)

Now we determine the estimate "2
kT of "2 obtained on kth iteration. Similarly to

(4.18), we have

"2
kT D

 
T ! n C

X

i2I

#
.k/
iT

!"1 TX

tD1

.yt ! ft .’kT//2: (5.115)

Theorem 5.6. Assume that Assumptions 2.8, 5.1 and conditions of Theorem 5.5 are
satisfied, ’kT is the consistent estimate of ’0 , and that UkT D ET .’kT ! ’0/ has a
limit distribution. Then p limT !1 "2

kT D "2.

Proof. We have

"2
kT D

 
T

T ! n CP
i2I #

.k/
iT

!
ST .’kT/; ST .’/ D T "1

TX

tD1

.yt ! ft .’//2:

(5.116)
Denote the first multiplier in (5.116) by "2

kT.1/. From (5.114),

p lim
T !1

"2
kT.1/ D 1: (5.117)

By Taylor expansion,

ST .’kT/ D ST .’0/ C rS 0
T .’0/.’kT ! ’0/

C1

2
.’kT ! ’0/0ˆT .’kT ! ’0/; (5.118)

where ˆT is the matrix of second derivatives of the function ST .’/, calculated
in ’ D Ÿ1T . The .k; l/-elements of the matrix ˆT are given in (2.27). Moreover,
jjŸ1T ! ’0jj #jj ’kT ! ’0jj, Ÿ1T 2 <n. Then, since the estimate ’0 is consistent,
we get

p lim
T !1

Ÿ1T D ’0: (5.119)

Since ST .’0/ D T "1
PT

tD1 "2
t , we have by Assumption 2.8

p lim
T !1

ST .’0/ D "2: (5.120)
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According to Sect. 2.2, see (2.31), we have p limT !1 rST .’0/ D On. Taking
into account the consistency of ’kT , we obtain that the second summand in (5.118)
converges in probability to zero as T ! 1.

Consider the third term in (5.118). Denote by N̂
T D T E"1

T ˆT E"1
T the matrix

with .k; l/th elements given in (5.16). In this notation, the third term in (5.118) is
.1=2T /U0

kT N̂
T UkT . By (5.119), there exists the limit (5.17), and, moreover, UkT

has a limit distribution (by assumptions of the theorem). Therefore, the third term
in (5.118) converges in probability to zero, as well as the second term. To complete
the proof, we use (5.120) and (5.117). ut

Following the proofs from Sect. 4.2 and taking into account Theorem 5.6, one
can conclude that all results of Sects. 4.2 and 4.3 remain true for consistent
truncated estimates of the matrix of m.s.e. estimates of regression parameters
K.k/

T D PL
lD1 K.k/

lT !
.k/
lT and their bias ‰

.k/
T D PL

lD1 ‰
.k/
lT !

.k/
lT on kth iteration (for

which conditions of Theorem 5.5 also hold true). Here K.k/
lT is the estimate of

M fUlU0
lg, and ‰

.k/
lT is the estimate of M fUlg. In our notation Ul is the solution

to the quadratic programming problem (4.15).
Consider in detail the truncated sample estimate OKkT of the matrix of m.s.e. of the

regression parameter ’kT , performed on kth iteration. Similarly to (4.53) we have

OKkT D K.k/
lT .RT . O’kT/; Gl . O’kT/; O"kT/;

where l D l. O’kT/ is the number of combinations of active restrictions with accuracy
', which correspond to the estimate O’kT for ’0, calculated on the kth iteration.

According to the expression (5.115) of the sample estimate for "2 we obtain

O"2
kT D

 
T ! n C

X

i2I

O#.k/
iT

!"1 TX

tD1

.yt ! ft . O’kT//2;

where

O#iT D
(

1 if ! ' # gi . O’kT/ # 0;

0 if gi . O’kT/ < !Ÿ:

By definition of K.k/
l ,

OKkT D M f OUkT OU0
kTg; (5.121)

where OUkT is the solution to the problem

1

2
Z0 NRT . O’kT/Z ! OQ0

T Z ! min; NG0
i . O’kT/Z # OmT ; i 2 I. O’kT/:

Here I. O’kT/ D fi W !' # gi . O’kT/ # 0; i 2 I g, mT D jI. O’kT/j is the
number of elements in I. O’kT/, and OQT D E"1

T D0
T .’kT/©T . For large T according to

Assumption 2.8 (Sect. 2.5.1) on the noise in the regression ©T , we may assume that
OQ % N.OT ; O"2

kT
NRT . O’kT//.
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This fact also takes place if T is small, and ©T % N.OT ; "2JT /, i.e. components
of ©T are independent and normally distributed.

For calculation of OKkT by (5.121) one can use the same methods as for the matrix
OKT , defined in (4.56).

In case of no constraints we have according to Theorems 5.2 and 5.6 KkT D
"2

kT
NR"1

T .’kT/ and ‰kT D On. The sample estimate OKkT is obtained from the
expression for KkT when ’kT D O’kT .

It is natural to take as the initial approximation of ’0T the estimate of the
regression parameters under no constraints. Obtained results can also be generalized
to the case of inequality constraints, see the problems (1.74) and (1.75).



Chapter 6
Prediction of Linear Regression Evaluated
Subject to Inequality Constraints on Parameters

In this chapter we investigate statistical properties of the prediction in a regression
with constraints. This problem is very complicated, since even in the case of
linear regression and linear constraints the estimation of parameters is a nonlinear
problem. Especially, the problem of interval prediction, i.e., of finding the confi-
dence interval for the estimated value, is highly non-trivial. In Sect. 6.1 the interval
prediction is constructed based on the distribution function of the prediction error,
whose parameters are the true regression parameter ’0 and the variance !2 of the
noise. Section 6.2 is devoted to the interval prediction based on the conditional
distribution function of the prediction error.

6.1 Dispersion of the Regression Prediction with Inequality
Constraints: Interval Prediction Under Known
Distribution Function of Errors

In this section we investigate statistical properties of the prediction of dependent
variable in the linear regression yt D x0

t ’ C "t with constraints g0
i ’ ! bi " 0,

i D 1; m. We construct the prediction for the moment t D " > T , where T is
the number of observations, i.e., Oy" D x0

"’T . The true value of the prediction is
y" D x0

"’0 C "" , and the error is of the form

#" D Oy" ! y" D x0
" .’T ! ’0/ ! "" : (6.1)

Here ’T is the solution to the problem (4.58), see Sect. 4.4.
Considering that the regressor has a trend and satisfies Assumptions 2.9 and

2.11, and that constraints satisfy Assumptions 2.10 and 2.12, we can transform
this problem. Using the notation introduced in Assumption 2.12, we can write the
problem of finding ’T as follows:

1

2
Y0RT Y ! Y0QT ! min; QGT Y " ET .b ! G’0/; (6.2)

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0 6, © Springer Science+Business Media, LLC 201
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where

Y D ET .’ ! ’0/; QT D E!1
T X0

T ©T ; (6.3)

and XT D Œx1 x2 : : : xT $
0, ©T D Œ"1 "2 : : : "T $

0.
Put Y D LT Z, where the transformation matrix is

LT D CT M!1=2
T H0

T …T : (6.4)

Then we obtain from (6.2) the minimization problem

1

2
Z0Z ! Z0P" ! min; NT Z " ET .b ! G’0/; P" # N.On; !2Jn/; (6.5)

where NT D ŒBT

:::Om;n!m$, and the triangular matrix BT was determined in
Sect. 4.6.1 (note that in Sect. 4.6.1 index T in BT was omitted). Taking into account
(6.3), we have

P" D L0
T QT D L0

T E!1
T X0

T ©T : (6.6)

Matrices CT ; MT ; HT used in (6.4) were introduced in Sect. 4.6.1 for transforming
the problem (4.149), and …T D

h Q…T Om;n!m

On!m;m Jn!m

i
, see Sect. 4.6.1 for the definition of

the diagonal matrix Q…T .
By Assumption 2.8 we derive that the prediction dispersion is given by

ı2
" D Ef. Qy" ! y"/2g D x0

" .Ef.’T ! ’0/.’T ! ’0/0g/x" C !2; (6.7)

where Ef.’T ! ’0/.’T ! ’0/0g D E!1
T K0

T E!1
T . Here K0

T D EfUT U0
T g and

UT D ET .’T ! ’0/ are the normalized matrix of m.s.e. of the regression parameter
estimate, introduced in (4.111); the matrix ET is defined in Assumption 2.8.

According to Sect. 4.1 and Theorem 4.3, the expectation of the prediction is
Ef Oy"g D x0

"Ef’T g ¤ x0
"’0 D y" , as Ef’T g ¤ Ef’0g. Thus, in contrast to

the prediction in the regression without constraints, in general prediction is biased.
Define the confidential interval for the true value of y" . For this we find the

distribution of the prediction error #" under the assumption that the regression errors
are normally distributed, i.e., Assumption 4.1 holds true. From (6.1) we have

#" D !w0
"VT ! "" ; (6.8)

where w" D L0
T E!1

T x" , the matrix LT is defined in (6.4); VT D L!1
T ET .’T !’0/=!

is the solution to the problem

1

2
Z0Z ! U0Z ! min; NT Z " !!1ET .b ! G’0/; U # N.On; Jn/; (6.9)

which follows from (6.5) by division of the cost function by !2 and by division of
both parts of the constraints by ! . In (6.9) we have VT D L!1

T ET .’ ! ’0/=! .
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According to Sect. 4.6.1, we have in (6.9) U D
h

u
U

i
, where u 2 <m, U 2 <n!m.

Let w" D
h

w1"

w2"

i
, VT D

h
V1T

V2T

i
, where w1" 2 <m, w2" 2 <n!m; V1T 2 <m,

V2T 2 <n!m, and V2T D U. V1T is the solution to the problem

1

2
z0z ! u0z ! min; u # N.Om; Jm/; BT z " !!1ET .b ! G’0/: (6.10)

Using this notation we obtain from (6.8)

#" D !w0
"VT ! "" D #1" C #2" ; #1" D !w0

1"V1T ; #2" D !w0
2"V2T ! "" :

(6.11)

Independence of V1T and V2T D U follows from the independence of u and U,
since V1T is the function of u. This property of V1T and V2T implies independence
of #1" and #2" in (6.8). Therefore the distribution function of #" is the convolution
of distribution functions of #1" and #2" .

Denote the distribution functions of #" , #1" , and #2" , respectively, by F".x/ D
P f#" " xg, F1" .x/ D P f#1" " xg, F2" .x/ D P f#2" " xg.

Theorem 6.1. Under Assumptions 2.9, 4.1, and 4.2, the distribution function of the
prediction error #" D Qy" ! y" is a convolution of functions F1" .x/ and F2" .x/

F" .t/ D
Z 1

!1
F1" .t ! x/dF2" .x/: (6.12)

Let % D P fl1 " #" " l2g, where l1 and l2 are determined as the solutions to the
minimization problem

l2 ! l1 ! min; F" .l2/ ! F".l1/ D %; l2 $ l1;

where F".x/ is given by (6.12).
Then the confidential interval for y" can be found from the inequality

l1 " #" " l2, where #" D Qy" ! y" W Qy" C l2 " y" " Qy" C l1.
Let us compare the accuracy of prediction by regression with (respectively,

without) the constraints on parameters. When the regression parameter is estimated
by the least squares estimates method (LS) without constraints, the dispersion of the
estimate is given by

Qı2
" D x0

" .Ef.’"
T ! ’0/.’"

T ! ’0/0g/x" C !2; (6.13)

where Ef.’"
T ! ’0/.’"

T ! ’0/0g D E!1
T

QK0
T E!1

T , ’"
T is the LS estimate of the

regression parameter. Here QK0
T D !2RT is the normalized matrix of m.s.e of the

estimate ’"
T .

By (6.7) and (6.13) we have Qı2
" ! ı2

" D x0
"E!1

T . QK0
T ! K0

T /E!1
T x" . From this

expression we see that the difference of the dispersions of prediction is completely
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determined by the difference of matrixes of m.s.e. of the estimate of regression
parameters QK0

T ! K0
T . In case of one constraint this difference QKT ! KT was

investigated in Theorem 4.7, under the assumption that in QKT and KT the same
estimate for !2 is used. According to Sect. 4.7, Theorem 4.7 will remain in true if
we replace QKT and KT , respectively, with K0

T and QK0
T . Thus we obtain the theorem

formulated below.

Theorem 6.2. If m D 1 and Assumptions 2.9, 4.1, and 4.2 hold true, then

(a) Qı2
" ! ı2

" $ 0 for n > 1

(b) Qı2
" ! ı2

" > 0 for n D 1

(c) Qı2
" ! ı2

" > 0 for n > 1; provided that the first component of the n-dimensional
vector ‰" D …T HT M!1=2

T C0
T E!1

T x" is not equal to zero

Denote estimates of prediction dispersions given in (6.7) and (6.13), respectively,
by d 2

" and Qd 2
" . Comparing these estimates we assume, as in Sects. 4.6 and 4.7, that

they are calculated with the same estimate of the dispersion of the noise !2
T . Then

we obtain d 2
" D x0

"E!1
T KT E!1

T x" C !2
T , Qd 2

" D x0
"E!1

T
QKT E!1

T x" C !2
T , implying

that Qd 2
" ! d 2

" D x0
"E!1

T . QKT ! KT /E!1
T x" . The result below follows from the above

expression and Theorem 4.7.

Theorem 6.3. Let m D 1, and assume that Assumptions 2.9, 4.1, and 4.2 hold true.
Then

(a) Qa2
" ! d 2

" $ 0 for n > 1

(b) Qb2
" ! d 2

" > 0 for n D 1
(c) Qc2

" ! d 2
" > 0 for n > 1, if the first component of the n-dimensional vector ‰" D

…T HT M!1=2
T C0

T E!1
T x" is not equal to zero

If there are two constraints, then one can conclude about the accuracy of the
prediction from the theorem below.

Theorem 6.4. If m D 2, and Assumptions 2.9, 4.1, and 4.2 hold true, then
Qd 2
" ! d 2

" $ 0, provided that the dispersion is calculated as d 2
" D x0

"E!1
T Ktr

T E!1
T

x" C !2
T .

Proof. The statement of the theorem follows from Qd 2
" ! d 2

" D x0
"E!1

T . QKT !
Ktr

T /E!1
T x" and Theorem 4.9. ut

Let us replace in (6.7) and (6.13) !2 with its estimate: when the estimation is
performed under constraints, we replace !2 with !2

T , and when the estimation is
performed without constraints, we replace !2 with .!"

T /2. We obtain the following
expressions for dispersions of the prediction:

with restrictions: d 2
" D x0

"E!1
T KT E!1

T x" C !2
T

without restrictions: Qd 2
" D x0

"E!1
T

QKT E!1
T x" C .!"

T /2

Theorem 6.5. If Assumptions 2.9, 2.11, 4.1, and 4.2 hold true, then p limT !1. Qd 2
" !

d 2
" / ! 0.
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Proof. From two formulas above we derive

Qd 2
" ! d 2

" D x0
"E!1

T . QKT ! KT /E!1
T x" C .!"

T /2 ! !2
T :

Note that QKT is the consistent LS estimate of the covariance. According to
Theorem 4.6, the matrix KT is the consistent estimate of the m.s.e. of the parameter
estimate (under constraints). Therefore, the difference QKT ! KT has a limit in
probability as T ! 1. Under Assumption 2.11, E!1

T x" ! On as T ! 1, which
implies that the first term in the expression for Qd 2

" ! d 2
" converges in probability to

zero. Taking into account that both .!"
T /2 and !2

T are the consistent estimates of !2

(see Lemma 4.10 for !2
T /, we arrive at the statement of the Theorem. ut

According to Theorem 6.5, when the sample size increases, the difference in
accuracy of the prediction with and without constraints decreases.

Except the interval prediction, the results obtained in this section can be applied
for samples with arbitrary size, provided that the noise is normally distributed. It
is also possible to apply these results for large samples if the noise is not normally
distributed, but satisfies Assumption 2.8, because in this case the random variable U
in (6.9) is normal.

Described method of determining the confidence interval for the prediction is
based on the calculation of the error function under the condition that the right-hand
side in (6.10) is known, i.e., it is assumed that dispersions of !2 and ’0 are known.
If these values are unknown, one should replace them with the corresponding
estimates. In this case the right-hand side of inequality (6.10) depends on the
estimates ’0 and !2. We consider this problem in the next section.

6.2 Interval Prediction Under Unknown Variance of the Noise

6.2.1 Computation of the Conditional Distribution
Function of the Prediction Error

To determine the confidence interval for the dependent variable OyT C& D x0
T C&’T ,

we find the distribution function of ‚T C& D #T C&=!
"
T , where T C & D " , & > 0 is

an integer, and .!"
T /2 is the estimate of the dispersion !2 of the noise by LS, i.e.,

.!"
T /2 D

PT
tD1 .yt ! x0

t ’
"
T /2

T ! n
D ©0

T aT ©T

T ! n
; (6.14)

where ’"
T is the estimate of ’0 by LS (without constraints); ©T D Œ"1; "2; : : : ; "T $

0;
aT D JT ! XT .X0

T XT /!1X0
T is the idempotent matrix, whose trace is equal to

T ! n.
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From (6.1) we have

‚T C& D #T C&

!"
T

D x0
T C& .’T ! ’0/

!"
T

! "T C&

!"
T

: (6.15)

Set

PT C& D
!

P1

P2;T C&

"
D

!
P"

"T C&

"
; P" D

!
P"

1

P"
2

"
; P2;T C& D

!
P"

2

"T C&

"
; (6.16)

where PT C& 2 <nC1, the vector P" is defined in (6.5), and P1; P"
1 2 <m, P1 D P"

1 ,
P2;T C& 2 <nC1!m, P"

2 2 <n!m.
Denote

PT C& D 1

!"
T

PT C& ; pT D P1T D 1

!"
T

P1; P2;T C& D 1

!"
T

P2;T C& : (6.17)

Divide the objective function of the problem (6.5) by .!"
T /2 , and both parts of

its constraints by !"
T . Further, in the left-hand side of the constraint we replace

’0 by ’T . After such transformations, we come from (6.5) to the problem

1

2
Z0Z ! Z00P"

.!"
T /!1 ! min; NT Z " .!"

T /!1ET .b ! G˛T /; (6.18)

where Z D L!1
T ET .’ ! ’0/=!"

T .
In order to solve (6.18) we fix for a concrete sample the right side of its constraint.

Replacing in the constraints the random variables !"
T and ’T with their estimates,

we can rewrite the problem as

1

2
Z0Z ! Z0P"

.!"
T /!1 ! min; NT Z " ObT ; ObT D . O!"

T /!1ET .b ! G˛T /: (6.19)

As it was done in Sect. 6.1, we represent the solution VT to the problem (6.19) in
the form of two subvectors VT D

h
V1T

V2T

i
, where V1T 2 <m, V2T 2 <n!m. From

(6.19) and the structure of the matrix NT (see the comments to (6.5)), we see that
V2T D .1=!"

T /P"
2 2 <n!m, V1T is the solution to the problem

1

2
z0z ! p0

T z ! min; BT z " ObT ; (6.20)

where z 2 <m, and the vector pT 2 <m is defined in (6.17).
Further we regard the distribution V1T as conditional, assuming that ObT is fixed.

Proposition 6.1. Suppose that Assumption 4.1 holds true. Then the vector PT C& ,
determined in (6.17), has n C 1 dimensional Student distribution with q D T ! n
degrees of freedom.
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Proof. From (6.6) and (6.16) we have

PT C& D
!

P"

"T C&

"
D

!
L0

T E!1
T X0

T On1

O1T !1

"
©T ; where ©T D

!
©T

"T C&

"
:

Let us show that PT C& does not depend on !2
T . From (6.14) we obtain .!"

T /2 D
©0

T aT ©T =T ! n, where aT D
h

aT OT1

O1T 0

i
. Taking into account this expression for

aT one can show that the product of matrices LT aT D
h

L0
T E!1

T X0
T On1

O1T !1

i
aT is a zero

matrix OnC1;T C1. Then according to Demidenko (1981, Appendix P.5), PT C& and
.T ! n/.!"

T /2 are independent.
On the other hand, according to Assumption 4.1, components ©T are

independent and normally distributed: ©T # N.OnC1; !
2JnC1/, and the trace

of the matrix aT is tr aT D T ! n. Thus, Ef©0
T aT ©T g D .T ! n/!2.

Therefore Ef..!"
T /2/=!2g D 1, which implies that .!"

T /2 has '2 distribution
with q D T ! n degrees of freedom. By (6.17) we have PT C& D PT C&=!

"
T ,

which implies the statement of the proposition. ut
Thus, PT C& # T .OnC1; .q=q ! 2/JnC1/, where T .M1; M2/ denotes multi-

dimensional Student distribution with expectation M1 and covariance matrix M2.
By (6.16) and (6.17), PT C& 2 <nC1 can be written in the form

PT C& D

2

666666664

pT

pmC1;T

pmC2;T

:::

pnT

pnC1;T C&

3

777777775

D
!

P1T

P2;T C&

"
; (6.21)

where pT D P1T 2 <m, pnC1;T C& D "T C&=!
"
T . Moreover,

P2;T C& D

2

666664

pmC1;T

:::

pnT

% % %
pnC1;T C&

3

777775
D

2

4
P"

2 =!"
T

% % %
pnC1;T C&

3

5 :

According to Zellner (1971, Chapter 12), P2;T C& , which is a marginal of the vector
PT C& , has the multi-dimensional Student distribution with q degrees of freedom:

P2;T C& # T

#
On!1;

q

q ! 2
Jn!1

$
: (6.22)
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Denote

AT C& D
!

L0
T E!1

T xT C&

!1

"
D

!
A1;T C&

A2;T C&

"
; (6.23)

where A1;T C& 2 <m, A2;T C& 2 <nC1!m.
From (6.15) and (6.23) we have

‚T C& D A0
1;T C&V1T C A0

2;T C&P2;T C& : (6.24)

Set

#T C& D A0
2;T C&P2;T C&

jjA2;T C& jj
: (6.25)

According to (6.16), P2;T C& D !"
T P2;T C& # N.OnC1!m; !2JnC1!m/, which implies

that

eT C& D A0
2;T C&P2;T C&

jjA2;T C& jj
# N.0;! 2/: (6.26)

After some transformations we arrive at

#T C& D eT C&=!

!"
T =!

: (6.27)

But eT C&=! # N.0; 1/, and the random variable .!"
T /2=!2 has the '2 distribution

with q D T ! n degrees of freedom. Therefore we derive from (6.27) that #T C&

has one-dimensional Student distribution with q degrees of freedom. From (6.24) to
(6.27) we obtain

‚T C& D A0
1;T C&V1T C jjA2;T C& jj#T C& : (6.28)

Suppose that we have no constraints. In this case, the solution to (6.20) is V1T D
pT . According to Zellner (1971, Chap. 12), the distribution of the m-dimensional
vector pT is the marginal distribution of the vector PT C& # T .OnC1; .q=q !
2/JnC1/. Thus, pT # T .Om; .q=q ! 2/Jm/. By (6.21), (6.25) and Assumption
6.1, # is not correlated with pT . Thus, in this case (see Zellner 1971, Chap. 12),
‚T C& D jjAT C& jj(T C& , where (T C& # T .0; q=q ! 2/. Using (6.23) we obtain
jjAT C& jj2 D 1 C x0

T C&E!1
T LT L0

T E!1
T xT C&D1 C x0

T C&R!1
T xT C& . Finally, by

(6.15), the standardized prediction error )T C&=!
"
T .1 C x0

T C&R!1
T xT C& /

1=2 has one-
dimensional Student distribution with q degrees of freedom. We note that the
denominator in this fraction is the estimate of the m.s.e. of the prediction.

Thus, in case of no constraints we obtained from (6.28) the known result used
for finding a confidence interval for prediction of the dependent variable in classical
regression analysis (Demidenko 1981, * 2.2):

OyT C& ! d" tp.q/ " yT C& " OyT C& C d" tp.q/; (6.29)
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where d 2
" D .!"

T /2.1 C x0
T C&R!1

T xT C& / is the estimate of the prediction dispersion,
tp.q/ is the p-quantile of Student distribution with q degrees of freedom, defined
by P ft > tp.q/g D p.

Set

UT C& D ! A0
1;T C&

jjA2;T C& jj
: (6.30)

By (6.28), the distribution function of ‚T C& is equal to

FT C& .h/ D P f‚T C& " hg D P f!U0
T C&V1T C #T C& " H g; (6.31)

where H D H.h/ D h=jjA2;T C& jj.
Introduce the sets

ˆ0 D fz W BT z " bT ; z 2 <mg;

ˆ D ˆ.h/ D fZ W zmC1 " U 0
T C&z C H.h/ D L

.m/
mC1;1.z; h/; z 2 <mg;

H.h/ D h

jjA2;T C& jj
; (6.32)

and

!0 D fZ W BT z " bT ; z 2 <m; Z 2 <mC1g;
!i D fZ W BT z " bT ; z 2 <m; Z 2 <mC1g; i D 1; m;

!ij D !i \ !j ; .i; j / 2 ‰2; j‰2j D C 2
m;

!ijk D !i \ !j \ !k; .i; j; k/ 2 ‰3; j‰3j D C 3
m; : : : ;

!12:::m D fZ W BT z " b; z 2 <m; Z 2 <mC1g; (6.33)

where z D Œz1 : : : zm$
0, Z D Œz

::: zmC1$
0, j‰i j, iD2; 3; : : : ; is the number of elements

in +i , and C i
m, i D 2; 3; : : : is the number of combinations from m elements in i .

In (6.32) and further the indexes of the linear function Lij.%/ denote the following:
i is the number of the variable, which is determined by this function, i " m C 1; j
is the number of the function (the numeration is done inside the variable), the upper
index m is determined by the number of constraints in the estimation problem.

Set

!i D !i \ ˆ \ ˆ0; i D 1; mI !ij D !ij \ ˆ \ ˆ0; .i; j / 2 ‰2I !ijk

D !ijk \ ˆ \ ˆ0; .i; j; k/ 2 ‰3I : : : ;
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According to (6.31), the distribution function of ‚T C& can be written in this notation
as follows:

FT C& .h/ D
mX

iD0

Z

z2!i

,i .z/dz C
X

.i;j /2+2

Z

z2!ij

,ij.z/dz

C
X

.i;j;k/2+3

Z

z2!ijk

,ijk.z/dz C % % % C
Z

z2!12:::m

,12:::m.z/dz; (6.34)

where ,i.z/; i D 0; mI,ij.z/; .i; j / 2 ‰2I,ijk.z/; .i; j; k/ 2 ‰3I : : : ; ,12:::m.z/ are,
respectively, the densities of probability distributions supported in the sets !i ; i D
0; mI !ij; .i; j / 2 ‰2I ! ijk; .i; j; k/ 2 ‰3I : : : I !12:::m.

Making orthogonal transformations of the space of regression parameters,
described in Sect. 4.6.2, one can calculate FT C& .h/ using (6.34) for m " 3 and
arbitrary dimension n of the regression parameter.

6.2.2 Calculation of Confidence Intervals for Prediction

Suppose that % is the (assigned) probability with which the confidence interval
covers yT C& , i.e., % D P fl‚.%1/ " ‚T C& " l‚.%2/g, where ‚T C& is determined
in (6.31), l‚.%1/ and l‚.%2/ are the quantiles of orders, respectively, %1 and %2,
related to ‚T C& , and let % D %1 ! %2. Assume that the probabilities %1 and %2 (and,
consequently, the quantiles l‚.%1/ and l‚.%2// are unknown.

Taking into account (6.15), the confidence interval for yT C& is of the form

y"
T C& C !"

T l‚.%1/ " yT C& " y"
T C& C !"

T l‚.%2/: (6.35)

In the particular case when there are no constraints, we obtain from (6.35) and (6.29)

l‚.%1/ D !tp.q/.1Cx0
T C&R!1

T xT C& /
1=2; l‚.%2/ D tp.q/.1Cx0

T C&R!1
T xT C& /

1=2:

Moreover, we get %1 D p=2, %2 D 1 ! .p=2/, % D 1 ! p.
In the general case one can find the values l1‚.%1/ and l2‚.%2/ in (6.35) by

solving the problem

8
ˆ̂<

ˆ̂:

l‚.%2/ ! l‚.%1/ ! min;

FT C& .l‚.%2// ! FT C& .l‚.%1// D %;

l‚.%2/ $ l‚.%1/;

where the distribution function FT C& .h/ of ‚T C& is given by (6.31).
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The above algorithms are implemented (using Mathcad) when the number
of constraints m is 1 or 2. Calculations for the real data and computer
simulations show that in case of inequality constraints the prediction error is
smaller and the confidence interval is more accurate (see Korkhin and Minakova
2009).
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Chiang Tse-pei (1959), Dorogovtsev (1975, 1976, 1982, 1992), Jennrich (1969),
Pfanzagl (1969), Dzhaparidze and Sieders (1987), Ibramhalilov and Skorokhod
(1980), Ivanov and Leonenko (1989), Knopov (1980), Grenander (1950), Heble
(1961), Ibragimov and Has’minskii (1981), Ibragimov and Linnik (1971), Wald
(1949), Walker (1973), Prakasa Rao (1987), Yadrenko (1980), Zwanzig (1997)
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