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Preface

Regression analysis has quite a long history. It is conventional to think that it goes
back to the works of Gauss on approximation of experimental data. Nowadays,
regression analysis represents a separate scientific branch, which is based on
optimization theory and mathematical statistics. Formally, there exist two branches
of regression analysis: theoretical and applied.

Up to recent time, developments in regression analysis were based on the
hypothesis that the domain of regression parameters has no restrictions. Divergence
from that approach came later on when equality constraints were taken into
account, which allowed use of some a priori information about the regression
model. Methods of constructing the regression with equality constraints were first
investigated in Rao (1965) and Bard (1974).

Usage of inequality constraints in a regression model gives much more pos-
sibilities to utilize available a priori information. Moreover, the representation of
the admissible domain of parameters in the form of inequality constraints naturally
includes the cases when constraints are given as equalities.

Properties of the regression with inequality constraints are investigated in many
papers, in particular, in Zellner (1971), Liew (1976), Nagaraj and Fuller (1991) and
Thomson and Schmidt (1982), where some particular cases are considered. Detailed
qualitative analysis of the properties of estimates in case of linear regression with
linear constraints is given in the monograph (Malinvaud 1969, Section 9.8).

Asymptotic properties of the estimates of regression parameters in regression
with finite number of parameters under some known a priori information are studied
in Dupacova and Wets (1986), Knopov (1997a—c), Korkhin (1985), Wang (1996),
etc. We note that the results obtained in Korkhin (1985) and Wang (1996) under
different initial assumptions, almost coincide. There are many results concerning
practical implementation of regression models with inequality constraints, for
example, Liew (1976), Rezk (1996) and McDonald (1999), Thomson (1982),
Thomson and Schmidt (1982). This problem was also studied in Gross (2003,
Subsection 3.3.2).

In this monograph, we present in full detail the results on estimation of unknown
parameters in regression models under a priori information, described in the form
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of inequality constraints. The book covers the problem of estimation of regression
parameters as well as the problem of accuracy of such estimation. Both problems
are studied is cases of linear and nonlinear regressions. Moreover, we investigate
the applicability of regression with constraints to problems of point and interval
prediction.

The book is organized as follows.

In Chapter 1, we consider methods of calculation of parameter estimates in linear
and nonlinear regression with constraints. In this chapter we describe methods
of solving optimization problems which take into account the specification of
regression analysis.

Chapter 2 is devoted to asymptotic properties of regression parameters estimates
in linear and nonlinear regression. Both cases of equality and inequality constraints
are considered.

In Chapter 3, we consider various generalizations of the estimation problem
by the least squares method in nonlinear regression with inequality constraints on
parameters. In particular, we discuss the results concerning robust Huber estimates
and regressors which are continuous functions of time.

Chapter 4 is devoted to the problem of accuracy estimation in (linear and
nonlinear) regression, when parameters are estimated by means of the least squares
method.

In Chapter 5, we discuss/consider statistical properties of estimates of parameters
in nonlinear regression, which are obtained on each iteration of the solution to the
estimation problem. Here we use algorithms described in Chap. 1. Obtained results
might be useful in practical implementation of regression analysis.

Chapter 6 is devoted to problems of prediction by linear regression with linear
constraints.

Kiev, Ukraine Pavel S. Knopov
Dnepropetrovsk, Ukraine Arnold S. Korkhin
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LS
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Omn
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1,
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P
=

e ~ N(M;, M)

Mean square error

Estimate of the regression parameter my means of the least
squares method with equality constraints

Cardinality of the set /

Estimate of the regression parameter my means of the least
squares method with inequality constraints

Unit matrix of order n

Least squares method

Estimate of the regression parameter my means of the least
squares method without restrictions

Transposition of a matrix (vector) M

Zero (m x n) matrix

Zero n-dimensional vector

Means convergence in probability

n— dimensional vector with entries equal to 1

Euclidean norm of a vector (matrix)

Convergence in distribution
€ has a normal distribution with mean M, and covariance M,
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Chapter 1
Estimation of Regression Model Parameters
with Specific Constraints

Consider the regression
vi=fxn o) e, =12, (1.1)

where y; € R! is the dependent variable, x, € R¢ is an argument (regressor),
o’ € R" is a true regression parameter (unknown), f(X;,a) is some (nonlinear)
function of «, &; is a noise, and ¢ is an observation number.

In what follows the symbol */” denotes the transposition.

We will use the function f(x;,«), where « € 9" is a dependent variable, for
estimation of o” and for investigation of the obtained estimates.

For convenience we write

file) = f(x,@), 1=12,... (1.2)

and call such a function the regression function.
Assume that a priori parameter constraints are known:

gi(@”) <0, i=T1m. (1.3)

System of inequalities (1.3) involves equalities as a particular case due to the fact
that any equality can be represented in the form of two inequalities:

gi(@’) <0 and —gi(a”) <0.
Suppose that for ¢ € [1,7] the values of y, and x;, € N" are known. In the

present chapter the estimation of the parameter o’ will be done by means of the
least squares method, i.e.

T
1 .
Se) =53 (e = fil@))’ — min, (1.4)
t=1
P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter 1
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2 1 Estimation of Regression Model Parameters with Specific Constraints

under the constraints

gi(e) <0, i=1,m, (1.5)

where T is the length of the observed dynamic (time) series X; and y;.

Since the case of the linear regression and linear constraints on « is extremely
important and is used for nonlinear estimation algorithms, it will be discussed
separately in Sect. 1.1.

Section 1.2 is dedicated to nonlinear estimation, i.e., to solving the problems (1.4)
and (1.5) under rather general setting. Section 1.3 is dedicated to the perspective
for economical applications in the case when the multivariate linear regression
parameter with nonlinear equality constraints is analysed.

1.1 Estimation of the Parameters of a Linear Regression
with Inequality Constraints

Assume that in (1.2) fi(a) = f,(x,,oc) = xja,r = 1,2,... and take in (1.5)
gi(o) = gia,i = 1,m, where g; € 0", i = 1, m are known vectors. Then the
estimation problems (1.4) and (1.5) can be written in the following form:

T
1
S(a) = 5;()’: —X;d)z, gile) =gla—b; <0, i=1,m (1.6)

or

1
—|IY = X«||>* - min, G« <b, (1.7)
2

where Y = [y1  y» ... yr|’; Xis some (7 x n) matrix. The rows of this matrix
are the vector rows x;, t = 1,T; Gis an (m x n) matrix with rows gg, i = 1,m;
b=1[by by ... byl

We pose some additional assumptions on the regressor and the constraints, which
will be used later on.

Assumption 1.1. Matrix X in (1.7) is of full rank.
Assumption 1.2. Matrix G in (1.7) is of full rank.

1.1.1 Method of Estimating the Solution to (1.7)

Taking into account the fact that the rank of X is equal to n (Assumption 1.1), we

M2 i| M/3, M1 = [M]] M]z], where

obtain its orthogonal expansion X = M [
OT—n,n
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M, is an orthogonal 7' x T matrix, T X n is the dimension of the submatrix My,
M, is a non-degenerate (n x n) matrix, M3 is an orthogonal (n X n) matrix.

Putx = M2M3_105 — M, Y. From the orthogonal decomposition of the matrix X
and the properties of orthogonal matrixes mentioned above we obtain the following:
for the cost function in (1.7),

2

Jn
OT—n,n

MY
M/ Y _ X _ 11
1 |:OT—n ] |: OT—n

. 0, B X ?
LMY Or_,

= |IM}, YI]* + |[x]]%,
while for the constraints in (1.7)

IY - XalP = HY—Ml PSSR

2
:M]

Nix <N,

holds true, where Nj = GMzM; !, N, = b — GM;M; 'M,y.
Getting rid of the term independent of x, we obtain the transformed
problem (1.7):

1
§||X||2 — min, N;x <N». (1.8)

This problem has a solution (as well as problem (1.7)) if the constraints are
consistent.

Consider the following minimization problem (Lawson and Hanson 1974,
Chapter 23 §5),

1
P(U)=§||NU—<I>||2—>min, U > 0,, (1.9)

whereUe R, N=[N; : N/, ® =[0 : 1.]

Unlike (1.8), (1.9) always has a solution. In order to establish the connection
between the problems (1.9) and (1.8) we introduce the following notation: U is the
solution to (1.9), r = NU - @.

The necessary and sufficient conditions for the existence of the minimum in
(1.9) are:

NNU—-®)+A=0,, A>0,UA=0. (1.10)

Hence, we obtain
N'(NU — @) <0, (1.11)

and
UNNU — @) = 0, (1.12)
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By arguments similar to those given in Lawson and Hanson (1974, Chapter 23
§4), we have ||r||> = rr = UN'(NU — ®) — 7,41, where r,4 is (n + 1)th

component of r. Using this equality and (1.12) we obtain ||r| |> = —r,41 > 0.
Suppose that |[r|| > 0, and assume that X = —r,,+N|U. Then
- NU X
NNO-@) =[5, ¢ N[00 | =N i .
( ) N : N Fatl N; : N, 1 (=rn+1)
= (Nix = N)[[r]|* < Oy, (1.13)
which implies N;x < N,. We also would like to mention that if ||r|| = O the con-

straints in (1.8) are not consistent, see Lawson and Hanson (1974, Chapter 23 §4).
Now we can demonstrate that X is the solution to (1.8).

Theorem 1.1. [f the constraints in (1.8) are consistent, then the solution is given
by x = x = ||r|| 72N, U, where U is the solution to (1.9).

Proof. The necessary and sufficient conditions for the existence of the minimum in
(1.8) are:

X+NAL=0,, A>0,. MNix—Ny)=0, i=1,....m, (1.14)

where Ny; is the ith row of the matrix Ni, Ny; is the ith component of the vector
N, A € R is the Lagrange multiplier, and A; denotes the ith component of A.
Substituting in (1.14) x = X = ||r||7>N U, we obtain

A = [|r]| 720 > 0,,. (1.15)

Next we show that A also satisfies the third condition in (1.14). From (1.10),
(1.11), and (1.15) we derive

UA=0=UNNU-®) =UNx—Ny)|[r|]> = M(N;% = N,).

Taking into account that A > O,,, and according to (1.13) N;x — N; < O,,, we
obtain from the latter equation the third condition in (1.14). Then the pair (X, \)
satisfies the necessary and sufficient conditions for existence of the minimum in
(1.8). Therefore, X is the solution to (1.8). Theorem is proved. O

Thus, the solution to the problem (1.9) allows us to answer two questions: to
determine the compatibility of the constraints in (1.8) (and, consequently, in (1.7)),
and in case of compatibility to obtain the solution o by means of relatively easy
transformation of the solution to (1.9). Namely,

@ = M;M; ! (|INU — @[] 72N U + M, y).
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Corollary 1.1. If Assumption 1.1 holds true and the problem (1.7) has a solution,
then the related vector of Lagrange multipliers is given by . = U||NU — ®|| 2.

Proof. The necessary and sufficient conditions for the existence of the minimum to
(1.7) are:

XX —XY+GN=0,, X (Gz—b)=0X>0,.
From above, using the orthogonal transformation X, we obtain
x+NX=0,, x>0,  MNNyx—Ny)=0, i=1,....m.

where A; is the ith component of .

We see that these relations are satisfied when x = X, A= A, compared with
(1.14). However, the pair of vectors (X, I) is unique due to uniqueness implied by
Assumption 1.1. On the other hand, as it was shown in the proof of Theorem 1.1, A
is given by (1.15). Hence the corollary follows. O

1.1.2 Algorithm of Finding the Solution to (1.9)

Assume that Assumptions 1.1 and 1.2 are satisfied. According to Lawson and
Hanson (1974, Chapter 23 §3), we can proceed as follows.

Stepl LetP=2,3={1,2,...,m},U:=0,,.
Step 2 Calculate the vector w = N'(® — NU) € i,
Step 3 If the set J is empty or w; < O forall j € 3, go to Step 12. Here w; is the
j th component of w.
Step 4 Find the index i € J such that w; = max(w;, j € J).
Step 5 Move the index i from the set J to the set P.
Step 6 Denote by Np the ((n + 1) x mp)-matrix, whose jth column is jth column
of matrix N, if j € P, j = 1, m.
Here mp is the number of columns in the matrix Np.
If n + 1 > m, then calculate the vector zp = (Ni,Np)_lNi,<I> c R"e.
If n + 1 < m, then find zp with a minimal norm: zp = Ni,(NpNi,)_WI) €
NP,
Denote the components zp by z;, j € P.
Puth = 0,] e 3.
Form a vectorz = [z;],j = 1,m.
Note thatif n +1 < m, then the first mp — 1 components of zp are zero, the
mp of the component is equal to the element (mp, (n + 1)) of the matrix
N.(NpNp) ™! provided thatn + 1 < m.
Step 7 If z; > O forall j € P, then put U := z and go to Step 2.
Step 8 Find the index k& € P such that
Uk . U;
= min
Uk — 2 Uj -z

172, <0,j€eP;.
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Step9 Puty := Ui/ U — z.
Step 10 PutU := U + y(z—U).
Step 11 Move all indices j € P for which U; = 0 from the set P to the set 3. Then
go to Step 6.
Step 12 Stop. The solution U = U is obtained.

1.1.3 Special Case of the Problem (1.7)

Usually a regression has a free term on which the constraints are often not imposed.
Let us show that in the case when x, = [l X)], X, € R, the solution of the
estimation problem can be simplified by reducing the number of variables to one.
The theorem presented below takes place.

Theorem 1.2. [f Assumption 1.1 holds true and no constraints are imposed on the
/
free term «, then the solution to the problem (1.7) is of the form o« = [@; o],
~ —_ I= _1 - .
whered; =y —a X, o € R" Uis the solution to

1

Eoc'roc —o'd - min, Awa <b. (1.16)
Herea € W r =Y _ &% -0&-%,d=Y_ & -0 —-yX =
Zthl /T,y = Zszl v:/ T, and A is the m x (n — 1) matrix composed of n — 1
last columns of the matrix G.

Proof. We write the Lagrange function for the minimization problem (1.7) in the
form L(a,\) = %ct/Roc — o’X'Y + A (Go — b), where A is the m-dimensional
vector of Lagrange multipliers.

According to Assumption 1.1, the necessary and sufficient conditions for the
existence of the minimum in (1.7) are of the form

VoL(o,2) = Re — X'Y + G'A = O,, (1.17)
Ai(goe—bi)=0A ;>=0,i=1m, (1.18)

where V, L(a, M) is the gradient of the Lagrange function along the vector «, and
A; is ith component of \.

Since no constraints are imposed on the free term ¢/, the matrix G and its ith row
g/; are of the form

G:[om C Al g =[0A] (1.19)

where A; is the ith row of the matrix A. Then we have

o
= 1.2
¢ _A/x] (120
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Let us consider the condition (1.17). We consider the first of these equations,
which by (1.20) can be rewritten as

dL(a. ) T T T T
— =T +m thl+a2 szz + - Fay th,n—l —ZJ’I =0.

do
1 r=1 t=1 t=1 t=1

Dividing both sides of the above equation by the number of observations 7', we
obtain

o) + Xy +o3xXy + ooy X,— —y =0, (1.21)
where X; = ZL] xq/T,i = 1,n—1,is the ith component of X.
Equation (1.21) must be satisfied for the estimates of the parameters, i.e.,

ap IT—OA[zfl—&372_'”_&nyn—l :7_&5(’ (1.22)

which proves the first statement of the theorem.
Consider the ith equation (i = 2, n) in the system of equations (1.17),

dL(, A d d
(—.) =01 ) Xiten Y XiXn

dav; r=1 r=1

T T
+a3 E XiiXe2 + -0 E XXt p—1

=1 =1
T

— E Xiye +a;,A =0, [ =2,n,
=1

where a; is the ith row of the matrix A’.
Substituting o; from equality (1.21) in the above equation, we obtain

n T T T T
Z(Xj |:—7j—1 an' + thixt,j—li| - [—szﬁ—i— thiyt:| +aid =0.
j=2 t=1 t=1 t=1 t=1
(1.23)

After transformations, we get

T

T T T T
—Xjo1 ) Xt ) XX = ) (i = X)X jo1=Xj1) =V ) Xat+ D Xy

t=1 t=1 =1 =1 =1

T
= Z (xXi—X:)(yi—y)-

t=1
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Substituting the last two expressions in equality (1.23), we find

T T
;Y (= X)X = %)= (i —X) (v —P)+ak =0, i=2n.
=1

t=1

n
j=2

We express the obtained system of equations in the vector form using the notation
for problem (1.16):

ro —d+ AL =0,. (1.24)

Consider the condition (1.18). Taking into account the structure of the matrix G
(see representation (1.19)), we obtain

Xl‘(Al‘O( —bl’) =0, A >0,i=1,m. (1.25)

Since (1.17) and (1.18) have a unique solution, the (1.24) and (1.25) obtained
from them possess the same property. Then these equations are the necessary and
sufficient conditions of the existence of the minimum in problem (1.16), which holds

true for the vector @ = o. Hence, the subvector o of the vector « is the solution to
(1.16). Theorem is proved. O

Based on Theorem 1.2, one can reduce the estimation of the regression parameter
to solving a quadratic programming problem in which the elements of the matrix of
the objective function are by modules less than one. Put

f = Ba, (1.26)

where

B = oy_lox,ox = diag(oy), 1 =1,n,

T T
oy [T7'Y =2 oa= |T7') (i—X)% i=1n.
t=1 t=1

Denoting rg = o;'ro;!, dg = (0,04)7'd, and Ag = AB™!, we obtain from
problem (1.16) that

1
5B'TsB —B'ds — min, A <b. (1.27)

The advantage of the solution § of such estimation problem is that § does not
depend on the scale of measurement of variables. The elements of the matrix rg and
of the vector dg vary in the same range: from —1 to 1, which allows to reduce the
round-up errors.
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Therefore, as is well known (Draper and Smith 1998, Sect. 2.1.3; Maindonald
1984, Sects. 1.8 and 1.10), the numerical solution to the problem (1.27 is more exact
than that obtained as a numerical solution to (1.7) (if no constraints are imposed on
both problems). Under constraints, the accuracy of the numerical solution to (1.27)
will also be higher than that of problem (1.7) since the main error is due to the
inversion of matrices involved in the objective functions of the problems above.

The components of B are standardized estimates of (n — 1) last component of the
vector «. We call them “beta weights” in analogy with the term used in regression
analysis without constraints. Such weights can be conveniently used for estimation
and comparison of the influence force of independent variables on the dependent
variable.

For the problem described in (1.27) we use the calculation scheme described
in Sect. 1.1.1. For this we reduce problem (1.27) to the least squares estimation
problem with constraints, see (1.7).

Let X~ be a T x (n — 1) matrix, with 7th row X] — §,, and let Y~ be a vector
whose tth elementis y, — .

Let us transform the objective function in (1.16) by adding the element
%(Y‘)’ Y™, which is a constant; thus, adding this element has no impact on the
solution of our optimization problem. After transforming (1.26) we have

1 1 1 1
Eoc/roe —o'd+ E(Y_)/Y_ = 5oc’(X—)’X—oz —o'X)Y + E(Y_)/Y_

1o _ 1
= SIIY™ = Xa|* = J||Y" —X'B| %0}

= (%B/rﬁﬁ —B'dg + %(YO)YO) o

where X" is the 7 x (n — 1) matrix with (¢, i)th component given by x,; — X, /0y;

and rth element of Y € %7 is y, — y /oy, t =1, T.
Therefore we have

1 1 1
SBpB —B'dg = S |[Y° —XB|* — S (Y))'(Y"). (1.28)
2 2 2
It follows from (1.28) that solution to the problem
1
5||Y0—X°ﬁ||2—>min, AgB <b (1.29)

coincides with solution to (1.27).

The problem (1.29) is similar to (1.7), and thus can be solved by orthogonal
transformation of the matrix X’ described in Sect. 1.1.1. We only need to replace Y
by Y, X by X, & by B, G by Ag in every equation of Sect. 1.1.1.
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Thus we obtained the solution § to (1.29), and taking into account (1.26) we can
find « = B™'B, since the matrix B is non-degenerate and diagonal.
To find «; we use (1.22). Finally, the solution to the original problem (1.7) is

given by o = [or; oe/]/.

1.2 Estimation of Parameters of Nonlinear Regression
with Nonlinear Inequality Constraints

1.2.1 Statement of the Problem and a Method of Its Solution

Consider a regression y; = f;(a”) + &, where y, € i! is the dependent variable,
a® € N is the unknown parameter; &, is the noise; ¢ is the index of the observation.

1.2.1.1 Estimation with Constraints

Let y, € M' and x, € R" be known vectors, t € [1,7]. The estimate o for the
regression parameters can be found by solving the problem (1.4) and (1.5):

T
S@ = 23" (3 — fi(@)? — min
2
t=1

gile) <0, el ={12,...,m}. (1.30)

The solution to (1.30) can be obtained by iterations. Let us linearize at each itera-
tion the components f(ar) = [ fi (o) ... fr(e)]’, and the functions g; («),i = 1,m,
in neighborhood of the point determined at the previous iteration.

The auxiliary problem obtained after linearization has the following form at the
current point o:

1 1
§||Y —f(a) — D(a0)X]||> + EVX/A(oc)X — min,
Gs (o)X + gs(a) < Oy,

(1.31)

where Y is the vector defined in (1.7), v is a positive number; D(e) is a 7' xn matrix,
D(a) = [3fi(2)/0e;], t = 1,T, j = 1,n, the matrix Gs(e) = [0g; ()/dr;],
i€ Isw) €1, = 1,n, is of dimension mgs x n, where mg is the number of
elements in Is(o); gs(oe) = [gi ()], i € Is(er), A(e) is a positive definite matrix
with elements independent of X.
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Transformation of the objective function in the auxiliary problem yields
1.~
EX’R(oc)X + VS ()X - min, Gs(a)X + gs(er) < Oy, (1.32)

where R(a) = D/ (o) D(ax) + vA(ar), VS () = =D/ (o) (Y — f(x)).

In applied problems it might happen that the matrix R(et) = D'(e)D(ex) is
degenerate (within the computation accuracy). In such cases the solution to (1.31)
is Tikhonov regularized at v > 0 (Tikhonov and Arsenin 1979). It may be treated as
a ridge estimate of the linear regression parameters obtained by taking into account
the imposed constraints, where the vector Y — (o) represents the values of the
dependent variable, and the related columns of the matrix D(ct) represent the values
of independent variables.

To construct an algorithm for calculation of regression parameters estimates
which implements the iterative computing scheme described above, we pose some
conditions on the regression function f;(c). The Definition below is taken from
Demidenko (1989, Chapter 1 §1).

Definition 1.1. The value Sg = lim, o inf}|||>, S(a) is called the greatest lower
bound of the function S(eot) at infinity.

Methods of finding of Sg are described in Demidenko (1989).
Put

@(o) = max {0, gi(a)}, Is() =1{i = Tom: gi(e) > ®(a) — 8}, (1.33)

Assumption 1.3. There exists the initial approximation oy and the constants
¥ > 0,8 > 0, such that:

(a) u(og,¥) < Sg

(b) Fora € Ky = {a : S(o) < u(ag, W)} problem (1.31) has a solution, and its
Lagrange multipliers A; (et), i € I5(oe) satisfy the condition Zielé,(a) Ai(a) < W,
o € Ky. Here u(o, ¥) = S(o) + V@ ().

Assumption 1.4. The functions f;(e) and g;(),i = 1,m, are differentiable on
9" and on any compact set K their gradients satisfy the Lipschitz condition with
constants which might depend on K for e.g.

IV fi(o)) = V fi(o)||< lorlleer —oal|, lor >0, t =1,T, (1.34)
[|Vgi(o)) — Vgi(o)||< Lifloer — ||, 1 >0,i=1,m. (1.35)

Lemma 1.1. Let f;(x).t = 1, T be a family of functions continuous on R" and
satisfying Assumption 1.3. Then the set Ky is compact.

The proof follows by continuity of S(«) on R”", see Demidenko (1989,
Theorem1.1).
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Algorithm A1.1

Step 1 Set the initial approximation oz and positive values vy, Ay, A,. Putk = 0.

Step 2 Find the solution X; = X(o;) and the Lagrange multipliers corresponding to prob-
lem (1.31).

Step 3 If ®(ax) < Aj and ||X(aty)||< A,, then stop.

Step 4 Determine a step factor y; by halving a unity until the condition

u(ore + e X, W) — u(ore, W) < —y2 Xk R(e) Xk (1.36)

is satisfied.
Step 5 Calculate oty = o + v Xi.
Step 6 Calculate the regularization parameter

Vi if Yk = 1,
Vikr =3 vk if e <liewe >V, (1.37)
cvp if e < l,eve < VL

The value V is set in order to avoid large values of the matrix ﬁ(ak), which can make
impossible (computationally) its inversion, especially for large n. In (1.37) ¢ is a positive
constant.

Step 7 Put k = k + 1 and proceed to Step 2.

Let us consider the convergence of this algorithm.

Lemma 1.2. Under Assumption 1.4 the gradient of the function S (o) on a compact
set K satisfies the Lipschitz condition:

[[VS(a1) = VS(er)||< bl —aaf|, o, 00 € Q. (1.38)

Proof. After some transformations we obtain from (1.38)

T
IVS(@)=VS(@)ll< Y [IVAile)=V fi(e)l|(|y:|+] fi(er2)]

t=1

HIV fila)[]] fi (e2)— fi (een) []. (1.39)
Since the set K is compact the following inequalities hold true:
|fi(@)] <l V(@< by, aeKit=1T, (1.40)

where [{; > 0,15, > 0.
By differentiability of f; (o) on K we have

| fi(o) = filon)] < Lalloy —eeal|. I3 > 0,0 =1,T. (1.41)
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Taking into account (1.34), we obtain from (1.39), (1.41) the estimate (1.38) with
L, = Zthl o (li; + 1s) + [2/13], since there always exists a number /4 > 0 such
that |y,| <l4,t = 1, T. Lemma is proved. O

Theorem 1.3. Let Assumptions 1.3 and 1.4 be fulfilled. Then the process of compu-
tations by AlgorithmAl.1 has the following properties:

1. limk_,oo Xk = On

2. limk_,oo <I>(ock) =0

3. Any limit point o of the sequence oy, k = 0,1, ..., satisfies the necessary
conditions for the existence of the minimum in the (1.30)

4. If V is sufficiently large there exists an index ko, such that for all k > ko we have
yr = 1, vy = const.

Proof. 1. Expanding S(ot) in Taylor series in the neighborhood of o = «a,
we obtain
S(otx + yXi) = S(otx) + yXe, VS(ag)) + yXi, VS (otx + 02y Xy)
—VS(ar)),0 2€]0,1]. (1.42)

The necessary and sufficient conditions for the existence of the minimum in
(1.32) are:

VS(ax) + R@)X + Y hi(a)Vei(or) = Oy,

i€ls(ay)

Ni(a)[Vgi (o)X + gi(ar)] =0, i € Is(ag). (1.43)

From (1.32), the first equation in (1.43) and the Lipschitz property (1.38) we
obtain

S(ax +vXe) < S(o) —yXkR@)Xe +y Y hilor)gi (o) +y°L|[Xk |,
i€ls(otg)
(1.44)
where we used the equality

Xk Y M(eo)Veilen) == Y hi(er)gi(ax),

i €ls(ok) i€ls(ak)
which follows from the second condition in (1.43).

Expanding g; (), i € Is(oex) in Taylor series in the neighborhood of o = oy,
we obtain

gi(ox + yXi) < gi(ok) + yX'k Vgi (o) + yX'k (Vg (04) — Vgi(or)),

where 0 = o + ExyXi, 0 < &k < 1.
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Taking into account that X}, is the solution to (1.31) we derive
X'k Vgi(or) < —gio).
According to (1.35) we have
X'k (Vgi () — Vgi(ar)) < yhlIXel .
From the last three inequalities and (1.33) we obtain
gi(o +yXp) < (1 =)@ (o) + Y LIIXkll, i € Is(og). (1.45)

Applying the mean value theorem to the constraint with the index i ¢ Is(otx),
we obtain

gi(o + yXp) < gi(ox) + yX'kVgi(0u) < ®(ox) — 8 + yic|| X[,
where k is a constant bounding the norms of gradients of the objective function

and constraints in Ky : VS(a) < k, ||gi(o)||< k,i € I, a € Ky.
Put

)
< = min 1’ . 146
y =y ( <I>(ak)+x||xk||) (1.40)

From (1.46) we obtain
(1= y)®(ax) = ®(otx) — 3 + yr||[Xll.

From above and from inequality (1.45), we have

gi(ox + yXp) < gi(ag) +yX'kVgiOu) < (1 —y)®(ar), i ¢ Is(og).
From this inequality and (1.45) we obtain (see the notation in (1.33))
@ (oti1) < (1= )@ () + v |IXel (1.47)
Let ¥ satisfy Assumption 1.3. Then taking to account Assumption 1.3(b)
(the condition Zielb,(a) Ai (o) < W) and formulas (1.33) and (1.47), we obtain

from (1.44)

S(ak + yXe) + W (o + yXy) < S(otk) + ¥ (o) — yX, Ro(ok) X
+y2 (W + 1) [Xk |, (1.48)

where [ = max(ly, [»).
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Since v > 0, the matrix R(e) is positive definite for a € Ky. Therefore
X R(0)Xk = viptmin (A ()1 X |, (1.49)

where fimin(A) > 0 is the minimal eigenvalue of the matrix A. Taking into
account (1.49), (1.48), putting y = y, and assuming that the inequality

Yl (¥ + 1)
e 1.50
et ~ " (150)

holds true, we obtain the condition tested in Step 4 of the algorithm. From (1.50)
we see that

Vi emin (A (g )
[(W + 1) + Vi fmin (A(otp))

It follows from (1.45) and (1.51) that the inequality which is tested in Step 4
will be satisfied for fixed vy after finite number of subdivisions of unity, i.e.,

Vk < Yok = (1.51)

1 . )
3 min(yix, Y2k) < Ve < min(Yix, Yak)- (1.52)

Since R(oty) is positive definite, the function u(cy ) is decreasing (see (1.36))
as k increases. Therefore all points ocx belong to the set Ky. Further, since Ky is
compact and the function u(c) is continuous on R”, it is bounded on Ky. Thus,

lim y2X R(otx) Xy = 0. (1.53)
k—o00

Assume that X;cli(oek)Xk does not converge to 0. Then according to (1.53),
yr — 0 for some subsequence of indexes k. Then for large k it follows from
(1.46), (1.51), and (1.52) that

)

. 1.54
T @ (an) + < IXel) (159

Since the function ®(«) is continuous on the compact set Ky, it has an
upper bound. Therefore the right-hand side of (1.54) tends to 0 as || X || — oo.
By positive definiteness of R(or) we have from first equation in (1.43) and the
condition } ;¢ o) Ai (@) < W, a € Ky, that [|X¢||< w (¥ + DR ()| <
oo. Since this contradicts to our assumption, we arrive at X;{R((x ) Xx — 0. Since
vk > vy > 0, it follows from (1.49) that X;Cﬁ(ock)Xk > Vo Mmin(A (o) Xk]|?.
Hence, we obtain the statement (1).
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2. From the constraints in (1.32) and the formula (1.33), we have

0 < (o) = max g;(o) = k|Xl-

The statement (2) follows from the last inequality.

3. Since oy € Ky and Ky is a bounded set, the limit point & of the sequence {oy },
always exists. Since Xy is the solution of (1.32), we have A, (ax) = 0,7 ¢ Is(o).
Further, from (1.43) we see that

VS(ox) + R()Xp + Y hi(e)Vgi (o) = O, (1.55)

i=1

According to Assumption 1.3(b), we have

Z)Lic(ock) <V,

i=1

It follows from the last two expressions that there exists the limit of the
sequence A;(oy). Suppose that A;(cx) — ;\i as k — oo. Then from the
statement (1) and (1.55) it follows that V.S (e) + Y 7, 1:Vgi(a) = O,. From
second condition in (1.43) we have ;\igi () = 0,i = 1, m. Both last equalities
hold by the necessary conditions for existence of the minimum of the problem
(1.31), which proves statement (3).

4. Put V., = [(¥ + 1)/ fmin(A(otg)). According to the assumptions of the theorem,
this quantity is bounded. Suppose that V. <V, and for some k =k, v, >
V.. Then according to (1.51), y2x > 1. On the other hand, from (1.46) and
limy o0 ®(ar) =0 we have y1, =1 for k > k,, which together with (1.52) and
(1.37) implies that vy = const, yx = 1, k > ko = max(ky, k,). This proves (4).

Theorem is proved.

O
We can divide AlgorithmAl.1 in two cases: only y changes, v = 0
(Algorithm A1.2); only v changes, y = 1 (Algorithm A1.3).
Consider the calculations performed by Algorithm A1.2, which can be used
for estimation of the regression parameters provided that the condition below is
fulfilled.

Assumption 1.5. The matrix D(«) is of full rank (i.e., in any compact set the
multicollinearity in regression models is absent).

In this case, the inequality X' R(o)X > Mmin(R())||X]||> holds true, where
R(e) = R(a)=D'(c)D(c), pmin(R(c)) is the smallest eigenvalue of the ma-
trix R(e). Clearly, ptmin(R(et)) > > 0,¢ € Q. Put 1 = (p[(¥+1)/p) > n > 0.
From here and (1.48) we obtain the condition for determination of the step factor y:

u(org + yiXe, Wegr) —u(og, igr) < —nye Xk R(o) Xk, 0<np<1, (1.56)
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where y is determined by halving the unity until (1.56) holds true. It is easy to
verify that y, > %min(ylk,u((l —n)/l(¥ + 1))), where y; is determined by
expression (1.46).

Algorithm A1.2
Step 1 Set the initial approximation o and positive quantities A, A,, and n € (0, 1). Put
v=20,k=0.

Steps 2, 3 Coincide with the Steps 2, 3 of Algorithm Al.1.
Step 4 Determine the step factor y; from Condition (1.56).
Steps 5, 6 Coincide with the Steps 5, 7 of Algorithm Al.1.

Theorem 1.4. Let Assumptions 1.3—1.5 be satisfied. Then for the iterative process
of calculation by Algorithm A 1.2 statements (1)—(3) of Theorem 1.3 hold true.

This result obviously follows from Theorem1.3. It was also obtained
in Pshenichnyi (1983) who as applied to the general problem of nonlinear
programming without indication of the method of calculation of R(o).

Consider Algorithm A1.3 which can be obtained from Algorithm A1.1 for vy >
vo,.k = 1,2,..; =1,k =0,1,2,...From (1.48) to (1.49) we derive for y = 1
the condition for finding vy :

(o + Xpe, Wieq1) — (o, Wigr) < —nX i R(ep)Xe, 0<np<1.  (1.57)

For this condition to be satisfied, it is sufficient that

(¥ + 1)
Vi = .
Momin (A (o)) (1 — 1)

Algorithm A1.3
Step 1 Set the initial approximation o and positive quantities A, A, v = 0, and €
(0,1). Putk = 0.
Steps 2, 3 Coincide with the Steps 2, 3 of Algorithm Al.1
Step 4 Determine the regularization parameter under the assumption that vy = v, - 10%,
where v is the minimal number of the sequence k = 0, 1,2, .. ., for which inequality

(1.57) is satisfied.
Step5 Put op4; = oy + X
Step 6 Coincides with the Step 7 of Algorithm A1.2.

The statement below follows from Theorem 1.3.

Theorem 1.5. Let Assumptions 1.3 and 1.4 be satisfied. Then for the iterative pro-
cess of calculations by Algorithm Al.3, statements (1)—(3) of Theorem 1.3 hold true.
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1.2.1.2 Estimation Without Constraints

Consider the case when the constraints are absent (¥ = 0). Then the algorithms for
the regression parameters estimation follow from the algorithms described above:

oek+1=oek+kak, k=0,1,2,...,

where X = —R(ax) ' VS (o), R(ex) = D/ (ot )D(otye) + vieA(oey).

We describe below algorithms for estimation of parameters of nonlinear regres-
sion, which naturally follow from Algorithms A1.1 to A1.3. We use the notation B
(the first letter in the name of the algorithm) for the algorithms describing estimation
without constraints.

Algorithm B1.1

Parameter yyis determined by sequential halving of a unity until the condition

S 4+ 7 Xe) < S(o) — yX kR(op) Xi

is satisfied. The parameter vy is determined according to the expression (1.37).

Algorithm B1.2

Parameter y; is determined by sequential halving of a unity until the condition

S(ar + yieXp) < S(or) — v Xk R(o) Xy, 0<p<1 (1.58)

is satisfied. In this case, vy = O for all k.

Algorithm B1.3

Parameter y, = 1 for all k, and v = vy - ¢', where ¢ > 0, and vy is the minimal number in the
sequence k =0, 1,2, ..., for which condition

S(otx + v Xe) < S(ox) — nXkR(@p)Xek, 0<n<1

is satisfied.

This inequality is obtained from (1.57) when ¥ = 0.

For A(o) = diag(rii((er)), i =1,n (where r;(et) is an element of the matrix
R(w)), the above algorithms are modifications of the well-known Levenberg-
Marquardt algorithm which is the best algorithm in nonlinear optimization without
constraints for estimation of nonlinear regression parameters by the least squares
method.

An important part of these algorithms is the solution of the auxiliary problem.
We consider this solution below in more general situation.
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1.2.2 Solution to the Auxiliary Problem

Consider the solution to (1.31).
In this case, we assume that the rows of G(ay ) are sorted in decreasing order of

gi(ay). Putting e(o) =y — f(w),

D
(o) = |:v]1(/2 A(f}‘;‘()ak)] - Fao =[50

we obtain the transformed problem (1.31):

1
§||E(oek)X — F(otz)||?> — min,
Gs(or)X < —gs(org).

(1.59)

Up to notation (1.59) coincides with the problem (1.7). Comparing (1.59) with
(1.7), we see that F(o ) = y, E(oty) = X, X = o, Gs(ot) = G, —gs(ax) = b fora
fixed oty.. Therefore, to solve the problem (1.59) one can use all the results obtained
in Sect. 1.1.

Taking into account the fact that the rank of E(otx) is equal to n, we obtain its

orthogonal expansion E(o;) = M, [1(\)% }M@, M; = [M;; M}, ], where M,

is an orthogonal (7 + n) x (T + n) matrix, (T + n) x n is the dimension of its
submatrices M;;, Mj, is a non-degenerate (n X n) matrix, M3 is an orthogonal
(n x n) matrix. Hereafter, the argument o in the transformation matrices is dropped
for brevity.

According to Sect. 1.1.1, to solve (1.59) we need to solve

1
P(U) = §||NU—<I>||2—>min, U >0, (1.60)

where U € " N = [N; :N,J', ®' = [0], :1]  Here N; = G(ox) MM, ",
N, = —g(ax) — G(o MM, "M F ().

The glgorithm for solving (1.60) is described in Sect. 1.1.2.

Let U be the solution to (1.60). According to Sect. 1.1.1, the solution to the
auxiliary problem (1.31) is

X = X(ax) = MsM, ' (|[NU — @|| >N, U + M'11F ().

1.2.3 Compatibility of Constraints in the Auxiliary Problem

An important aspect of solving problem (1.59) lies in finding compatible constraints.
According to Sect. 1.1.1, constraints are incompatible at p = P(U) = 0, where U
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is the solution to problem (1.60). In case of incompatibility of constraints, we have
to pick up a set of indices of joint constraints included in the auxiliary problem.
To reduce the amount of time used for calculations it is desirable not to solve the
problem (1.60) several times in one iteration. This might be particularly important
if the dimension of (1.60), or the number of constraints in (1.59), is large. Consider
the problem more in detail.

There might be two possibilities:

1. The number of constraints is ms < n + 1. We assume that G(oty) is of full rank.
Indeed, if the rank G(otz) is incomplete, then due to round-off errors this matrix
is regarded as having a completed rank. Thus the rank of N is min(n, ms). Then
the rank of N is equal to ms. Denote by U* the solution to the problem

P(U) — min. (1.61)

Then we find the rule by which we can regard the constraints as compatible
without solving (1.60). The constraints are compatible if P(U*) > 0 regardless
of the sign of U*, because P(U) > P(U*). If P(U*) = 0 and the constraints in
(1.60) are not fulfilled for U = U*, then the constraints of the auxiliary problem
are also not compatible. Let us calculate P (U*).

The matrix N can be transformed as QN = M, where M is an upper triangular
matrix of dimension ((n + 1) x ms), Q is an orthogonal (n + 1) x (n 4 1) matrix.
According to Sect. 1.1.1, P(U) = %||r||2, where r is the (n + 1) — m; vector,
whose components are equal to the last (n + 1) — ms components of the vector
Q®, respectively. Thus, we obtain P(U*) = 0atms =n + 1 and

n+1

P(U™) =7 > 02, my<n+l, (1.62)
i=m+1

where Q,; is the (n, i)th element of the matrix Q. Using (1.62), we recursively
determine compatibility of constraints. Introduce the matrix N; = [z; z, ... 7],

i = 1, myg, where z; is the ith column of the matrix N(N,,; = N). The orthogonal
transformation which reduces N; to an upper triangular matrix is determined by
the (n + 1) x (n 4+ 1) matrix Q. Here, according to Lawson and Hanson 1974,
Chapter24), Q;+1 = q;+1Q;, where q;+; is the Hauscholder transformation,
which is selected so that components of the vector q;+;Q;z;+; with indexes [ +
2,...,n + 1 are equal to zero. According to (1.62),

n+1

1 1 !
PU) = S[INUF — @[ =2 3 (2,20,
i=l+1

where Q,(IIJ)FU is the (n, i)th element of the matrix Q;, U; is a solution to (1.61)
for N = N;.
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* 1 2ln+1 )2
PU)=<|1- ( ' .
=3 ( 2]
For [ > 1, taking into account the fact that Q; is the orthogonal matrix, we
can speed up the computation of P(U}) by using the following relation:

We have

i=1

1 Looh )
> 1=> (0,412) ifl <n+1-1,

P(U)) = 1
Lo o -
5 2 (9,410 ifl >n+1-1.
22 ’

Thus, by recursion relation for calculation of the matrix Q; and the formula
for P(U;"), the constraints with indexes 2, 3, ..., mg, are sequentially tested for
compatibility (it is assumed that the constraints are arranged in the increasing
order of the sequence {g; (ct)}).

2. The number of constraints is m15 > n + 1. Similar to the first case, we assume that
G is of full rank. Then for/ > n + 1 the rank of N; is equal to n + 1. In this case,
P(U;) = 0,1 > n + 1 and the solution to (1.61) is not unique. It has the form

U =Q [i] = Quy + Quy = U} + Quy,

where Q; and Q,; are submatrices of the orthogonal matrix Q; of dimensions
[ x (n+ 1)and ! x h, respectively, h = [ —n — 1,y and y are the vectors of
dimensions n + 1 and A, respectively. The vector ¥ is a solution of the system
of equations My = &, where the lower triangular matrix M is determined from
the relation N;Q; = [MO, 1.#]- If the solution to (1.61) with minimal norm
Ul* = U? = Quy > 0,41, then the first / constraints of the auxiliary problem
are compatible. Otherwise, it is necessary to establish whether there is at least one
solution U with the non-minimal norm, which satisfies the constraints in (1.60)
(then the constraints in (1.59) are incompatible). For this purpose, we solve the
problem |

F(y) = 3 Z [max(0,a’;y — u?,)]2 — min, (1.63)

ied;

where J; is the set of indices of the first / constraints that are included in the set
Is(o) (the constraints are arranged in increasing order of sequence {g; (cx)v});
a; is the ith line of Qy; taken with the inverse sign; u?l is the ith component of U?.

We solve (1.63) iteratively:

yj+l=yj+vjdj’ j=0,1,2,...,y0=0h. (164)
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Let us determine d;. Denote J;(y;) = {i : aiy —u) > 0,i € J;}, A, isa
(nj x h) matrix composed of the rows a;,i € Ji(y ;7); B is a vector of dimension
p j with the components u?l, i € Ji(y;). Then

d; = -y, +ATB;, (1.65)

where
A+: (A,jAJ’)_lA,jBJ‘ lprJ >l—l’l—1,
/ A/j(AjA,j)Bj lf},LJ <[l —n-—1.

We find the step factor v; from the condition

m>i{)1F(yj +vd;). (1.66)

From here we obtain the condition for determination of v;:

Z [max (0, co(i) —c1(@)v)]e1(i)v =0, (1.67)
ieJ;
where ¢o(i) = a’;y; —ul), c1(i) = —a';d;.

We solve (1.67) by taking into account the fact that the left-hand side in (1.67)
is a piecewise linear function. Denote by K = {i : co(i)c1(i) > 0,i € J;} the
set of indices of the constraints, which change their sign when v changes. Let
V(i) = co(i)/c1(i), i € K. Arranging V(i) in increasing order we obtain the
sequence {V(iy)} = 0,9 = 0,1,..., where v(i;) = 0. For v € [V(i;—1),V(iy)]
the indices of the constraints for which a/(y; + vd;) — u$ > 0 do not depend on v.
Moreover, there is an index L such that v; € [V(iz—1), V(i1)]. From here and from
(1.33) we obtain the algorithm for finding v;.

Algorithm A1.4
1. Put/ = 1. Calculate

wi= Y g+ Y Gy = Y clel),

i€Ji(yj) i€Ti(y)) i€J1(y))

where J; = {i := 0,¢,(i) <0, J;}.
2. Calculate v*(I) = v;/wy;.
3. fv(i—1) <v*(l) <v(i;), then v; = v*(/). Otherwise, put / = [ + 1 and calculate

wi = wi—1 + 0G—)cf =) 1 =vi— + 0@1—1) + colir—1)ci(ii—1), i1—1 € K,

where 6(i;) = —signc(i;); the indices i; increase with the increase of the indices in the
sequence {v(i;)}. Go over to the Step 2.
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Theorem 1.6. Suppose that the matrix G(a) is of full rank. Then the iterative
process (1.64)—(1.66) converges to the solution of (1.63) in finite number of steps
H <2

Proof. Denote the set of the minimal points by M™* = arg minyeg F(y), where
h=1l-n—1;JF={:a}y—u)>0,ie€lJ,yeM}
The necessary and sufficient conditions for the existence of the minimum of F(y)
are:
VE(y) =Y [max(0,a’y — u)]’a; = Oy (1.68)

i€J;

Ifa’;y — “?1 <0,i € Jj,thenVF(y) =0,y M*, J* = @.

Leta';y —u) > 0,i € J* # @,y € M*. From (1.68), we have A'xA,y —
ABy. = 0,,y € M*, where Ay is a i« X h-matrix composed of the rows a’;,
i € J*;ul),i € J* are the components of the vector By. If st < h, then A’y —
B. = Oy~ fory € M™, which contradicts to the condition J;* = &. Therefore, if
J* # & the number of elements in the set J,* is u* > h, and M™ contains one
element.

It follows from above that

y,eM* ifJ(y;))=J" j=0,1,.... (1.69)
We show thatif y; ¢ M ™ then J;(y;+1) # Ji(y;). Assume the converse:
N+ =D(y;). ¥ ¢ M*. (1.70)
From (1.65) to (1.67), we obtain
d;A"jA;dj(v—-1)=0. (1.71)

Let u; > h.Sincey; ¢ M*, we have VF(y;) = A’jA;y; —A';B; # Oy.
It follows from (1.65) that (A’;A;)d; = —(A’;A;)y; + A’;B; # Oy, hence
d; # O;. By positive definiteness of the matrix A’;A;, we have d’;A’;A ;d; > 0.
From above and from (1.71) we obtain v; = 1. Then, according to (1.64)
and (1.65), y;+1 = (A’;A;)"'A’;B;. However, J;(y;+1) = Ji(y;); therefore,
VF(yJ'_H) = A,jAij-H - A/jB]' = Oh, ie., Yj+1 € M*, and thus J](y]'+1) =
Jl*. Therefore, by our assumption J;(y;) = Jl*. However, according to (1.69),
y; € M*, which contradicts (1.70).

Let i < h. SinceAjyj —BJ‘ > OM_/’ thend/jA’jAjd]- = ||A1y] —Bj||2 > 0.
Then, by (1.71) we have u; = 1. Repeating the arguments for the case where p; >
h, we conclude that for any w; and h, the sets J;(y;) will be different at different
iterations of the algorithm. Taking into account the fact that the objective function
1s bounded from below and decreases at each iteration, we obtain the statement of
the theorem. O
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The results presented for mg < n + 1 allow us to solve (1.63) and to
determine the compatibility of constraints in (1.59): the constraints are incompatible
if mingegn F(y) = 0, and are compatible otherwise. The compatibility of the
constraints arranged in increasing order of g; (o) is sequentially determined for
[ =2,3,...

1.2.4 Calculation of the Constants ¥ and §

In Sect. 1.2.1 we assumed that W and ¢ are known, which is not always the case. If
W and § are unknown, they can be estimated using the results of Sect. 1.2.3. In order
to include their estimates in our general estimation problem, we need to modify
Algorithm A1.1.

Algorithm A1.1.1

1. Set ag, ¥y > 0,8y = 00, vy, A1, Ay. Putk =0

2. Determine the set /5, (otx). Arrange the constraints, whose indices belong to this set, in the
decreasing order according to g;(otz ). Determine according to Sect. 1.2.3 the set of compatible
constraints I;, (o) € I, (o), where /i is the number compatible constraints in /5, (o). Put

Srt1 = ®(orp) — ,eflfli(nk)gi (o). (1.72)
1 K o

3. Put I5, () € I, (ag). By (1.15), find the Lagrange multipliers A (orz) = A = U||NU—@®||~2,

i € Is, (ay) of problem (1.31) and its solution X; = X(ax). Here U is the solution to (1.60).

If ®(a;) < Ajand ||X(ay)||< A,, then stop.

5. If the condition \112 = Zielgk(ock)ki(ak) < W, is fulfilled, then ¥;4,; = W;. Otherwise
\I’k+1 = 2‘1’2

6. Determine o4 according to Steps 4-6 of Algorithm 1.2.1.1 (see Sect. 1.2.1). Putk =k + 1
and go over to Step 2.

>

We have miniellk (@) &i(0tx) = P(ox) — 6. Then using (1.72) we obtain 641 <
0. According to Algorithm Al.1.1, W4, > W,. Since §; is decreasing and Wy
is increasing, the algorithm will stop when some values § and ¥ are achieved, see
Assumption 1.3.

In Pshenichnyi (1983, Chapter 3 §9), compatible constraints are sequentially
determined assuming that §; := & /2 until the compatible constraints in (1.31)
are selected.

According to Sect. 1.1, to determine compatible constraints, it is not necessary
to solve (1.31). If [ < n + 1, then the compatible constraints can be determined
rather easily. When [y > n+1andn + 1 <[ <[, the unconstrained-minimization
problem is solved with [ — (n + 1) variables instead of /. This method allows us to
reduce significantly the time spent for determination of the sets /s(otx) in (1.31).
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1.3 Estimation of Multivariate Linear Regression Parameters
with Nonlinear Equality Constraints

In Sect.1.2 we described algorithms for estimation of parameters under some
constraints which can be given in the form of equalities or inequalities. However
if we have only equality constraints, the calculations are much simpler, since
the auxiliary problem (1.31) can be solved in one step. Taking into account that
the problem of estimation with equality constraints is rather specific, consider its
solution in more detail. Such a problem appears, for example, in econometrics, when
one needs to construct multidimensional regression models. Therefore, we consider
the case of multidimensional regression, which generalizes the case treated in (1.30).
Multivariate regression which generalizes (1.1) is of the form:

Yoo = fu@®) +ep, p=1.P, 1 =1T, (1.73)

where y,, is the dependent variable, f,(-) is the regression function, ¢, is the noise,
o’ € 9R" is a vector of required parameters, and P is the number of regression
equations.

Parameters of the regression (1.73) are subjected to a priori constraints
g,-(cto) =0,iel ={1,2,...,m}, m <n.

Lete; = [e1, ..., &y]". We assume that &, satisfies the assumption below.

Assumption 1.6. Assume that the expectation of the vector €, is 0, and there exists
the covariance matrix 0%s’. For t # t the vectors g; and €, are independent. The
(P x P) -matrix s” is known and is positive definite. If the matrix s’ is unknown, then
its estimate § is known, which is also positive definite. Suppose that % is unknown.

Define £° = s ® Jr, T =3 ® Jr. We estimate o” under the condition
S(a) = %(Y —f(a))’ XY — f(&)) — min (1.74)
and the constraints
gile)=0,iel ={1,2,....m}, m<n. (1.75)

In (1.74) the matrix ¥ can be equal to X° or to X, Y and f(c) are N -dimensional
vectors, N = PT. Their (p—1)T +tth components (p = 1, P,t = 1, T) are equal,
respectively, to y,; and f,(a). According to Bard (1974, §4.3), the criterion (1.74)
allows to get the estimate of «” close to the optimal, provided that 7T is finite, and
the Assumption 1.6 holds true.

The solution to (1.74) and (1.75) can be found by means of Algorithms A1.2
with the following modifications. The function which satisfies (1.75) is of the form
®(o) = max; <<, |gi(a)|. The auxiliary problem at the current point & becomes
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%(y—f(oc) —D(@)X)Z 1 (y — f(oc)—D(oz)X)—F%vX’A(oz)X — min,
Gb’(O()X + g8(°‘) = Omg»

(1.76)

where v > 0; D(xx) = dlag(Dl(oc) ., Dp(a)) is the matrix of the size N x n,
n = Zl (i, 0fi (o) /o, j o= = 1, n; are the elements of the 7 x n; submatrix
D; (o). Matrix Gs(ee) = [0gi(e0)/0e;], j = T.n, i € Is(e) = {i : |gi(e)] >
®(o) —8,i = 1,m}, 8§ > 0, is ms x n dimensional, where ms is the number of
elements in Is5(ot), gs(o) = [gi(a)], i € Is(), and A(e) is a positive definite
matrix.

If § is such that the constraints in (1.76) are consistent, then the solution to
(1.76) is

X(a@) = (Jy — E'(@)Gs(@)R™ () () 27" (v — f(@)) — E'(@)gs(@),  (1.77)

where
R(e) = D'(0) X "'D(«) + vA(e),
E(a) = (Gs()R™ (@) G'5(e0)) ™' Gs(a)R™ ().
Passing to the limit in (1.76) as v — oo, we get
X (e)]] = g'5()(Gs()A™ ()G 5(0)) ' Gs () A7 (ex)
xG'5(0)(Gs(@)A™! (@)G'5(er) ™ s (). (1.78)

Under the convergence of Algorithm A1.1 it is necessary to make some remarks:
Assumptions 1.3 and 1.4 should be replaced by Assumptions 1.3’ and 1.4', see
below.

Assumption 1.3’ There exists an initial approximation oo and constants ¥ > 0,
§ > 0, such that

(@) u(ao, V) < Sg;
(b) For ¢ € Ky = {a : S(a) < u(op,V)} the problem (1.76) has a

solution, and its Lagrange multipliers A;(«),i € Is(o) satisfy the condition
Yiery M(@)] =W, o € Ky.

Assumption 1.4’ The functions f,(«) and g;(ct), i = 1,m are differentiable on
N" and their gradients satisfy in any compact set K the Lipschitz condition with

constants that may depend on K:
IV fpr(oer) =V f(a)||S Dyllaer —aa||, L,y >0, p=1,P, t=1T,

[IVgi(or) = Vgi(e)l|< hifeer —onll, 11 >0,i=1,m. (1.79)
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Similarly to Lemma 1.2, we have

Lemma 1.3. Suppose that the matrix X is positive definite and (1.79) is valid for
any compact set. Then the gradient of the function S(ot) defined in (1.74) satisfies
in this set the Lipschitz condition (1.38).

Proof. If the matrix X is positive definite, then ¥ = (I''T')~! , where I is a non-
degenerate matrix with bounded elements. Let F(«) = T'f(x), Y* = I'Y. Then
S(e) = |[Y* = F(a)][*.

By (1.79), [|[VF,(ot;) — VFy(o2)||< Logllotr — a2l|, where Fy(er) is the
component of F(«), and Lo, = Z,N —1 |Tgjlwj > 0. Here I'y; is the matrix element
I andw; =l,whenj =(p—- )T +t,p=1,P,t =1,T.

The proof follows by the same arguments as the proof of Lemmal.2, if we
substitute V f;(or) and f; (o) by VF, (a) and Fy; (o), respectively. O

By Lemma 1.3 one can show that the convergence results given above remain
true for the estimation of regression parameters which are subject to inequality
constraints.

Now we discuss a special case of the regression (1.73), where regression function
and restrictions are linear in o, i.e. f,(¢®) = x'y0’, p =1, P, ¢t = 1, T, where
X, € N" is a regressor in pth regression and & satisfies G < b, where G is the
(m x n) dimensional matrix, and b is the m dimensional vector.

In such a way (1.74) can be written as f(o«) = D&, where D = diag(Dy,...,Dp)
is the N x n matrix, n = Zle n;, D; is the T x n; submatrix, [ = 1, P, whose tth
row is equal to x’,,. Obviously D is a special case of D(o) from (1.76).

Therefore the estimation problems (1.74) and (1.75) can be rewritten as

1Y —Da)’S7(Y — Do) — min, (1.80)
Ga <b. (1.81)

The problems (1.80) and (1.81) has a solution under weaker conditions (com-
pared with the general nonlinear case). If Assumptions 1.2 and 1.6 hold true and
matrixes D;, [ = 1, P have full rank, then this solution is unique. It can be
obtained by comparing (1.76), (1.80), and (1.81). Therefore, putting in (1.77) v = 0,
G;s(o) = G, D(x) = D, gs(x) = —b and replacing Y — f(«) by Y, we derive

o« =J,—EG)a* +Eb, (1.82)
where o = ('Y 7'D)™'D’X 'Y is the solution to (1.80),

E= GO 'D)'¢) ¢z D). (1.83)
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In case of only one regression equation (P = 1), which corresponds to the
regression problem

1

E||Y—Xoc||2 — min, Go b,
(in notations of (1.7)), estimation of the regression parameter is given by (1.82) and
(1.83) with D = X, ¥ = Jr. Therefore

E=GXX)'¢)'ex'x)™". (1.84)

The proposed method allows to obtain easily well-known results for special
cases of (1.74) and (1.75); (1.82)—(1.84) were proposed earlier, for example, by
Johnston (1963, Section 5.6).



Chapter 2
Asymptotic Properties of Parameters
in Nonlinear Regression Models

In this chapter, we investigate some regression models with unknown coefficients.
We assume that the parametric set of unknown parameters is closed and, generally
speaking, unbounded. The case of open sets is easier to study, because in most of
the cases the asymptotic distribution of estimates is normal. This is not always true
when the constraints are compact sets. Everywhere in the text we consider discrete
time observations. It is known that the observation errors taken at different times
can be dependent. We do not consider here the continuous time version, although in
that case many statements listed below also take place.

In Sect.2.1 we give some general statements which are useful for proving
consistency of estimates. Using them, we prove the results on consistency for
types of estimates that are best known in practice, including least squares and least
modules estimates. In Sect. 2.2 we investigate the asymptotic distribution of the least
squares estimates. In Sects.2.3 and 2.4 we investigate the asymptotic properties
of the least squares estimates method in the context of problems where the set of
restrictions on the parameter is convex or non-convex. In Sect. 2.5 a linear regression
model with non-stationary variables is studied. As a rule, by ||-|| we denote the norm
in R’ or in some functional space, if it would not lead to misunderstanding.

2.1 Consistency of Estimates in Nonlinear Regression Models

In this section, we focus on getting the consistency conditions for nonlinear
regression models of rather general form. From these conditions one can derive the
consistency conditions for many known estimates, for example, for the least squares
estimates, which we is discussed later.

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter 29
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0_2, © Springer Science+Business Media, LLC 2012
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We give some examples of regression models, which are widely known to
specialists in the field of theoretical and applied statistics.

P

1. ye=Y_ xuof + (). 2.1
i=1

Here ¢(¢) are independent or stationary dependent random variables, x;, =

{xj,i = w}, t = 1,...,n are independent identically distributed random vectors
with Ex; = a, # 0, independent of £(¢) (or observed without errors), such that

T

1
?inztabiz asT — oo. (2.2)
=1
The vector a® = (), ... ,ozg) is unknown and is to be estimated.
2. v = f(t,a®) +e@), t=1,...,T (2.3)

This model is nonlinear in the vector of the unknown parameters a’; the errors &(t)
are the same as in model 1.

3. ve = f(x(0).0’) +e(t), x(t) € R”, (24)
where the p-dimensional vector x(¢) and &(¢) are mutually independent, and each
of the sequences {x(¢)} and {¢(¢)}, t = 1,..., T, is the sequence of independent or
stationary random vectors or variables.

t
4. sz=a0(7)+e,T, t=1,....T, T > 1, (2.5)

where &7 is a sequence of series of independent random variables. This is a
nonparametric regression model, because we have to estimate the function o°(¢) €
K, where K is a compact set from some Banach space.

We restrict ourselves with these examples, and only note that each of the
models is of independent interest. Of course, the examples above do not exhaust
all regression models.

In the models above we assume that the parameter vector o” or the function «
is unknown and is a priori contained in some set K. The specific form of the set K
is discussed later.

Let us consider some cost functions characterizing the accuracy of the
estimate.

0

1. Least squares method. For our model the cost functions are, respectively, of the
form

1 — r ’
Or(e) = — [yt - in,ai} : (2.6)

=1 i=l1
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Qr(a) = —Z[yt [t )P, 2.7)
T
Qr(a) = Z — f(x(t), )], (2.8)

T 2
Or(a) = TZ[yt—a( )] (2.9)

2. Least absolute values method. In formulas (2.6)—(2.9), the square of the differ-
ence is replaced by the absolute value of the difference. Least squares estimates
and least absolute values estimates are particular cases of L ,-estimates, which
use a cost function with the absolute value of the difference raised to the power p.

3. Maximum likelihood method. The distribution of observed random variables is
assumed to be known, and the cost function for model (2.1), for instance, has
the form

Or(a) = Hf (yt ana,). (2.10)

i=1

Similar criteria are used for maximum likelihood estimations in other models.

Here we give only the best known classical estimation criteria of unknown
parameters in various observation models. Of course, these criteria do not exhaust
all possible estimates. In particular, we consider estimates of functions of the form

1 T
Or(a) = 7;‘/0(&,«), 2.11)

where p(x, o) is known and depends on observations and an unknown parameter o.

The function p(x, ) may be quite general and is not necessarily everywhere
differentials (Ermoliev and Norkin 2003). Estimates of the unknown parameter
o are also classified as Huber’s M -estimates (Huber 1981; Hampel et al. 1986;
Vapnik 1982, 1996). Various non-classical examples of M -estimates are given in
Ermol’eva and Knopov (1986), Ermoliev and Knopov (2006), Knopov (1997a),
Liese and Vajda (1994), and Van de Geer (1995). Many researches focus on consis-
tency of estimates of linear regression in the case of independent observations. Main
results are presented in Demidenko (1989), Dorogovtsev (1982), Ivanov (1984a, b,
1997), Kukush (1989), Le Cam (1953), and Malinvaud (1969), and we will not
dwell on them in detail. For the case of dependent observations in discrete time we
mention the works (Ajvazyan and Rozanov 1963; Holevo 1971; Dorogovtsev 1982).

Apparently, the analysis of consistency conditions for nonlinear regression
models originated from classical works of Jennrich (1969) and Malinvaud (1969),
further significant progress in this area was obtained in Dorogovtsev (1982) and
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Ivanov (1997), and in many others. We discuss some of these results below. Let us
focus on some essential points that arise in proving the consistency of estimates.

Some statements from which the properties of consistency or strong consistency
of the above assessments follow, are given in Dorogovtsev (1982). We present
theorems that give some common properties for all these estimates.

Theorem 2.1. /. Let(R, F, P) be a probability space, I, C I a sequence of
o -algebras such that 3, C 3,41, and K a compact set from some Banach space
with norm || -|| .

2. Let {®,(s) = ®,(s5,w),(s,0) € K xR,n > 1} be a sequence of a separable
real functions continuous everywhere on sets of the form ||s — so||> 6 for any
8 > 0, where sy € K, semi-continuous at the point sy for a fixed w € R, and
Iy -measurable for fixedn > 1 and s € K.

3. P{lim, o0 ®,(s,w) = ®(s)} = 1, where ®(s) is a separable real function
continuous everywhere on sets of the form ||s — so|| > 6 for any § > 0, semi-
continuous at the point sy, and such that ®(s) > ®(sg),s € K, s # .

4. For any § > 0 there exist yy > 0 and function c(y), c(y) — 0 for y — 0, such
that for any s’ € K and any 0 <y < y we have

Py lim sup [0n(s) = Qu(sHl <c(y ) = 1.

"0 Is—s"l|<ylls—s0l 16}

Assume that s, = s,(w) € K is defined by Q,(s,) = mingeg Q,(5).
Then the element s,, can be chosen 3, -measurable and satisfying

P{lim |[|s, —so|| =0} = 1.
n—>00

Remark 2.1. Theorem 2.1 for continuous Q, (s) was proved in Dorogovtsev (1982),
but with slight changes in the proof the theorem remains valid also when Q,(s) are
only lower semicontinuous at the point sg.

Remark 2.2. If conditions 3 and 4 of Theorem?2.1 hold true in the sense of
convergence in probability, then the assertion also takes place in the sense of
convergence in probability.

In some cases the following modification of Theorem 2.1, given in Nemirovskii
et al. (1984) is useful.

Let (€2, 3, P) be a probability space, (F,2l) is a measurable space, (E, || || ) is
a Banach space containing F, {J,} is a sequence of functionals, which map 2 x F
in [—o0, o0]. The functional R : Q x F — [—00, 00] is called the normal integrand
on 2 x F, if it is measurable on J x 2, and lower semi-continuous in f (i.e. the
sets { f : R(w, f) < c} are closed) for almost every w € £2. Suppose that the
minimal contrast estimate, i.e. the measurable mapping f, : @ — F, satisfying the
condition f,(w) = argminyser J, (@, f), ® € 2, is defined.

Let us give the results on the convergence of the sequence of minimal contrast
estimates to some fixed f*€ F. These results are simple modifications of the results
proved in Dorogovtsev (1982), Huber (1981), Jennrich (1969), and Pfanzagl (1969),
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and therefore we formulate them without a proof. For brevity we drop the depen-
denceonw in J,. Let 3, (f) = J,(f)—J,(f ™). Fix ¢ > 0 and a natural number 7.

Let W, U be some subsets from the class F. The assertion “condition (W, U)
holds almost sure” means that

Ay, inf lim 3J,(f) >0 (as.),

JSEW 500

A, lim lim  sup |J,(g)—J.(f)|=0 (as)VfeUl.
000 giflg— 1 ||

The statement “the condition (W, U) holds in probability” means that

Al 3d, > 0: lim P{S,(f)=d,}=1. VfeW
n—o0

Ay, lim lim P sup  |Ju(g) =T (f)|=ny =0, Vn>0,VfeUl.
§=0m=00 ([ giflg—fll<0

Remark 2.3. The supremum in A, and A/2 may be not o-measurable. Then we need
to assume that 4, and A’2 are satisfied for its o-measurable majorant.

Theorem 2.2. Suppose that the functionals J, : & x F— R are normal integrands
on R X F foralln > ng. Then || f,, — £~ || = 0.n — 00, a.s. (or in probability) in
each of the following cases:

1. The set F is completely bounded in E and the condition (Ss U (F\Bs), F) is
satisfied a.s. (in probability) for all 0 < § < e.

2. The set F is convex and locally completely bounded in, E the functionals J, are
convex in f, and the condition (Ss, B.) is satisfied a.s. (in probability) for all
0<d<e.

(We say that F is a locally completely bounded set if all the balls in F are completely
bounded.)

Remark 2.4. 1f we replace in Theorem 2.2 the requirement that U is completely
bounded with the requirement that U is compact, then conditions A; and A can be
reduced, respectively, to

As. lim 3,(f) >0, Vfe§ f#f"

n—>00

Ag lim P{S,(f) >0} =1, Yfe& f#f"

Theorems 2.1 and 2.2 generalize known results of Le Cam (1953), Jennrich
(1969), Pfanzagl (1969), Pfanzagl and Wefelmeyer (1985) and others, and are quite
useful tools for proving consistency of estimates in different models. A wide range
of regression models, for which the statements of consistency of estimates are
proved by using Theorem 1, are given in Dorogovtsev (1982).
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Traditionally, from the early works in the field of regression analysis, the
estimation problem have been studied for the case when there are no restrictions
on the range of admissible values of unknown regression parameters. There are
many rather general conditions for consistency of some estimates (for example, least
squares estimates, least modules estimates, maximum likelihood estimates and some
others). The proof of consistency is more difficult and uses a priori restrictions on
unknown parameters. Sometimes these difficulties are hardly possible to overcome.
Therefore the statement concerning the relation between the consistency in case of
a priori constraints on parameters and the consistency in case of estimation in the
whole space might be useful. This statement is formulated in the lemma below.

Lemma 2.1. Suppose that S is some set in a Banach space, (,3, P) is a
probability space, {3J,,n > 1} is a sequence of o-algebras such that 3, C J,41,
S, C 3, n > 1. Assume that the following conditions hold true:

1. {0,(s) = O0,(s,w),(s,w) € S xR,n > 1} is a sequence of real functions,
which are 3,-measurable for fixed s, and are uniformly continuous in s for fixed
n and w.

2. There is a function Q(s) and a unique element s, € K C S such that
P{limy 00 On(s) = Q(s)} = 1 and Q(s) > Q(s0), s # So.

3. Let s, =argminges Q,(s), 5, =argmingegx Q,(s), and P{lim,_o ||Sy — Sol|
=0} = 1. Then P{lim,— ||5; — so|| = 0} = 1.

Proof. It is obvious that Q,(s9) — Q(sp) and lim, 0 @, (s) = O(s) > O(so)
with probability 1. The convergence is uniform on any set ®5 = {w : ||s —so||> J}
with § > 0.

We prove that |5, — so||] — 0 as n — oo with probability 1. Indeed, if such
a convergence does not take place, then there exists a subsequence n;y — oo such
that s,, — §" # 5o as k — oo. We have Q,, (5,,) — Q(s’) > O(so) as k — oo
because the convergence with probability 1 is uniform on ®5 with § < ||s" — s¢]|.
On the other hand, according to the definition of §,,, Qu, (54,) < O, (s0), and
O, (s0) = Q(so) with probability 1. This contradiction proves the lemma. O

Before proceeding to the problem of finding the consistency conditions in
some regression models we would like to discuss briefly the problem of the
measurability of considered estimates. These problems were first investigated in the
fundamental paper (Pfanzagl 1969). Further, in Dorogovtsev (1982) and Knopov
and Kasitskaya (2002) some questions concerning the measurability of studied
estimates are investigated. We present some of the results below.

Theorem 2.3. Let X be an arbitrary subset of some separable metric space with
a metric p, (Y, Q) be a measurable space, f = f(x,y) : X xY — R be
a function, continuous in the first argument for each y and measurable in the
second argument for each x. Then the mappings g(y) = infyex f(x,y), h(y) =
sup,cy f(x,¥),y €Y are Q-measurable.
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Proof. Let X' be a discrete everywhere dense subset of X. The properties of
measurable functions imply that the mapping g(y) = infiex’ f(x,y), y € Y, is
Q-measurable. Fix an arbitrary element y € Y. It will be shown that g(y) = g1(y).
It is sufficient to prove that f(x,y) > g1(y), x € X.

Fix x € X. There exists a sequence {x,} of elements from X', converging to
X as n — oo. Since f is continuous in the first argument, f(x,,y) — f(x,y)
asn — oo. Then f(x,,y) > gi1(y),n € N.Hence f(x,y) > gi(y). Then the
function g(y) = g1(y), y € Y is Q-measurable.

We can write h(y) = —infiex(—f(x,y)), y € Y. The same arguments can be
applied to the function — f. Hence the mapping 4(y), y € Y is Q-measurable. O

Theorem 2.4. (Schmetterer 1974) Let S be an arbitrary closed or open subset of
R, [ > 1, (X, R) is some measurable space. Suppose that f : S x X — [—00, oq]
is a function satisfying the following conditions:

1. f(s,x),s €S, is continuous for all x € X
2. f(s,x),x € X is R-measurable for eachs € S
3. Forany x € X there exists s € S with f(x) = infges (s, X).

Then there exists a measurable mapping ¢ : X — T such that
f(@(x),x) = inf f(5,x), x€X.
NS

To illustrate Theorem 2.1 we consider below a model in which the function is a
nonlinear regression of unknown parameter o°, time-dependent with parameter t.
Consider the model (2.3) with criterion (2.7). For this purpose we formulate the
problem more clearly.

1. We have the observation model y, = f(t,a) + &(t), where &(t) is a Gaussian
stationary process with discrete time, Ec(t) = 0, r(t) = Ee(t)e(0) and |r(t)| <
c/|t]'*, 8 > 0, Ele(0)|* < c.

2. The function f(t,a) is continuous in the second argument and satisfies the
following conditions:

a. limr—oo(1/T) X1 [f(t,00) — fit, a©))* = ®(a) > O for o # o°

b. |f(t.a) — f(t,&)| < c|la —@||f,0 < B < 2, wherethe constant ¢ does not
dependont,o, a;

c. f(t,o) > oo, ||| = 00

Let Qr(a) = (1/7) Zthl [y, — f(t,)]? and oo € argminge; Q7 (), where J
is a closed subset in R?. The following assertion holds true.

Theorem 2.5. Let conditions 1 and 2 be satisfied. Then

P! lim |lar —a’|| =0} = 1.
T—o00
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Proof. We first prove that there exists ¢ > 0 such that with probability 1 only a finite
number of elements in the sequence a7 lies outside the sphere K = {a : ||x||< c¢}.
Let o(y;, &) = [y, — f(t, )] Note that ¥,(c) = infjjy|>c (¥, ) — 00 as
¢ — oo with probability 1. Then Ev,(c) — oo, ¢ — oo. Consequently, there is
¢ > 0 such that Evy;(c) > E¢(y;, "), and by ergodic theorem we have

1 < 1 o
72 Ve) > 5 3 o) = Fr@)
t=1 t=1

with probability 1 for sufficiently large 7.
Thus with probability 1 all «7 belong to K for some 7.
Using this fact, we check the conditions of Theorem 2.1.
Let

Or(a) =

’ﬂ I

T
[t - Zezm,
t=l

E®r(a) =

T
2NT
T
Z [f(t. o) — f(t.a)].

Let ny = ®7(a) — E® (o). Then

T
Enp = B 23 [/ 0a) ~ /G a)leto
t=1

16 T T T T
=722 2 2 ftad) — f(n. o))l f (6.0 = f(t2, )]

h=1n=1t3=1Hn=1

X[f (13, 0°) = f(13, )1 (14, &°) = f(1a, )] Ee(t1)e(t2)e(13)e(ta) < T2

Therefore, by Borel-Cantelli lemma P {lim7_o, n7 = 0} = 1 implying that
P{lim7 o0 @7 (0) = P(e)} = 1.

Thus, condition 3 of Theorem 2.1 is satisfied. Let us verify condition 4 of this
theorem. For fixed o we have

sup | @, (o) — B, ()]

lloe—ex|| <y

< sup

= Z[y, [t - Z[y, . @)

[loe—a||<y =1
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< sup

[loe—a||<y

1
T

T
YAl a®) = f o)l = [f(t.a®) = f(t. @)
=1
+2[f(t. @) — f(t.a)]e(r)}

1 T
< sup =) If(a) = Sl )] 2 (o) = [ o) — f(1.))

le—all<y £ =4

T
2 _
o 7D e = [ @
o—a| <y =1
1 T 1/2 1 T 1/2
scy+ 2|| T Y L) - f(t,&)]z} - { T Zsz(t)}
e—aji<y t=1 t=1

T 1/2

<cy +c —282([) vP >y +ayPr0) asT — oo.
=

Let c(y) = cy + ¢1y?r(0). Then condition 4 of Theorem?2.1 holds true, which
finishes the proof of the theorem. O

In order to prove the consistency let us consider another example of application
of Theorem2.1.
Consider the regression model (2.4) with the least modules cost function (2.7).

Theorem 2.6. Let the following conditions be satisfied:

1. Ele(t)| < o0
2. E{maxaesjaliza |/ (x(1). )]} < o0

where f(a,B) is continuous with respect to the first argument and measurable in
the second;

3. For any sequence {u;} such that ||u;||—o00 as j—o00, we have f(x(t),u;)—00
as j — oo with probability 1

4. Ple(r) <0} =1 fort =1,2,...

5. a7 is the solution to the minimization problem

T
Ortar) = min g 3 b = (0.0

Then P{limr_ ||ar —a®|| = 0} = 1.
In the proof we essentially use the following lemma proved in Knopov and
Kasitskaya (1995).

Lemma 2.2. Let & be a random variable on the probability space (R, 3, P), E|§| <
oo, and let B > 0 be some real number. Assume that

1. P{E <0} =1
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[0,8). B>0,
[8.0), p<O.

If the condition (1) is satisfied, then E|& — B| > E|&|. If conditions (1) and (2)
are satisfied, then E|& — B| > E|£|.

The proof of Theorem 2.6 follows by the same scheme as the proof of Theorem 2.5.
Using the strong law of large numbers we get

2. P{£ € Ag} >0, where Ag =

P tin 0r@ = Ely - fa0.@lf =1

where Qr(a@) = (1/T) Y/ [y — f(x(1), &)

Applying Lemma 2.2 we see that the point a® is the only minimum point of the
Sfunction E|y; — f(x(t), a)|. Using this fact, we can get the assertion of Theorem 2.6
in the same way as that of Theorem 2.5. The complete proof of this theorem is given
inKnopov (1997a—c).

Obviously, if x, = {xi,i = 1, p} are independent or stationary dependent
vectors, the model (2.3) includes the model (2.1). If x; is a non-random vector
satisfying (2.2), then one can show that if the criterion (2.6) holds true, the
conditions of Theorem 2.1 are be fulfilled with the functions ® (o) and ®r(x) of
the following form:

p
@ (o) = Y b(ey —ef)’,
i=1
1 T p 2 1 T
Or(a) = T Z |:yt - intaij| -7 Z [e()],
i=l1

=1 t=1

provided that the values of €(t) are independent and E|e(t)|* < oo. Similar
conclusion, but subject to the conditions of Lemma 2.2, can be made for model (2.1)
in the case of the least modules criterion.

2.2 Asymptotic Properties of Nonlinear Regression Parameters
Estimates Obtained by the Least Squares Method Under
a Priory Inequality Constraints (Convex Case)

2.2.1 Introduction

In Sect. 1.2 we formulated the problem of estimation of parameters of nonlinear
regression. For studying the statistical properties of regression parameters estimates
it is more convenient to rewrite the estimation problem (1.16) as below:

St(o) > min, gi(x) <0,iel={1,2,...,m}, (2.12)
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where
T
Sr(e) = 2T)™' Y~ (3 — file))™. (2.13)
=1

In what follows we use the index T" to emphasize the dependence of the criterion
on T'. Further, in this section we use the notation a7 for the solution to (2.12). The
true value o” of the regression parameter may satisfy both inequality and equality
constraint:

gi(@) =0, iel) g@)<0,iel}], JUl)=1={1,....,m}. (2.14)

We assume that the number m; of elements in the set I} is less than n.
Set

G(a) = [Vgi(@).....Vgn(@)], Rr(a)=T"'Dy(2)Dr(a),

where matrix D7 (o) = [0f;(t)/de;), ¢ = 1,T, j = 1,n is of dimension T' x n.
Thus, the elements of the matrix Ry (o) are

T

) =Ty i) ofil@) 1 (2.15)
t=1

aak aOll

In the sequel we assume that the following assumptions hold true.

Assumption 2.1. Random variables &, are independent and identically distributed

with zero mathematical expectation and variance o2

Assumption 2.2. A. Functions f;(«), t=1,7 and g;(«), i €], are twice continu-
ously differentiable on H".

B. ForalleeM={« : g(o) < O,, ¢ € R"} and all possible values of independent
variables x, there exist constants ¢; and ¢, such that

‘afz(a) 0> fi(a)

80(,' 8061' aOlj

<c, t=1T,i,j=1n.

=c,

C. Functions g;(«), i € I, and their derivatives up to and including the second

order are bounded in the neighborhood of o = o°.

Assumption 2.3. The estimate a7 is consistent and converges in probability to o”.
The problem of estimating the consistency of o7 was discussed in the preceding
Sect.2.1.

Assumption 2.4. Gradients Vg, («”), i € I} are linearly independent.

Assumption 2.5. The matrix R7(«) converges as T — oo to a positive definite
matrix R(a?).
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Assumption 2.6. Functions g; (o), € I are convex.
Assumption 2.7. There exists «~ such that g(a™) < O,,.

This assumption means that there exists at least one interior point in some
suitable set M (the Slater condition).

From the last two assumptions it follows that the gradients Vg;(a7), i € I,
I, ={i: gi(axp) =0,i € I}, are linearly independent.

2.2.2 Auxiliary Results

We prove two lemmas on properties of random matrices. Here, as well as in the
sequel, we use some theorems on convergence of random variables from Rao (1965).
The precise references will be given later in the text.

Lemma 2.3. Let A7 be a random symmetric matrix of dimension n X n, converging
in probability as T — oo to a positive definite matrix A. Then:

1. The eigenvalues air,k = 1,n of Ar converge in probability to the eigenvalues
ar,k = 1,n of the matrix A.

2. The model matrix Cp of Ar converges in probability to the model matrix
Cof A

3. limr_o pr = 1, where pr is the probability that At has positive eigenvalues.

Proof. We arrange the eigenvalues of A7 in non-decreasing order; these eigenvalues
are random, see Girko (1980, Chap. 3). Since eigenvalues of a matrix are continuous
functions of its elements, we have

p lim ayr = ax, k=1,n. (2.16)
T—00

For the proof of the second statement one requires that
Ixir|| =[xl =1, k =T.n, (2.17)

where x;r and x; are, respectively, the eigenvectors of A7 and A. Assume that the
eigenvectors of A are distinct and random. If there are multiple eigenvalues (among
the variables axr, k = 1, n, for some T there are identical ones), then, in addition,
fix some components of x;7. Thus, with probability 1, the vectors are determined
uniquely from (2.16) and from equations ArX;r = arXer, kK = 1,n. Taking into
account that Ax; = arAy, we have

(A —arJ) Xk —Xp7) = bir — 7 = —Byr, k= 1,n, (2.18)

where

bir = (ar — arr)Xi — (A — Ar)Xy,
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cir = [(Ar — A) — (arr — @)Jn] Xk — Xa7).
Taking into account (2.17), we have
lleer||< (A7 — Al + |ai — axr]) ||Xe — Xir||< 2 ([|Ar — Al| + |ak — air|) -

According to the conditions of the lemma and (2.16) we obtain p limr_ o by =
plimro o cir=0,, k= 1, n. From this equation and (2.18) we derive p limr_ o
By =0,, k = 1, n. Taking into account that (A —a; J,,)x; = O, we get from (2.18)
the equality (A — axJ,)Xxr = Byr. The general solution of this inhomogeneous
equation is the sum of any of its partial solutions X;r and the general solution of the
homogeneous equation (A — ax J,)y=0,, which is equal to gx;, where g is random
scalar, and x; belongs to the linear subspace of dimension r, generated by r linearly
independent eigenvectors A corresponding to ax, | < r < n — 1. Thus, we have
Xir = Xpr + qrXk, where g have be chosen such that x;r is the solution to (2.17).
We arrive at the equation for determining gr:

n

Ixerl> =) |:XIEIT) +4qr xl(cl)] =1
i=1

where x,gT) , x,i D are components of X and X, respectively. By (2.17), the solutions

to this equatlon are

2
— -+ [zx,szx,s [ it

i=1 i=1

Without loss of generality we may assume that x x =0,i =n—r+1,...,n. Then
(€)) 1
Xk By
Xr = | =AL | ,
(n—r) (n—r)
Xkt By

where A1 is a submatrix of the matrix (A — a;J,), obtained by deleting the last
r columns and rows, and B,g’T) is ith component of vector Byy. Since the rank of
(A —agJ,) is n — r, the matrix A,_, is non-degenerate. We have p limy_ ):(kT =
0,_,, whence plimy_oo X7 = O,, k = 1,n. Thus plimr_ e gr = 0, and we
obtain

plimr oo Xir =X, k =1,n. (2.19)

The columns of the matrix C7 are the vectors Xz, k = 1, n. From here and (2.19)
we get p limy_, o, Cr = C, which proves the second statement of the lemma.

Let us prove the third assertion. According to (2.16), for arbitrary >0 and § > 0
there exists Tox > 0, such that P{|axr —ax| < e} >1—8,T > Tox, k = 1,n. We
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select ¢ such that it is less than the minimal eigenvalue of A. Then

pr > P{layr —ax| < ek =1,_n} > P{lair —a,| < &}

n

—ZP{|akT—ak|2£}21—n8, T > max To.
: k=1,
i=2 )

Thus, the third statement of the lemma is proved. O

Lemma 2.4. Assume that the random matrix At of dimension n X n converges in
probability to the positive definite matrix A. Then plimr_ Ar = A7! where
Ar = (A7 + yr(lair| + ¢)J.)~Y. Here yr = 1 if the matrix Ay is degenerate and
yr = 0 otherwise, a\r is the least eigenvalue of Ar, and c is some positive number.

Proof. First we prove that yr converges in probability to 0. The determinant det A
of A7 is a continuous function of elements of Ar; therefore, it converges in
probability to detA > 0. We select a number ¢ > 0 such that ¢ < detA. Then
for arbitrary ¢; > 0 and §, > 0, we have

P{|)/T| < 81} > P{)/T = 0} = P{detAT 7§ O}
> P{|detAr —detA| <e}>1-6y, T > Tp.
Thus, plimyr_.« yr = 0. By convergence in probability of Ay to A and of a;r

to the minimal eigenvalue a; of A (according to the first statement of Lemma2.3),
we derive the statement of the lemma. O

We establish some property of the solution to the quadratic programming
problem, required in the sequel.

Lemma 2.5. The quadratic programming problem
1
Ea’Roc —Qa —-min, Ga<b (2.20)

has a solution a (G, Q), continuous in G and Q. Here o, Q € R", R is the positive
definite matrix of dimension n X n, G is the matrix of dimensionm x n,b € R,

Proof. For a nonsingular matrix H there always exists a positive definite matrix
R such that R = HH. Put p = Ho, P = (H"')YQ, S = GH™!. Under such
rearrangements the quadratic programming problem (2.20) is transformed to

min{ %B’B—P'B

SB < b} : (2.21)

Denote its solution by B(S,P). For arbitrary Q; and Q, = Q; + AQ, G; and
G, =Gy + AG,wehave P, =Py + AP,S, = S; + AS, where P; = (H_l)Q,',
Si =H!'G;,i =1,2.Then P, = P, + AP, S, = S; + AS for random Q, and
Q=0Q;+AQ,G;and G, = G| + AG; here P; = (H™!)Q;. Hence
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AQ = H'AP, AG = HAS'. (2.22)
For a(G;,Q;) = H™!B(S;,P;),i = 1,2, we have
Ao =H'AB, (2.23)

where Aa = a(G2,Q2) — a(G1,Q1), A = B(S2,P2) — B(S1,Py).

Let AQ — O,, AG — O,,; then by non-degeneracy of H it follows from
(2.22) that AS — O,,, and AP — O,, which leads to Ap — O, (Khenkin and
Volinsky 1976), which together with (2.23) gives Ae — O,. Lemma is proved. 0O

We introduce now a series of relations based on the necessary conditions for the
existence of the extremum in problem (2.12), satisfied by o7 (see Assumptions 2.6
and 2.7):

VSr(ar) + Y AirVgi(ar) = O, (2.24)

i=1
Airgi(ar) =04 7>0,i €1, (2.25)
where A;7 are the Lagrange multipliers.
Set Fr(a) = VS7(er). Applying the mean value theorem to the kth component
of Fr(a), k = 1,n, we obtain

Fr(ar) = Fr(a®) + @7 (ar — ), (2.26)

where ® 1 is the n X n matrix, whose (k, /)th elements are of the form

0> fi (o)

aolk 8a1

T
o =rf &)+ T Z (e = fi(€17)) (2.27)
=1

a=§

Here £, is a random variable, satisfying ||§ 7 — || <|| a7 —||. It follows from
(2.15) and (2.27) that ® 1 is symmetric. Let us find its limit in probability. First we
find the limit of r/,(§,). For arbitrary ¢ > 0 we have

PAJrly €)= ru@)] = &} = P {[rf €1r) —rfi @) = 5

+P {[rf @) —ru(@’)] = 5. (2.28)

To estimate the first term in the right-hand side of (2.28) we perform some
calculations. By the mean value theorem

rg(€17) = i (@) + (Vru((ar)) E 7 — o),
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where &7 is a random variable, satisfying

g2 — &I <[] §17 —|l.

Obviously, § 7, &,7 € M by convexity of the set M (Assumption 2.6); therefore,
if Assumption2.2B holds true, then one can easily show, making use of (2.15),
that [|Vrl (§,7)||< 2cic24/n. From the last two relations and the convergence in
probability of &, to o”, we have for arbitrary § > 0

&

Pt —rfiat) = 5} < Pl <8 T>T,

—oz0||2 &
4C]C2\/ﬁ

According to Assumption?2.5, the second term in the right-hand side of (2.28) is
equal to O for all sufficiently large 7. From the estimates in the right-hand side of
(2.28) it follows that

p lim rl(&,7) = ru(a®). (2.29)
T—00

Consider the second term in (2.27), which we denote by Br. Using again the mean
value theorem, we get

fiEir) = fi(@®) + (V fi(E3r)) B — ),
where £ is a random variable, satisfying the condition
1§37 — ol <[] &7 —”|l.
Then

0> fi(e)

80lk 8011

T
1 0% f; (o)
BT == ? IE:l &t

aO{kaOQ

-2y [(Vﬁ(eat»/(s], — o)

a=§y r=1

°‘=Eltj|

Consider the random variable B3y = T! ZIT=1 £,(0% f;(ot) /oty dcty ). By Assump-
tion 2.2B and the law of large numbers, B37 converges in probability to 0 uniformly
with respect to o« € M. Then, since §,; converges in probability to o” and «® € M
according to Wilks (1962, Sect. 4.3.8), we have p limy_.oc Bi7 = 0.

By Assumption2.2B, the fact that §5; € M and M is convex, we obtain
||V f:(€57)]1* < nc?. Then, since §,; converges in probability to «® and the second

= Bir — Byr.
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derivative of f;() at @ = &, € M is bounded, we obtain for arbitrary ¢ > 0 and
§>0

<4§, T>T.

e
P{|Byr| >} < P — o>
UBar| = eh = Pllgr —oll=

Consequently, the limit in probability of B,r, as well as that of B;r, is equal
to 0, implying p limr_cc Br = 0. From here, (2.27), and (2.29), we obtain under
Assumptions 2.2B, 2.3, 2.5, and 2.6,

p lim ®; = R(a"). (2.30)

According to (2.8) we have

T

- 7Y AC) . 2.31)
t=1

8ak

98T (o)
30lk

a=o’
=

From (2.31), Assumption2.2B and the law of large numbers, we get
p limr_o VS7r(v) = O,. Then, using (2.26), (2.30), and Assumption2.3 and
taking into account that the elements of R(cc") are finite, we obtain

p lim VSr(ar) = 0,. (2.32)
T—o00

From (2.25) and Assumption 2.2C we derive
p lim Lz =0, iel), (2.33)
T—o00

since by continuity of g; (o) with respect to o we have

p lim g; (a7) =g (@), iel. (2.34)
T—00
Similarly,
pTlim Vgi(ar) = Vg (), iel. (2.35)
—>00

According to Assumptions2.6 and 2.7, gradients Vg;(«r), i€l, are linearly
independent. Thus, from the system of (2.24) we can determine uniquely A7,
i € I)N I, by using (2.14), and putting A;r = 0if i € IP\I{ N I,. According
to (2.32), (2.33), (2.35), and Assumption 2.2C, the right-hand side of this system
converges to 0 in probability. Then according to Assumption2.4 and the condition
my < n, we have p limr—.oo iy = 0, € I{. Thus,

p lim Ar=A=0, iel.
—>00

We have proved the following lemma.
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Lemma 2.6. Assume that Assumptions2.1-2.7 hold true and the number of ele-
ments in the set I 10 is less than n. Then the Lagrange multipliers A;r, i €1, in problem
(2.12) converge in probability to 0 as T — 0.

According to Lemma 2.6, set Vi = T (A —A")=vT A7, Ur=+T (a7 —a?),
where v = [Mir ... A ], A0 = [/X? A 21],. From (2.24)—(2.26) and
(2.31) we have

—D'7(«”)Er + @7Ur + G (ar)Vr = Oy, (2.36)
virgi(ar) =0, vir>0,i€l, (2.37)
where ﬁ’T (@) = (WT) ' Dr(a®), Er =[e1 ... er], G(a)is an m xn matrix,
whose ithrow is Vgi(a),i € I, Vr = [vir, ..., Vurl.
Set
Qr = D} (a")E7. (2.38)

To find the asymptotic behavior of the distribution function of Qr we use Corollary
2.6.1 of Theorem 2.6.1 from Anderson (1971), which includes this particular case.
The conditions of the corollary are satisfied if Assumptions 2.1 and 2.5 hold true and
elements of D7 (a®) are uniformly bounded (i.e., Assumption 2.2B holds true). Then
Q7 converges in distribution to a normally distributed random variable Q with zero
expectation and covariance matrix o>R(ac®).

Set Vi = [Viz © Varl, G(a) = [G'1(a) : Go()], where Vir and
Vor are vectors with components vip, i € 1 10 and vit, I € 120, respectively; Gi(ot)
is my X n matrix whose ith row is Vgl (), i € I); Gy(a) is (m —my) x n matrix,
Vgi(a), i € 120 is its ith row. In terms of the introduced notation we obtain from
(2.36) to (2.38)

—Qr + ®7Ur + G'(ar)Vir + G2(or)Vor = O,. (2.39)

According to (2.7), gi(aep) +zir = 0,1 € I, where zir > 0, i € I. From here and
(2.25) we derive

Airzir =0, 1€l

or
VitW;t = O, I € I, (240)

where wir = ~/Tzir. Moreover, according to (2.25),
vr>0, i€l (2.41)

By definition, wy > 0, i € [. Expanding g;(a) in Taylor series in the
neighborhood of o = o°, we obtain

Yi(ar)(ar —a®) +z7 =0, i€l (2.42)
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where the row vector equals to
1
Vilar) = Vgi(@) + J(ar — o) g’ + nAar). (243

Here 0, € [0,1]; Aar = o7 —o; gi2(o) is the Hessian matrix of dimension
n x n, with elements 3*g; (a)/0aj Oy, j.k = 1,n. Multiplying both sides of (2.42)
by /T, we write this expression in the matrix form:

‘I’l(OCT)UT +Wr = Oml, (2.44)

where Wi(ar) is an m; X n matrix whose ith row is Yi(ar), i € Ilo; Wir
is my-dimensional vector with components wir, i € I 10.
Based on the results obtained above, we prove the following three lemmas.

Lemma 2.7. Assume that Assumptions 2.1-2.7 hold true. Then
p lim Vor =0,,. (2.45)
T—o00

This expression follows easily from (2.34) to (2.37) since gi () < 0,i € 120.

Lemma 2.8. Assume that Assumptions 2.1-2.7 hold true. Then for any § > 0 there
exist € > 0 and Ty > 0 such that

P{||Vir||= e} <48, T >Th. (2.46)

Proof. Denote by ®7 = (®7 + yr(|Air| + ¢)J,)~! the matrix defined as in
Lemma?24,i.e., yr = 1ifdet®; = 0, and yr = 0 otherwise; A7 is the smallest
eigenvalue of ®7, and ¢ > 0, and the elements of the matrix ®7 are defined by
(2.27). As follows from the proof of Lemma 2.4, we have

P{®;®; =J,} > P{yr =0} = P{det®r #0} > 1-58, T > Ty,

where § is an arbitrary positive number. From the expression above and (2.39) we
obtain

P{®;®r =],} =P {UT = ®;Qr — &G/, (ar) Vir
—<i>TG’2(aT)V2T} > 18T >T). (247)
Set

Br = ¥, (ar)®rG (ar).qr = ¥, (ar)®7Qr,
hr = ¥, (ar)®7G2(0er)Var. (2.48)
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Then V' 7B7Vir = V’ 1iTArVir, where Ar is a symmetric matrix with
elements aiJT = %(bg + ble), i,j = 1,n (where biJT are the elements of Br). Thus,

using (2.40), (2.44), (2.47), and (2.48), we obtain

P{®;®; =J,} = P{Vi7ArVir + Vir(hr —qr) =0} > 1 =8, T > Tj.

(2.49)
For the matrix A7 we have

C'rA7Cr = Ny, (2.50)
where Cr is orthogonal matrix, Ny = diag (vi7, -, Vur), vir is the ith eigenvalue

of Ar. Applying Lemma?2.2 to ® 7 and using (2.30), we obtain
p lim &7 =R '(a"). (2.51)

T—o00
By consistency of o7 and Assumption 2.2C, we get from (2.43) to (2.35)
p lim ¥ (ar) = p lim G (ar) = G (a?). (2.52)
T—o00 T—o0

Then from (2.48) to (2.51),
p lim By = p lim Ar = G;(@”)R™'(«")G/; (") = A.
T—o00 T—o00

Therefore, taking into account Assumptions2.4 and 2.5, we derive that A is
positive definite. According to Lemma 2.3, we see that

p lim Ny =N, p lim C;r =C, (2.53)
T—o00 T—00
where N = diag (vy,...,v,), v; is the ith eigenvalue of matrix A, and C is the

orthogonal matrix such that C'AC = N.
Set V;7 = vir if vir > 0, and ;7 = 1 otherwise. Using the first relation in (2.53),
we arrive at

p lim Ny =N, (2.54)
T—o0
where Ny = diag(D;7, ..., Dur). By statement 3 of Lemma2.3 for given number

8 > 0 there exists 7| > 0 such that
/

- — ]
p{NT:NT}:P{viT>O,i=1,n}>1—§, T>Tl/'

Denote
Y = NY2C;'Vr. (2.55)
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Substituting V7 from (2.55) in (2.49), we obtain, taking into account (2.50), the
equality above and the inequality

P{det®r =0} <8y, T >T,,
that

P{Y' 7Y +2Y' 7Ky =0}> P{vir > 0,i = 1,n; det ®7 # 0}
=P{vr>0,i=1,n—Pvr>0,i =1,n; det®r =0}

_ 5
> P{vir>0,i =1,n} — P{det®r =0} > 1 —3

where § = 3§y + &/, i.e.

6
PUY[Yr +2¥iKr =0y =z 12, T>Th, (2.56)
Here
_ 1 1/2 ~
Kr = ENT Cr(thr —qr). (2.57)

As it was shown above,
Qr=Q. T — oo, (2.58)

where Q7 is defined in (2.38), and Q is a normally distributed random variable.
From (2.48), according to (2.35), (2.45), (2.51), (2.52), and (2.58), we obtain

that qr :p> q. T — oo; and plimr_ohr = O,,. It follows from (2.57), (2.53),
(2.54) and the last two expressions, that the limit distribution of K7 coincides with
the distribution of the random variable K = —iN~!/2C’q. One can show that
components of the m-dimensional random variable K are independent, centered,
normally distributed with variance equal to 1. Therefore the limit distribution of
4||K7|?is x2. Set Yr = Y7 — K7. Then we obtain from (2.56)

- 8
PUY [ = K7} = 1— 3 T>T (2.59)

The random variable K7 has a limit distribution, which implies that for a given
8 > 0 there exist 75 > 0 and &; > 0 such that

) &1 ~ &1 &1
—>P{K >—}>P{Y > LK >_}
0 IKrllz == PylIYrliz = K]z 5

~ 81 ~
= P{IVrlIz S} =Pl # 1Kelly. T > T
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Then, taking into account (2.59), we obtain P{IY1| = (e1/2)} < 8/2,. T > T =
max(77, T»). Since ||Y7|| <|| Yr|| + ||Kr||, for an arbitrary 6 > O there exists
&1 > 0 such that

~ €1 €1 28
PAIYrl < ey = P{II¥rll < 5} — P {IKr||z E} >1-F. T>T

(2.60)
We have from (2.55)

IVarll [ Cirll - Y7l (2.61)

where C;7 = CTN;I/z. It follows from (2.53) to (2.54) that plimr—c Ci7 =
C = CN~'/2_ Hence, for a given § > 0 there exists & > 0 such that

8
P{||C1T||81 <€}Z 1—3, T > Ty. (2.62)

Obviously, (2.60) and (2.62) are simultaneously satisfied for Ty = max(73, Ty).
Inserting in the inequality

Pla=by = Pla={—P{b=(} (2.63)

the values a = ||Cir|| || Y7||, b = ||Cir||e1, and { = &, we obtain from (2.60) to
(2.62)

2 )
38> PUCTI-IY7l = [Cirllery = PUCr] - Y7l Z e} = 3. T > To.

Then (2.64) follows from the inequalities above and (2.61). The lemma is proved.
O

Lemma 2.9. Suppose that Assumptions 2.1-2.7 hold true. Then for given § > 0
there exist ¢ > 0 and Ty > 0 such that

P{|[Ur| = ¢} <8, T >Tp. (2.64)

Proof. Set

Y =®:Qr — ®7G  (ar)Vir — ®7G 2 (ar) Var.

For some number &3 > 0 we have

PYUr | = &5, Uzl = 127} = P{Ur| = &3} — P{|Ur|| # [ Z 7]}
Then, taking into account (2.47) it follows that

P{[Ur|| = &3} < P{[Ur || = &3, [[Ur || = | Z7l}+80=P{ Z 1l Ze3}+80, T>Ty.
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From the inequalities above we obtain
~ &3
PUIUT] = 3} < PUIEr] = 83} + 80 < P {18761 () ||| Virll= 3|

~ € ~ €
+P 1@ G-I Varllz S+ P IRrQrllz Tf 6. 7> Ty
(2.65)
Let us estimate the terms in the right-hand side of (2.65). According to (2.51) and

(2.52), for given 6 > 0 and &; > 0 we have
P{]|®7G 1 ()|~ IR ()G (&")]| < 1}=P{[| @7
Gll(OCT)—R_l(OCO)Gll(OCO)||<81}21—8, T>T;.

From above, setting &, = ¢||R™! ()G’ («®)|| + e&1, where & > 0 is arbitrary,

we obtain _
Ple||®7G i (ar)|| <&} > 168, T >T. (2.66)

Multiply both sides of the inequality in curly brackets in the expression (2.66)
by [|®7G 1(eer)]. Setin (2.63) a = |[[@7G 1 (aer)| || Vir|l, b = [|®7G 1 (etr)]le,
¢ = &. According to (2.46) and (2.63), we have

§ > P{||®7G (ar) || || Virl|> &2} — P{|®rG 1 (ar)||e = €2}, T > Th.

From the line above and (2.66) we obtain, setting § = §,/6,
~ ’ 81
Pi|®7G 1 (ar)|[- [[Vir] = &2} < 3 T > max(Ty, Tz). (2.67)

According to (2.51), (2.35), and (2.45), (T)TG’ 2(ce7) Vo converges in probability
to 0. Thus, for given &, > 0 and §; > 0 we can find 75 > 0 such that

~ 8
P{||®7G 2(ar)Vaor||> &2} < ?1 T > Ts. (2.68)

It follows from (2.58) and (2.51) that for given §; > 0 one can find &4, > 0 and
T, > 0 for which

= )
P{[®7Qr||> &4} < §1 T > Ty

Varying & one can always achieve that &, = ¢4; therefore, setting in the right-hand
side of (2.65) e3 = 3¢4 = 3¢&,, we obtain (2.64) from (2.65), (2.67), (2.68) and the
last inequality setting ¢ = €3, § = 81 + 8o, To = max(7y, Ty, T», T3, Ty).

Lemma is proved. O
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2.2.3 Fundamental Results

In this subsection we determine the limit of the sequence of random variables Ur.
To do this we consider the convex programming problem:

or(X) = %X’CDT(a))X — Q7 (w)X — min,
Bi(X) = Vg’i(aO)X +14L(X) <0y, ic IIO, . (2.69)
Bi(X) = VTgi(«®) + Ve[ (@)X + [;(X) <Oy, i €],

where X € R", &7 (w) = @7, Qr(w) = Qr, w € R, Q is a sample space.
The last two expressions in (2.69) can be rewritten as

B:(X) = VTgi (% + ao) L el (2.70)
LX) = 1y, (oco + 6 (a))i) X, iel (2.71)
i = Zﬁ &i2 T1 ﬁ s , .

where functions g;» and 07, = 07 (w) are defined in the same way as in (2.43).

By the solution to the problem (2.69) we understand the vector U7 (w), calculated
for fixed w. Since ®7(w) is a symmetric matrix, the necessary conditions for the
existence of an extremum in (2.69) can be formulated as follows:

@7 (0)Uf(0) — Qr (@) + Y _ VB (Ul (0)vjr(@) = O,

i=1

Vi (@)Bi(Ur(w)) = 0y, vip(w) >0, i€l (2.72)

The necessary conditions for the existence of an extremum in (2.12) can be
written, according to (2.37) and (2.39), in the following form:

@7 (0)U} (0) = Qr(®) + Y Vai(ar(@)vir(w) = O,

i=l1

vir(w)gi(ar(w)) =0, vir(w)>0,i€l. (2.73)
Setting X = Ur(w), we obtain according to (2.70)
Bi(Ur(®)) = VTgi(ar(®)), VB:i(Ur(w)) = Vgi(ar(w)).

which implies together with (2.72) and (2.73) that vectors Uy (w) and V7 (w) are
the solutions to the system of equations (2.72), i.e. Uy (w) satisfies the necessary
conditions of extremum in (2.69). This observation leads to Theorem 2.7.
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Theorem 2.7. Under Assumptions 2.1-2.7, the random variable Uy (w) = ~/T (a7
(w) — o), is the solution to (2.12), converging in distribution as T — oo to the
random variable U(w), which is the solution to the quadratic programming problem

1
P(X) = EX’R(oco)x —Q(w)X — min, Vgl ()X <0,iel]. (274

Here Q(w) is a normally distributed centered random variable with covariance
matrix o’R(a?).

Proof. Consider the quadratic programming problem:
1
or(X) = EX’R(oco)x — Q7 (@)X — min, Vgl (@)X <0,iel). (275

Denote its solution by Ur (o). According to Lemma?2.5, U7 (o) is a continuous

function of Q7 : Ur(w) = f(Qr(w)). Then by (2.58) we have f(Qr(w)) =
f(Q (@)). On the other hand, according to (2.74), U(w) = f(Q(w)). Thus,

Ur(@) 2 Uw), T — oo (2.76)
Let
Or ={X:Bi(X)<0,iel}, O={X:Vg (@)X <0,iell}.

By Assumption 2.6 and (2.70), Or is a convex set. According to Assumption 2.6,
[;(X) > 0, X € W". Therefore, (2.69) implies that Vg (@”)Ur(w) < 0,i € I?,
since B; (Ur(w)) <0,i € I} (see (2.70)). Thus, Uz (w) € O.

Since R (o) is positive definite (see Assumption 2.5), @7 (X) is a strongly convex
function of X. For such a function we have, since Ur (w) € O, the following relation
with some constant 4 > 0 (Karmanov 1975):

1Ur (@) - Or @) < %[gar(UT(w)) G (@)

To shorten the notation we omit below the argument .
For arbitrary ¢ > 0,

PUU — Tl <} = P {i[an(Ur) ()] < eZ}

> P{1gr(Up) —er(Un)] < | + P {lerUn) —er@nl< S - 1.
(2.77)

where g = pue?/2.
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We estimate the probability in the right-hand side of (2.77). From (2.69), and
(2.75) we have for arbitrary &, > 0 and § > 0

~ 2¢e
P{gr (Ur)—er (Up)| < £2} = 1=P{|lUr]| = vb}—P | [[R@")—@7||> 72} >1-68, T>Ti,

(2.78)
where b is a positive number (to derive (2.78) we used Lemma 2.9 and (2.30)).
Based on (2.30) and (2.76), we obtain in a similar manner

P{¢r(Ur) —or(Ur)| <ea} > 168, T >T. (2.79)

Let us estimate the second term in the right-hand side of (2.77). After some
transformations we arrive at

P lor(Un —¢r(0r) < 5} = PlerUn —pr@p <0} (2:80)
+P {ler (@) —gr(0n)| < 3} - 1.

Consider the first term in the right-hand side of (2.81). If the matrix ® 7 is positive
definite, problem (2.69) has a unique solution, because Or is a convex set and
Assumption 2.7 holds true. Then, on the basis of the analysis of expressions (2.72)
and (2.73) carried out above, we conclude that U7 satisfies the necessary conditions
for the existence of the minimum in (2.69). Therefore, U} = Ur if Ay > 0,
i = 1,n, where A7 is the ith eigenvalue of ® 7. Thus,

P{pr(Ur) —or(Ur) <0} > P{Ur € O, Air > 0,i = 1,n}
= P{Bi(Ur) <0,i e I; Ay > 0,i = 1,n}

implying that

P{or(Ur) —pr(Ur) <0} = P{Ay > 0,i = T.uy—m+ Y P{B;(Ur) < 0},
i=1
(2.81)
From (2.71) to (2.76), continuity of the function g;» and its boundedness in « =
a?, it follows that y
P lim ll' (UT) = 0. (282)
T—o00

Using (2.76) and (2.82), as well as the inequalities V g! (@)U <0,i € I?, and
gi(a®) < 0i e 19, itis easy to show that for arbitrary ; > 0 there exists 73; > 0
such that

P{Bi(Ur) <0y >1—n, T>Ty,icl (2.83)
Applying the statement 3 of Lemma 2.3 to ® 7 and taking into account (2.30) and

Assumption 2.5, we have for arbitrary n > 0 P{A;;z > 0,i = 1,n} > 1 —(/2),
T > T5.
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From the last inequality, (2.83) and (2.81), setting n = 2Y /L, n;, Ty =
max;e; 13;, we obtain

P{or(Ur) —or(Ur) <0} > 1—1n, T > Ts = max(Ty, T5). (2.84)
From (2.84) and (2.81) with &, = &1/2, it follows from (2.79) that
P{or(Ur) —or(Ur) <&} >1—-8—n, T > max(Dh, Tp). (2.85)

Inserting in the right-hand side of (2.77) with &, = &;/2 the estimates (2.85) and
(2.78), we obtain

p lim |[Ur —Ur|| = 0. (2.86)

T—o00
The statement of the theorem follows from (2.86) and (2.76). O
Corollary 2.1. If 110 = @ (i.e., all constraints for « = o are inactive), then

by (2.74) we have U = R~ ' (a")Q, i.e., the vector Up = T(ar — &) is
asymptotically normal. It is known that Ur has the same asymptotic distribution
when there are no constraints (I = ). Obviously, both cases I = @ and | 10 =
(for I # @) are asymptotically equivalent.

Theorem 2.8. [If Assumptions 2.1-2.7 hold true, then the random variable V|1 with
components vip = VTAq, i € 1 10 where A;ir are the Lagrange multipliers from
problem (2.12), converge in distribution as T — o0 to the random variable V| =
Vi(w), where Vi = V() is a vector of Lagrange multipliers from problem (2.74).

Proof. Consider the dual problems to (2.74) and (2.75), respectively:

1
SYAY —H'Y - min, Y >0, (2.87)
1

EY’AY ~H'7;Y - min, Y>O0,, (2.88)

where A = G (a®)R™ ()G’ («?) is a positive definite matrix,
H =H(») = G (" )R («”)Q(w).
H; = Hr(0) = Gi(«”)R7' (a”)Qr ().

The solutions to (2.87) and (2.88) are V (w)=f (H(w)) and V7 (0) = f(Hr(w)),
respectively, where f is a continuous function (see Lemma?2.5). By (2.58) and
continuity of f we have

fHr (@) S f(H@)), T — oo,
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1.e.,

Vir(@) = Vi), T — oco. (2.89)

Consider one of the equations which give the necessary conditions for the existence
of an extremum in (2.75):

R(«”)Ur () — Q7 (@) + Gi(@")Vir(0) = O,.
Subtracting this equation from (2.39) we obtain after some transformations
(G'1(ar) = G 1 (@)Vir + G'1(@)(Vir = Vir) + T = 0, (2.90)

where I'r = d>TUT—R(a°)fJT +G’; (a7) Vor. As above, we omit the argument .
Using (2.30), (2.35), (2.45), (2.86), and Theorem 2.7, one can show that

p lim T'r =0,. (2.91)

According to Assumption 2.4, the matrix G () is of full rank. Therefore after
some rearrangements we obtain from (2.90)

IVir = Vizll <I| G(@®)G1(e®)T 7]|+]|G(«”)G1 (@) (G (ar) — G'1(«”)) Vir]l.

~ (2.92)
where G(a®) = (G1(a*)G'{ ()7L
According to (2.91), for arbitrary ¢ > 0 and §> 0 we have
P{||G(oz°)G1(oz0)l“T||<8}2P{I'T< ¢ } >1-8, T>T.
IG(a®)G1 ()]

By (2.52) and Lemma 2.8 for the same ¢ and 8, one can find » > 0 and 7, > 0
for which

P{IG@")61(@")(G ()G @ )Vir|| < e

€
= 1-P{[[G' @) =G @)z | = PUVirllz b}z 1-6. T >
where ¢ = ¢/]|G(a®)G(a?)]]. i

From the last two inequalities and (2.92) it follows that ||V;7 — V;7]|| converges
in probability to 0 as T — oo, which together with (2.89) proves the theorem. 0O

Using Theorems 2.7 and 2.8 one can determine in the case of large samples the
accuracy of estimation of parameters and check statistical hypotheses. We show
that the distribution of V; is not concentrated at 0. Assume the opposite: Vi = O,,,
almost surely. According to the necessary conditions for the extremum in (2.74),
we have R(a®)U — Q + G («”)V; = O,. Hence, if the assumption holds true,
the vector U is normally distributed. In this case, by (2.44), Theorem 2.7 and the
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equality p lim7 0o ¥ (7)) = G;(®) (see (2.52)) we obtain that the distribution of
the vector Wir, defined in (2.44), converges as T — oo to the normal distribution,
which is not possible since Wiz > O,,,. Thus, P{V, # O,, } > 0. Taking into
account Lemma 2.7 the obtained result can be formulated as below.

Theorem 2.9. If Assumptions2.1-2.7 hold true, then P{v; > 0} > 0,i € I?;
P{v; =0} = 1,i € 1), where v; is a limit of vir as T — oc.

In mathematical programming the following result is known. If the so-called
strict complementary slackness conditions hold, then the Lagrange multiplier,
corresponding to an active constraint, is greater than 0, and the multiplier
corresponding to an inactive constraint is equal to 0. The statement of the theorem
can be regarded as an analogue of this property for Lagrange multipliers.

2.3 Asymptotic Properties of Nonlinear Regression Parameters
Estimates by the Least Squares Method Under a Priory
Inequality Constraints (Non-Convex Case)

2.3.1 Assumptions and Auxiliary Results

The results described above are based on the assumption of convexity of the
admissible region M, given by restrictions (2.12). In order to make the restrictions
on the region less strict, we change Assumption2.2B by putting M = R". This
means that the first and second derivatives of the regression function are bounded on
whole space of regression parameters. In what follows we use the assumption below.

Assumption 2.2’. A. Functions fi(a), t=1,T and g;(x), i €l are twice
continuously differentiable on R".

B. For all @ € R” and all possible values of independent variables x; there exist
constants ¢; and ¢, such that

‘ dfi () 0> fi (o)

aOl,' 8061' 80[j

<c, t=1T,i,j =1,n,

=c,

C. Functions g;(«), i € I and their first and second derivatives are bounded in the

neighborhood of o = o”.

Furthermore, we replace Assumptions 2.6 and 2.7 by the assumption below.

Assumption 2.6’. Gradients Vg; (a7),i € I, are linearly independent.
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Thus, we consider Assumptions 2.1, 2.2’, 2.3-2.5, and 2.6’. These assumptions
allow after some changes in the restrictions on f;(a) and g; (o), i€/, to get rid of
the convexity of constraints. Let us discuss how the new assumptions will influence
the auxiliary results obtained before.

Lemmas 2.3-2.5 remain unchanged, since Assumptions2.2-2.7 are not used in
the proofs. Lemmas 2.6-2.9 rely on these assumptions. Note that Assumptions 2.2
and 2.2’ differ only in property B. One can check that the new Assumption 2.2'B
includes Assumption2.2B as a particular case. Assumptions2.6 and 2.7 imply
linear independence of gradients in left-hand side parts of active restrictions at
o = a7, which belongs to the admissible set. Recall that linear independence of
gradients was used in the proofs of Lemmas 2.6-2.9. Assumption 2.6” provides such
a property for gradients for any e € 9R". Therefore, Lemmas 2.6-2.9 hold true also
for the case considered in this subsection.

2.3.2 Fundamental Result

We prove the theorem about the limit distribution of /T (a7 — o) in the
non-convex case. In the proof we use Lemmas 2.3-2.9, which also hold true in the
NoN-convex case.

Theorem 2.10. Under Assumptions2.1, 2.2, 2.3-2.5, and 2.6, the random vari-
able Up=+/T (a7 —a), where ot is the solution of (2.12), converges in distribution
as T — oo to a random variable U which is the solution to quadratic programming
problem (2.74).

Proof. In the proof we follow the same scheme as in the proof of Theorem 2.7.
Consider the quadratic programming problem

or(X) = 3X'®7(0)X — Q'7(w)X — min,

Bi(X) = Ve[ (@)X < 0,,, i€l (2.93)

Bi(X) = VTgi(a) + Ve[ (1 (@)X < Oy, i €1,
where X € R"; Qr(w)=Qr and ® 7 (w)=®7 have the same meaning as in (2.71),
the function f; (X) is determined in (2.70), § 7 = £ (®) = «® + 0(w) (a7 (©) — )
and 0(w) € [0,1], o € 2, Q is the sample space. The solution U} = Uj (@)
to problem (2.93) satisfies the minimum conditions (2.72), as well as the vector
Ur = Ur(w) (compare the expression (2.72) with necessary conditions for the

minimum (2.73) in the problem (2.12)).
Consider the quadratic programming problem

or(X) = %X/R(OCO)X — Q7 (w)X — min,

Vel(Er(@)X <0, iell (2.94)
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Denote its solution by Ur = Uy (w). According to Lemma 2.5, U7 is the continuous
function of Q7 and Vg, (§;),i € I{:

- . : 0

Ur =qQr:Vgi(Er).i €1y).

It follows by the definition of & that plimr—o ;7 = «°, which implies, by
continuity of Vg; (&), i € I in R" (see Assumption 2.2'), that

p lim Vgi(§r) = Vgi(a"). i€l
T—o00
Then by the continuity of the function ¢(-) we have

q(QriVgi(Er).i € I0) = q(Q:Vgi(@).i € IY), T —>oo. (295

Here we used that from the convergence in probability to a constant we get its
convergence in distribution.
The solution to problem (2.74) can be written in the form

U=¢q(Q;Vgi(a®), i €I).

Thus, from this expression and (2.95) we get (2.76).
Define

Or ={X:8(X)<0,iel}, O={X:Vg/()X<0,iel}.

In terms of the notation (2.70) and the constraints in (2.93), we have
Vgl () Ur=pB;(Ur)=+Tg;(ar)<0, i €1?, which implies Ur€0. Then all the
considerations used for obtaining (2.77)-(2.81) will remain true (see the proof
of Theorem2.7).

Let us estimate (2.81). Consider the first term in the right-hand side of this
expression. If the matrix ® 7 is positive definite, the square programming problem
(2.93) has a unique solution. Therefore, comparing (2.72) and (2.73), we derive that
U7 = Uy, where U7 is the solution to (2.93). We obtain

Pl{or(Ur) —or(Ur) <0} > P{Ur € Or, A;r > 0,i = 1,n}

= P{Bi(Ur) <0,i € s Ay > 0,i = 1,n} (2.96)
> P{Air > 0,i =Tny—my+ Y P{B;(Ur) <0},
ield

where m> is the number of elements in I(z), and A ;7 is the i th eigenvalue of the matrix
D,
We find the limit of P{B; (Ur) < 0} as T — oo based on (2.76), inequalities

gi(@®) <0,i € I and the limit p lim7 00 &7 = o*.
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For ¢ > 0 we have

P{:(Ur) <0} = P {-Vgi(En)Ur = VTgi(e")|
= P {Vg/(@")0 - Vel )07 = VTgi(a") + Vg/(@")0}
> P Vgl (@)U - Vg/(&)0r > VTgi(@") + [Vg/(@")0l}
> P {Vg/(@")U - Vg ()07 = —, VTgi(@") + |Vg/ (@)U = —]
> P{Vg/(@")0-Vg/)0r = —e}—1+P {VTgi(@")+|Vg/(")0| < —¢|
> P{|IVg](@")0-Vg/ )0z || = —e}—1+P {VTgi(@")+|Vg/(@")0| < —e/
>1—ny—mi, T>Ty, i€l (2.97)

where ny; > 0 are arbitrary. For such values and ¢ > 0 there exists 73; for which
(2.97) holds true. Then, taking n; = ny; + 12:, we obtain

P{Bi(Ur) <0} >1—n, T>Ty,icl. (2.98)
From the proof of Theorem 2.7 we derive for any n > 0
P{Ai >0, :1,_n}>l—g, T>Ts

Further, from the expression above and (2.96), (2.98), we get
P{or(Ur) —or(Ur) <0} > 1—n, T >Ts, (2.99)

where

n=>2 Z ni, Te =max(Ty,Ts5), T4 = maxT5.
0 ield
i€l
From above, (2.81) and (2.79) hold true provided that assumptions of Theorem 2.10
are satisfied. Then from (2.81), (2.79) and inequality (2.99) we derive (2.85).
By the same arguments as in the proof of Theorem?2.7 and the fact that in our
settings inequalities (2.77), (2.78), (2.85) and the limit (2.76) hold true, we get the
statement of the theorem. O
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2.4 Limit Distribution of the Estimate of Regression
Parameters Which Are Subject to Equality Constraints

The described methodology of derivation the limit distribution of a multidimensional
parameter regression estimate can be modified for the case of equality constraints

gla) =0,, go)eR". (2.100)
Namely, one can consider the problem
Sr(a) > min, gi(x)=0,iel ={1,2,...,m}, (2.101)

where S7 (o) is determined in (2.13).

For this case we need Assumptions 2.1, 2.2’, and 2.3. Assumptions 2.4 (Sect. 2.2)
and 2.6’ (Sect. 2.3) need to be changed in order to take into account the absence of
constraints in (2.100).

Assumption 2.4’ Gradients Vg; («®),i € I = {1,...,m} are linearly independent

in the neighborhood o = o°.

Assumption 2.6” Gradients Vg;(otr), i € I are linearly independent.

Taking into account these assumptions, consider the lemmas from Sect. 2.2. Obvi-
ously, Lemmas 2.3-2.5 will remain true. Using Assumptions2.1,2.2,2.3,2.4, 2.5
and 2.6”, we can proceed to the proof of Lemma2.6.

Proof of Lemma 2.6. The necessary conditions for the existence of the extremum in
problems (2.101) and (2.13) are given by expressions (2.24). According to Sects. 2.2
and 2.3, for Assumptions 2.1,2.2",2.3,2.4’,2.5', and 2.6”, expressions (2.26)—(2.32)
hold true. The assertion p limy_o A;7=0, i€l follows from relations (2.24) and
(2.32), since the gradients Vg; (at7), i =1, m are linearly independent.

The proof of Lemmas?2.8 and 2.9 can be simplified since for the considered case
mi = m, implying

Vir=V, Vyr=0,, Gi(ar)=G(ar), Gaar)=0,, Wir=0,,.

O
Lemma?2.9 allows to prove a theorem on the limit distribution of estimates of
regression parameters.

Theorem 2.11. If Assumptions 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6" are satisfied, then
the random variable Ur = \/T(ocr — oco), where o is a solution to (2.101),
converges in distribution to a random variable U, which is normally distributed
with the expectation E{U} = O, and the covariance matrix

K =R («")’[J, — G'(@”)(G(" )R ("G («”) "' G(a”)R™' ()]

The proof is analogous to the proof of Theorem 2.10.
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Consider the optimization problem
1
or(X) = —X/<I>TX QX —>min, B(X)=Vgi()X=0, i€l (2.102)

where X € R", Qr is determined by (2.38), B8;(X) is determined by (2.70), and
g = o'+ O(ar — ), 6 € [0, 1]. To define the constraints in (2.102) we used the
series expansion

Bi(X) = Tg (ﬁ + o ) = VTg(a") + V)X, iel (2103

and the fact that g; («”) = 0,i € I.

Each of the constraints g;(e¢) = 0 can be represented as two constraints-
inequalities: .

gi(a) <0, —gi(x)<0, i€l (2.104)

Then it is easy to see that the expression (2.102) coincides for 1Y = @ with

QI9)HifI =1 10 . Then, taking into account inequalities (2.104), the first system of
inequalities in (2.93) becomes

Ve (€)X <0, —Vg/(E)X<0, iel=1I) (2.105)
and
U=[J, - R (@)C @) (GR @) @) 'R @)Q  (2.106)
is the solution to the problem

1
o(X) = EX/R(oeo)x — QX —min, Vg (@)X =0, ie€l, (2.107)

where Q ~ N(O,,c’R(a®). The solution U to (2.102) satisfies the necessary
conditions for the existence of extremum in this problem, i.e.,

®rUs —Qr + Y VAUV =0, Bi(UH) =0, iel  (2.108)

iel

where v, = VT A%, A% is the Lagrange coefficient for problem (2.102).
The necessary conditions for the existence of the extremum in (2.101) and (2.13)
are of the form:

@7Ur + Y Vei(ar)vir —Qr =0,, glar) =0, il (2.109)

i€l

where Vit = \/TA[T.
According to (2.103) we have:

Bi(Ur) = VTg; (ar),
X = ve [ XL 0)
V,B,(X)_Vg,(ﬁ+a), iel (2.110)
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Hence
VB:(Ur) = Vg (ar), i€l (2.111)

Comparing equalities (2.108) and (2.109), and taking into account expressions
(2.110) and (2.111), we see that Uy and V7 = [vi7 ... v,7| satisfies (2.108).
By (2.105), the problem (2.94) from Sect.2.3 can be reformulated as

1
or(X) = EX/R(on)X — Q'7X — min, Vg{(ET)X =0, iel (2.112)
and its solution is

Ur = [J, ~R7'(@")G'EN(GENR (@)G'Er) IR (@)Qr.  (2.113)

We obtain the expression (2.76) from (2.106) and (2.113), according to (2.58)
and Assumption 2.2’A. From expressions (2.102) and (2.103) we get 8;(Ur)=0,
i€0, where O = {X: Vg;(§;)X =0,i € I}; hence, Ur € O.

Further, repeating all arguments used in the proof of Theorem 2.7, we obtain (2.79)
and (2.81).

Let us estimate the first term in the right-hand side of (2.81). If @ 7 is the positive
definite matrix and 7T is large enough so that § - belongs to the neighborhood of o°
where the Assumption 2.4" holds true, then the solution to (2.102) is unique. If ® 7
is positive definite and Assumption 2.6” holds true, the solution to (2.101), (2.13)
is also unique. Consequently, (2.109) determines the unique vector Ur, which is
also the solution to (2.108). Therefore we have U} = Uy, under the conditions
that A;7 > 0,i = 1, n, ||§r — a’||<e3, where A7 is the ith eigenvalue of @7, and
g3 > 0 determines the neighborhood «”, in which Assumptions 2.4’ holds true. Thus

P{or(Ur) — o7 (Ur) < 0}
> P{Aix >0,i =1,n;||Er — || < &3}
= P{Ar>0,i =T.n}— P{Ar>0,i =1,n||&r —o°||> &3}
> P{Air > 0.i = 1,n} — P{||gr —a||> &3}
= P{A;r > 0,i =1,n} — 1+ P{||gr — || < &3}

Since & converges in probability to a®, we have for arbitrary n > 0

Plllsr—o’ll <&} >1-3. T>T
According to the proof of Theorem 2.7, we have for arbitrary n > 0

P{A,T>O,i:1,_n}>1—g, T>Ts
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Thus (2.84) follows from the last three inequalities. Repeating the arguments
from the proof of Theorem2.10, we obtain from (2.84), (2.79), and (2.81) with
g, = €1/2, the expressions (2.85) and (2.86) (see Sect.2.2). Thus the statement of
the theorem follows from (2.86) and (2.76).

Theorem 2.11, which is a special case of the results obtained into Sect. 2.2, is
given in Lutkepohl (1983). However, the proof given in this subsection is in our
opinion more complete.

2.5 Asymptotic Properties of the Least Squares Estimates
of Parameters of a Linear Regression with Non-Stationary
Variables Under Convex Restrictions on Parameters

2.5.1 Settings

Unlike the previous subsections we consider here a case when independent variables
can have a trend, and the regression is linear. Such a situation is quite common in
many econometric problems.

We assume that the admissible domain of the multidimensional parameter is
a convex set. In this situation, the asymptotical distribution for such a parameter
cannot be obtained as a special case of the results from Sects. 2.2 and 2.3 due to
the presence of the trend in variables. We find the limit distribution based on proofs
given in these subsections.

Consider the estimation problem

T
1
Sr(a) = 3 Z (y; — X a)> > min, g;i(x) <0,i€el, (2.114)
t=1

where the values x;, y;, t = 1, T and functions gi(or), i € I, are known.

One can see that problem (2.114) is a particular case of problems (2.12) and
(2.13). However, this problem significantly differs from (2.12) to (2.13) because the
restrictions on the regression function f;(o) = x/;a are less strong, i.e. it might
tend to 00 when ¢ increases.

We solve the problem based on rather general assumptions about the regressors
and the noise.

Assumption 2.8. Assume that the random variables &, are centered, independent,
do not depend on x,, ¢ = 1,2,..., and have the same distribution ®,(u),t =
1,2,..., such that sup,_ , fl Ou2d<1>t(u) — 0 as ¢ — oo. We denote by o’

seee o |ul>
the variance of &;.

Assumption 2.1 from Sect. 2.2 is a particular case of Assumption2.8.
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Denote Py = ZLI x,X'; and Er = diag(y/pl}, v/pLy. ... VPP ), where p] are the

elements on the main diagonal of Pr.

Assumption 2.9. For all 7', the matrix P7 is non-degenerate. The matrix Ry =
E7'P7E;! — Ras T — oo, where R is some positive definite matrix.

Assumption 2.10. Assume that constraints g; (o) are twice continuously differen-
tiable convex functions. Further, assume that the matrix G whose rows are Vg/ (a?),
i € I, 1s of full rank.

Assumption 2.11. Assume that p} — 00, X7, ;/pf = 0,i = 1,n,as T — oc.

Assumption 2.12. For some (m X m) diagonal matrix E; with positive elements
on the main dlagonal eTl, i = 1,m, there exists the limit lim7_ o0 éT = G of the
matrix GT = ETGET , where G is a matrix composed from the rows Vgl (oeo)

= 1,n. At the same time, (1) G1 = lim7—oo GTl, where GT1 = E; G Ex T ,
ETl = diag(ep;), i € I, and Gy is a matrix composed of Vg/ (), i € I, is of full

rank, (2) there exists limy o éTie;jl <oo,i €1,j =1,n,whereer = pj]T..

Assumption 2.12 holds true, in particular, when the regressors are bounded, see
previous subsections. Then E; = JT. Jon, ErT = JT. J..

Here and everywhere in this subsection we assume that the regression parameter
satisfies (2.14).

2.5.2 Consistency of Estimator

We start with the proof of the consistency of the solution to problem (2.114).

Theorem 2.12. If Assumptions2.8-2.12 are satisfied, then the solution ot to
problem (2.114) is a consistent estimate of o’

Proof. After some transformation problem (2.114) can be written as

1
Ecc'PToc —o'X'7Y7 - min, gi(ax) <0,i €1, (2.115)

where X7 1s the T x n matrix.

According to Assumption2.9, the matrix Pr is positive defined. Therefore
one can always find a non-degenerate matrix Hy such that P = H'rHy. We
assume that f = Hyro. Taking into account these transformations, the quadratic
programming problem (2.115) can be written as

1
BB - B'(H;")YX'7Yr — min, h;(B) <0,i€l, (2.116)

where h; (B) = g;(H;'B) is convex.
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Put Kg = {f : 7;(B) < 0, € R"}. The set Kg is convex by convexity of
functions 4, (B), i € I. Then we transform the problem (2.116) to

IB —B%||* — min, B €K, 2.117)

where B7 = (H;l)’X’TYT is the solution to (2.116) without taking into account the
constraint § € Kg.

It follows from (2.117) that its solution B is the projection of B} onto Kg.
This projection is unique by convexity of Kg. It is known that the distance from
an arbitrary point a that does not belong to some convex set A, to the projection
of a onto this set, does not exceed the distance from a to an arbitrary point of A.
Therefore, we have

1By — B°II* < 1187 — B°II”. (2.118)
where B = Hya € K3 since by condition (2.14) we obtain
hi(B%) = hi(Hra®) = gi(«®) <0, iel.
From inequality (2.118) we get
IH7 (ar — )] < [[Hr (o] — )|
which implies
(ar —a”YErR7Er(ar — o) < (o — a’YErR7Er (af — o).
Then we obtain
femin(RT)|[E7 (7 — RO < tmax (R7)||UF| |2, (2.119)
where Umax(R7) and pmin(R7) are, respectively, the maximal and the minimal

eigenvalues of Rz, and UF = Er (o} — ).

2 min, 2 2 _ T ' : _
Denote e7. .. = min;_1, ez, where ez; = p;;. Then the inequality |[E7 (ccr

%11? holds true. Taking into account this inequality, we

obtain from (2.119)

max R
lloer —a®||? < (2“—((1)1)) U5 (2.120)
eT<minl’Lmin T

According to Anderson (1971), under Assumptions 2.8, 2.9 and 2.11 of Theorem
2.6.1, the distribution of U} converges as 7 — oo to the distribution of
the variable U* ~ N(O,,0?R™"). By Rao (1965, Theorem XII, Chap.2), we
have |[U3]|> = ||U*||.

According to Assumption 2.9, the eigenvalues of the matrix Ry converge as
T — oo to non-zero values. Moreover, according to Assumption?2.11, e%. . — 00
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as T — oo. Therefore, the first term in the right-hand side of inequality (2.120)
converges in probability to zero. Then the right-hand side of (2.120) also converges
in probability to zero, which implies the statement of the theorem. O

Corollary 2.2. If Assumptions 2.8-2.12 hold true, then the solution to (2.114) with
linear constraints g; (o) = g';00 —b; < 0,1 € I, converges in probability to o°.

Corollary 2.3. [f Assumptions 2.8-2.12 are satisfied and, at the same time, we have
E;r = ﬁJm and Er = ﬁJn, then the solution ot to problem (2.114) with linear
constraints converges to o in the mean-square sense.

Proof. Under the conditions of Corollary2.3, o} converges in the mean-
square sense to o (Demidenko 1981, Sect.1.7), fmax(R7)— fmax(R), and
Wmin (RT)— min (R)>0 as T'—o00. This directly implies the statement of corollary.O

2.5.3 Limit Distribution of the Parameter Estimate

Consider two auxiliary results.

Lemma 2.10. Assume that the conditions of Theorem 2.12 are satisfied. Then, for
given § > 0, there exist ¢ > 0 and Ty > 0, such that

P{||Ur||> e} <68, T > T, Ur =Er(ar —a?). (2.121)

Proof. Transforming inequality (2.119), we obtain
107]1* < url US|, (2.122)
where w7 = fUmax(R7)/tmin(R7). According to Assumption?2.9, we have ur —
w # 0as T — oo, and, as in the proof of Theorem?2.12, |[UF||*> =7 ||U*||%.

Therefore, taking into account inequality (2.122), for given § > 0, there exist some
e > 0and Ty > 0 for which

8§ > P{ur||UF|* = &} > P{|[Ur||>gee}, T > To.
Lemma is proved. O

Lemma 2.11. Suppose that Assumptions 2.9-2.12 are satisfied. Then the solution
to the minimization problem with respect to X = Er(a — o”) € R”

or(X) = JX'RrX — Q7 X — min,
Bi(X) = (enVg (HENX + 1;(X) <Oy, i€l (2.123)
Bi(X) = engi (@) + (enVg ()EHX + [;(X) <O0,,, i€l

is UT = ET(OCT — 0(0).
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In (2.123),
T
Qr = E;l thxtv

t=1

Bi(X) = erigi(Er'X +a%), i€l (2.124)
1

L (X) = 5X’(énE;1 gin(a® + 07 EX'X)E;DX, el (2.125)

where functions g;>» and 01 are defined in (2.43).

Proof. The cost function in the problem (2.123) is strictly convex (according to
Assumption2.9) with convex domain, since the related constraints are convex
functions. Hence, the solution to (2.123) (which we denote by U7}) is unique. It
satisfies the following necessary and sufficient conditions for the existence of the
minimum:

RyU; —Qr + Z Vi (Up)vy; = Oy,
i=1
* ES _ 3 .
vBi(U7) =0, vy >0,i€l, (2.126)

where v7; is the Lagrange multiplier corresponding to the ith constraint.

Problem (2.114) is also a convex programming problem, such that o7 satisfies the
necessary and sufficient conditions for the existence of its minimum:

Pror —afX'7Y7 + Z Vgi(ar)An = O,,

i=l1

Angi(ar) =04 1>0,i€l, (2.127)

where Ay, i € I are Lagrange multipliers for problem (2.114).
After some transformations of the first equality in (2.127), multiplying it by E7!
from the left, and putting v;; = éﬁlkn, i € I, we obtain

R7Ur —Qr + ZéTiE;IVgi (ar)vyy = Oy,

i=l1

VIierigi (0{7’) =0, vy>0,i¢€l. (2.128)

Comparing the expressions (2.126) and (2.128), we obtain that condition (2.126)
holds true when U} =Uyz and v}; =v;; >0, i € I, because according to (2.124)
we have B;(Ur)=eéngi(ar) and VB;(Ur)=erE;'Vgi(ar), i €. Since the
conditions (2.126) determine a unique solution to (2.123), the statement of the
lemma holds true. O
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Let us find the limit of Uy.

Theorem 2.13. If Assumptions 2.8-2.12 hold true, then the random variable Ur =
Er(ar — o) converges in distribution as T — oo to a random variable U, which
is the solution to the problem

1 i
¢r(X) = JXRX~QX - min, G X <0, (2.129)

where the (m; X n) matrix G, consists of the rows of the matrix G with
indicesi € I).

Proof. Consider the quadratic programming problem
1 ~
P (X) = EX/RX —Q'7X —» min, G X <O0,,,. (2.130)

Denote its solution by UY.. By Theorem 2.6.1 (Anderson 1971), for the vector
Q7 we have

Qr = Q~ N(0,,0°R), T — oc. 2.131)

According to Lemma?2.5, U(% is continuous in Q7 and (~}T1: U(% =
f(Q7,Gry). From here, (2.131), and the fact that by Assumption2.12 we have

im7 oo G71=G1,~We obtained f(Qr, Grl) :p> f(Q, Gl). According to (2.129),
we have U= f(Q, G). Thus,

VLU asT — oo (2.132)

Denote by Or = {X : 8;(X) < 0,i € I} and O = {X : (e5Vg/(«)E;HX <
0,i el 10 } admissible domains in problems (2.123) and (2.130), respectively.

According to Assumption 2.10 functions g;(ct), i €/ are convex. By the convex-
ity of the constraints we have /;(X) > 0, X € R". Therefore, since f;(Ur)=<0,
i € I, it follows from the first constraint in (2.123) that (e;Vg! («®)E7")Ur <0,
i€ Ilo. This implies Ur € O.

According to Assumption 2.9, ¢(X) is a strongly convex function of X. Then
see Karmanov (1975),

2
IUr — Ug|? < ;[w?(UT) — (U], ©>0 (2.133)

because Ur € O, i.e., Ur satisfies the constraints of the problem (2.130).
According to (2.133), we have for arbitrary € > 0

2
PV 3P <) = P | 2 Ur) - o) < 2
= P{lph(Un) —er(Un] < 3| + P {or(Un) —h(U§) < S| — 1. (2.134)

where g, = &211/2.
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To transform the right-hand side of (2.134) we need to derive some relations
connecting the cost functions in problems (2.123) and (2.130). For arbitrary &, > 0,
we have

1
P{lp?(X) —pr(X)| < &2} = P { ‘EX/(R_RT)X < 82% - (2.135)
Substituting X = U7z in (2.135) we obtain
2¢e
PUGUL) — gr(Up)| < £2) = 1 — P {|Ur| = v/a) — P {|R—RT| > 72}
(2.136)

where a is some positive number. According to Assumption 2.9, for sufficiently
large T the third term in the right-hand side of (2.136) is equal to 0. Then, applying
Lemma2.10, we obtain from (2.136)
P{lop(Ur) —or(Ur)| < e} = 1 -6, T >T. (2.137)
Put X = UY in (2.135). After performing some necessary transformations and
taking into account that U(} has a limit distribution (cf. (2.132)), we obtain for
arbitrary ¢, > O and § > 0

P{lp2(U%) —or(US)| < &2y = Dry > 18, T > Th. (2.138)

Consider the second term in the right-hand side of (2.134). We have
&
P lor(Un) —of(U)) < T} = Plor(Un) —gr(U) < 0}
0 0 (70 €1
+P {‘/)T(UT) —¢r(Uz) < 5} —1=Dr+ Dr2—1, (2.139)
where Dr; is the probability defined in inequality (2.138) at &, = &;/2.
To determine the probability D7 in (2.139), we write the constraints of problem

(2.123) for X = UY. as follows:

GTIU(% + L1 (U}) < O,
GrU} + Erag® (@) + La(U}) < 0y, (2.140)
Here, L (X) is vector of dimension my, k = 1,2, whose ith component is a
function /;(X), i € I?, specified by the expression (2.125); G = EnGrE7!,
k=1, 2. In this case, we have by Assumption2.12

lim Grx = Gy, (2.141)
T—0o0

where Eg; = diag (é7;).
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According to (2.125), (2.132) and Assumption 2.12, we have
p lim 1;(UY) = —(U Y (@B gin(a® + 0 EF'UNDEZHUY =0, iel

which implies p lim7— o0 L2(U%) = O
By (2.139) we obtain D7y > P{U% € Or}. Therefore, we have the sequence of
inequalities:

Dri = P{pr(Ur) — or(U%) < 0}
> P{G71U} + L1 (U}) < Oy Gr2UY + La(U}) + E72g® (@) < Oy, }
> P{GrU} + L1 (U}) < Oy} + P{Gr2UY 4+ La(US) + Erog® (@) < Oy} — 1
> p {1//}1,)+l . )<0}+ 3 P{{l/f;—zl)-l-l UY) + érigi (@) <0}+1—m1 ma,

ier) ien)

where W%) is the i th component of the vector éTkU(}, k=1,2.
According to (2.129), we have G|U < O,,,. Then (2.132) and (2.141) imply that

GT1U0 :G U < O,,. Since plimr—oo /; (U ) = 0,i € I, one can see that for
an arbitrary §; > 0 there exists 75 > 0 for which

p{ <1>+1(U)<o}>1—51, i eI’ T>Ts.

Since /;(U%), i € I, converges to zero in probability, we have by (2.131), (2.140)
and Assumption 2.12, that for an arbitrary 6, > 0

PiEg (v | + 1 (U9) < —gi(@)} > 1 =8, iel). T>T

Substituting this and the previous inequalities in the lower estimate obtained for
Dir, we get
Dri >1—mi6y —myby, T > max(T3, T4) (2.142)

Put & = &1/2 in the expression (2.138). Then, taking into account (2.142), we
obtain from (2.139)

{¢T(UT)—¢T(U ) < 5}> 1—8—mi81—mass, T > max(T,Ty). (2.143)

Consider problem (2.134). Substituting inequality (2.137) with &, = ¢;/2 and
inequality (2.143) into (2.134), we get

P{|Ur — U||* < &3>1—28 —m8; —m»8,, T > max T;.

I<i<4

Thus, we obtain p lim7— oo ||[Ur —U%||> = 0. The statement of the theorem follows
from this expression and (2.132). O



Chapter 3
Method of Empirical Means in Nonlinear
Regression and Stochastic Optimization Models

In stochastic optimization and identification problems (Ermoliev and Wets 1988;
Pflug 1996), it is not always possible to find the explicit extremum for the
expectation of some random function. One of the methods for solving this problem
is the method of empirical means, which consists in approximation of the existing
cost function by its empiric estimate, for which one can solve the corresponding
optimization problem. In addition, it is obvious that many problems in mathematical
statistics (for example, estimation of unknown parameters by the least squares,
the least modules, the maximum likelihood methods, etc.) can be formulated as
special stochastic programming problems with specific constraints for unknown
parameters which stresses the close relation between stochastic programming and
estimation theory methods. In such problems the distributions of random variables
or processes are often unknown, but their realizations are known. Therefore, one
of the approaches for solving such problems consists in replacing the unknown
distributions with empiric distributions, and replacing the corresponding mathemat-
ical expectations with their empiric means. The difficulty is in finding conditions
under which the approximating problem converges in some probabilistic sense to
the initial one. We discussed this briefly in Sect.2.1. Convergence conditions are
of course essentially dependent on the cost function, the probabilistic properties
of random observations, metric properties of the space, in which the convergence
is investigated, a priori constraints on unknown parameters, etc. In the notation
used in statistical decision theory the problems above are closely related with
the asymptotic properties of unknown parameters estimates, i.e. their consistency,
asymptotic distribution, rate of convergence, etc.

It should be noted that there are a lot of publications devoted to the method of
empirical means. Among them we can name the works of E. Yubi, J. Dupacjva,
Yu. Ermoliev, V. Kankova, A. King, P.S. Knopov, V.I. Norkin, G. Salinetti,
F. Shapiro, R.J. Wets and others. Some of these publications are given in the
references. There are many approaches for solving this problem. We pay principal
attention to the approach based on the general theory of convergence of the
extremum points of a random function to the limit point. Here we will rely on The-

P.S. Knopov and A.S. Korkhin, Regression Analysis Under A Priori Parameter 73
Restrictions, Springer Optimization and Its Applications 54,
DOI 10.1007/978-1-4614-0574-0_3, © Springer Science+Business Media, LLC 2012
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orem 2.1. We shall briefly discuss one of the well-known approaches, based on the
notions of epi-distance and epi-convergence (Dupacova and Wets 1986; King 1986,
1988; Salinetti and Wets 1986; Shapiro 1989, 1991; Shapiro et al. 2009; Wets 1979,
1983). These approaches are widely used in modern asymptotic estimation theory
and proved to be useful for solving the problems below. It should also be noted, that
in classical estimation theory one usually considers estimation problems without
constraints on unknown parameters, or only with equality-constraints. Inequality
type constraints make the estimation problem much more complicated, especially
when we need to find the asymptotic distribution of obtained estimates. We discuss
some results concerning above-mentioned problems herein.

We begin with the simplest but important stochastic programming problem and
demonstrate the basic ideas of the proposed approach. Then we consider more
sophisticated models which are investigated by similar methods.

In this chapter, we consider random functions which have continuous and
discrete parameters. Therefore, for convenience we use the notation s, ¢, u, etc. for
continuous arguments, and i, j, k, etc., for discrete. As arule, by || -|| we denote the
norm in R’ or in some functional space, if it will not lead to misunderstanding.

3.1 Consistency of Estimates Obtained by the Method
of Empirical Means with Independent Or Weakly
Dependent Observations

Let {§;,i € N} be independent identically distributed observations of a random
variable defined on a probability space (2, 3, P) with values in some metric space
(Y, L(Y)),£ be arandom value with the same distribution and taking values in the
same metric space with norm || -|| , and let L(Y") be the minimal o-algebra on Y.
We assume that / is a closed subset in i/, [ > 1, possibly I = R!. We assume that
f I xY — 9 is a nonnegative function satisfying the following conditions:

1. f(u,z),u € I,is continuous forall z € Y
2. For any u € I, the mapping f(u,z),z € Y, is L(Y)-measurable

The problem consists in finding the minimum point of the function

Fu =E(f(wé§)),uel 3.1)

and its minimal value.
This problem is approximated by the following one: find the minimum points of
the function

Fy(u) = % Y fu) (3.2)

i=l1

and its minimal value.
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Theorem 3.1 (Knopov and Kasitskaya 1995, 2002). Let the following conditions
be satisfied:

1. Forany ¢ > 0, E(max|jy|<c f(u,£)) < oo, where || || is a norm in R!;
2. IfP{E €Y'} =1, thenforall z € Y we have f(u,z) — oo as ||z|| = oo
3. There is a unique point 0y, at which the function F(u) attains its minimum.

Then, for any n and @ € ', when P(R')=1, there is at least one vector
u, =u,(w) € [ for which the minimum value of F),(u) is attained and, for any
n > 1, the vector u, can be chosen to be G/, -measurable, where G, = G, N Q' and
G,=0{&,i = 1,_n}. In this case, with probability 1, u, —uy and F(u,) — F(uy).
The proof of this statement is given in Knopov and Kasitskaya (1995, 2002). The
proof is based on Theorem?2.1 and Remark 2.2, where the universal approach for
proving consistency and strong consistency of the estimates of unknown parameters
for the case of random variables with values in some metric space, is presented.
Let us briefly discuss some key steps.

1. Taking into account condition 2 of Theorem 2.1, one can prove that there exists
no > 1 such that with probability 1 all u,,n > ng, belong to the compact set
K={uel:|jul< ¢}

2. By ergodic theorem, it is easy to see that P{lim,— F,(u) = F(u)} = 1.

3. Choosing c(y) = 2E{Supgy y:jju—w||<y} ||.f (@, s) — f(u', 5)}, one can prove that
P{lim; -0 SUD|ju—w’||<y [[Fu(u) — F,(u) <c(y ) = 1.

Therefore Condition 4 of Theorem2.1 is satisfied too. Using Theorem2.1, we
immediately obtain the statement of Theorem 3.1.

Remark 3.1. Using the ergodic theorem, it is possible to prove that Theorem 3.1
also holds true in the case when the random sequence {§;,i € N} is stationary in
the narrow sense. In other words, the problem

F(u) = E(f(u.§)) — min

is approximated by the problem.

B =3 f@,§) > min.

i=1
When time is continuous, a statement similar to Theorem 3.1 is also true.

Theorem 3.2 (Knopov and Kasitskaya 2002). Let {£(¢),teNR} be a random
process stationary in the narrow sense and defined on the probability space
(2,3, P) with values in .

Let the following conditions be satisfied:

1. For any ¢ > 0, E{maxjy||<. f(u,§(0))} < oo

2. If I is an unbounded set for any z € Y', and P{£(t) € Y'Vt > 0} = 1, then
f(u,z) - oo as ||u|| = oo

3. There is a unique element uy € I for which the minimal value of the function
F(u) = Ef(u, £(0)) is attained
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Then, forall 7 > 0 and w € ', P(R') = 1, there is at least one vector u (T') € [
for which the minimal value of the function

T
ﬁ@=%£f@ﬂmw

is attained and, for each T > 0, the variable u(7) is G’T—measurable, where G’T =
Gr N and Gr = o{&(1),0 <t < T}.
Let up = argmin F'(u), where F(u) = Ef(u, £(0)). Then we have

P{ lim w(7) =u} =1, P{ lim Fr(ur) = F(ug)¢ = 1.
T—00 T'—o00

Taking into account Remark 3.1, the proof follows by the same arguments as in
the discrete time case.

Further generalization of the results on the strong consistency or convergence
with probability 1 of an approximating stochastic programming problem to the
original one consists in considering instead of f'(u, £ ) the functions of more general
form. We take a function of the form

Faw =3 fliu ) (33)

i=1

where & €9 are, generally speaking, dependent observations with some
restrictions on the character of dependence. More precisely, the following result
takes place.

Theorem 3.3 (Knopov and Kasitskaya 2002). Let the stochastic function f(i,u,
&) satisfy the conditions:

1. For any u € I, there exists a function F(x) such that F(u) = 1im|jy||-c0 F(0),
and a pointuy € I such that F(uy) < F(u) ifu # ug

2. The function f(i,u,z) is continuous with respect to the second argument

uniformly in i and z

If the set I is unbounded, then for fixed i and z, f(i,u,z) — oo as ||u|| — oo

4. There exists a function c(y) > 0,c(y) — 0as y — 0, such that for any § > 0,
there exists some yy such that for any elementu € I and 0 < y < 1y, the
following relation holds true:

W

— 1 . .
lim —ZE sup |f(l’u’$l')_f(l’u/9gl.)|<C(J/)'
i=1 lu—=vll<y

lu—uoll >
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5. The function f(i,w,§;) satisfies the strong intermixing condition

c

a(j) = su su P(AB)— P(A)P(B)| < ———, ¢> 0,

() p Aepal__ool( ) ()()I_IJFJ.1+£
Bea[o_fj

o =oc{f(i,u§)n<i<muel},

6. E(f(i,u, &))" < 00,88 > 2.

Let u, = argminge; F, (u). Then
P{lim ||un—u0||:O}=1, P{lim Fn(u,,):F(uo)}:l.
n—>oo n—>oo

Similar statement is also true for the case when a continuous stochastic function
f(t,u,&(2)) is observed on the interval [0, 7], i.e., if we take

T
Friw) = /O Flrw () dr.

where £(¢) is a random process, stationary in the narrow sense. In this case,
the minimization problem minye; Fr(u) is considered, as well as the asymptotic
behavior of uy = argminge; Fr(u) and Fr(ur) as T — oo.

Consider one more example. Let {§,,7 > 0} be a random field with continuous
time defined on the probability space (2,3, P), §, € X", m>1;J is a closed
subsetin R?, { f(£,X,y) : RT @ J @NR? — RTL,RT = [0, 00) is continuous in all
parameters function. Let us minimize the functional

T
Fr(x) = %/0 ft.x.8,)dt, x € J.

Theorem 3.4 (Knopov and Kasitskaya 2002). Let the random function f(t,X, §,)
satisfy the conditions:

1. For any x € J there exists a function F(X) such that

F(x) = Tli_)n;o EF7(x)

and a point X* € J such that F(x*) < F(x) if x # x*
2. If J is an unbounded set then f(t,X,y) — oo as ||X|| — oo for any fixed t andy
3. There exists a function c(y) > 0,c(y) — 0as y — oo, such that for any § > 0
there exists yy > 0 such that for any elementx' € J,0 <y <y :

1 [T
fm /0 E sup  |f(txE)— ft.X. £l < ().

T—oo T Ix— x| <y

[lx —x*|| > 6
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4. Strongly mixing condition for the random process §, is fulfilled:

C
P(AB) — P(A)P(B)| < ————,
fggAZlg;' (AB) — P(A) P( )|_1+T1+8
BeoX,

where T > 0,& > 0, ¢ is the o -algebra generated by {&,,a <t < b}
5. sup,~q Ef (t.X,§,)*" < oo, where £§ > 2,||x||, < oc.

Then P{lim;— o ||x7 — X*|| = 0} = 1, where x; = [arg minge; Fr(X)].

Consider the case when the unknown parameter « is an element of some compact
set K from some function space. Let us formulate the problem and the obtained
results. First we consider the case when K C Cjo ) is the space of continuous on
[0, 1] functions with the uniform metric || -|| .

Let & be a random variable defined on the probability space (2,3, P), and let
f(t.y,2) :[0,1] xR x R — R be a function continuous on [0, 1] x R for fixed z
and measurable in z for fixed ¢ and y. The problem consists in finding

min E {/l f(l,u(t),é)dl} =miII<1F(u).
0 ue

uek

This problem is approximated with the following one: Find

1 & i i\ ., .
w2/ (e (5) ) = mp o
1=

where {§/',0 < i < n,n > 1} is a sequence of series of independent observations
of a random variable £.

Let u, = argmin,ecg F,(u), up = argmin,cx F(u). We find the conditions under
which u, — uy, F,(u,) — F(up) as n — oo in some probabilistic sense.

Theorem 3.5 (Knopov and Kasitskaya 2002). Let the following conditions
hold true:

1. E{max,cx f*(t,u(t),£)} < L.t € [0, 1] with some constant L > 0
2. There exists a unique point ug € K such that F(u) > F(uo), u # ug

Then, for any n>1, one can chose a function u, such that for any 7 € [0, 1]u, (¢, ®),
w € R is J,-measurable, where 3, is the o-algebra generated by random variables
{€/,0 <i < n}. Moreover,

P { lim || — wo)| =0} — 1,
n—>o0
P { lim F, (1) = F(uo)} ~ 1.
n—>oo

As above, the proof consists in checking the conditions of Theorem 2.1.
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Remark 3.2. The choice of Cjp 1) as the function space on which the compact set
K is given is undoubtedly not unique. For instance, the cases when K belongs to
some Hilbert space with corresponding metric, to space of continuous functions
with multidimensional argument, etc., seem to be equally interesting.

Let us consider the observation model 4 from Sect. 2.1 with criteria

n . 2
0.(@) = % 3 [yl- —a (j—l)] (3.4)

i=1
i
Vi —« (—)' (3.5)
n

and let o, and a,, be, respectively, least squares and least modules estimates. Then
by Theorem 3.4 a,, and @, are strongly consistent estimates of unknown function a°
from model 4, Sect. 2.1. To show this, put f(x, y,z) = |a®(x)—y +z|* for criterion
(3.4)and f(x,y,7) = |a’(x) — y + z| for criterion (3.5). In case of criterion (3.5)
the conditions of Lemma 2.3 must be fulfilled.

It should be noted, that the properties of estimates for criteria of type (3.2) for
independent observations are investigated in detail in frames of the theory of robust
estimates (according to the terminology of Hampel et al. 1986; Huber 1981) and
there is no need to review these results in detail. We only note that in these mono-
graphs and in works of other authors (Van de Geer 1995; Ivanov 1984a, b, 1997;
Liese and Vajda 1994; Yubi 1977) consistency conditions, rates of convergence,
asymptotic distributions and other important properties of estimates are investigated.

We would like to discuss briefly one more class of regression models, the study
of which was initiated in Hampel et al. (1986), Huber (1981), Vapnik (1982, 1996)
and some others. We quote one of these results which concern the properties of
estimates in the case when there are some a priori constraints on the range of
unknown parameters. We will follow the terminology used in original monographs.

In what follows, the parameter set ® is a locally compact space with a countable
base, (X,%, P) is a probability space, and p(x, #) is some real-valued function
on X x O.

Assume that x1, X3, ... are independent random variables with values in X having
the same probability distribution P. Let 7, (x, ..., x,) be any sequence of functions
T, : X" — O such that

or

n

Qn«” ::i'E:

i=1

1 n 1 n
- ian _f_ i .
an(x ) lgnzp(x 6)— 0 (3.6)

i=1 i=1

almost surely (or in probability). We want to give the sufficient conditions ensuring
that every such sequence 7, converges almost surely (or in probability) to some
constant 0.
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Convergence of T, will be proved under the following set of assumptions.

(A-1). For each fixed 6 € O, p(x, 0) is A-measurable, and p(x, 6) is separable in
the sense of Doob: there is a P-null set N and a countable subset 8’ C 6
such that for every open set U C 6 and every closed interval A, the sets

{x|p(x,0) € A, VO € U}, {x|p(x,0) € A, Y0 €UNGO'}

differ by at most a subset of V.

This assumption ensures measurability of the infinia and limits occurring
below. For fixed P, the function p can always be replaced by a separable
version.

(A-2). The function p is a.s. lower semicontinuous in 6, that is,

inf p(x,0") — p(x,0) as.
0’eU

as the neighborhood U of 6 shrinks to {6}.
(A-3). There is a measurable function a(x) such that

E{p(x,0) —a(x)}” <ooforallf e ®,
E{p(x,0) —a(x)}" < ocoforsome 6 € ©.

Thus, y(0) = F = E{p(x,0) —a(x)} is well-defined.
(A-4). Thereis 8y € © such that y(6) >y () forall 6 # 6.
If 6 is not compact, we make one-point compactification by adding the
infinity point oo.
(A-5). There is a continuous function »(6) > 0 such that

iof px.f) —a(x)
1. 912(1; e = h(x)

for some integrable A
2. lieminfb(e) > y(6),
—00

s e p(x,0) —a(x)
3. F {hen_l)ggf 5@ } > 1.

If 6 is compact, then (2) and (3) are redundant.

Example 3.1. Let ® = X be the real axis, and let P be any probability distribution,
having a unique median ). Then (A-1)—(A-5) are satisfied for p(x,0) = |x — 0|,
a(x) = |x|,b(0) = |8] + 1. (This implies that the sample median is a consistent
estimate of the median.)

Taken together, (A-2), (A-3) and (A-5) (1) imply by monotone convergence the
following strengthened version of (A-2):
(A-2") As the neighborhood U of € shrinks to {6},

E Gi,ggp(Xﬂ/)—a(X) — E{p(x.0) —a(x)}.
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Note that the set {6 € @ |E(|p(x, 0) —a(x)|) < oo} is independent of the particular
choice of a(x); if there is a(x) satisfying (A-3), then one can choose a(x) =

p(x,60).

Lemma 3.1 (Huber 1981). If(A-1), (A-3) and (A-5) hold, then there is a compact
set C C O such that every sequence T, satisfying (3.6) a.s. stays in C forever.

Theorem 3.6 (Huber 1981). If(A-1), (A-2"), (A-3), and (A-4) hold, then every se-
quence T, satisfying (3.6), converges (by Lemma 3.1) to 0y almost surely. Analogous
statement is true for the convergence in probability.

3.2 Regression Models for Long Memory Systems

Before we considered the cases when the observations are dependent, and the
corresponding random sequences or processes satisfy strong mixing condition.
This imposes rather strong restrictions on the rate with which the dependence
between observations decreases while the distance between them increases. During
recent years a lot of investigations were devoted to making the conditions of
weak dependence less restrictive. Further, the notion of strong dependence was
introduced. The system satisfying the condition of strong dependence were named
as “systems with long memory”. Let us quote one of the typical results for such
systems on consistency of the unknown parameter estimates.
Let

T
$1®) =7 [ e

where f(t,B.7(t)) : [0,00) x J x KR! — [0, 00), s > 1, is a known function, J is a
closed subset in R”, p > 1, || || is anormin "7, n(z),t € N, is a random noise.
Let the following conditions be fulfilled:

1. f(z,B, y) is a function, continuous on the whole set of variables

2. n(t),t € N is a stationary second-order process with null expectation, repre-
sented in form n(y) = G(&(t)), where £(¢), t € 0, is real-valued, measurable,
mean square continuous Gaussian random process with null expectation, vari-
ance 1 and correlation function B(z) = cov(£(0),£(¢)) = L(t)|t|™*, 0 < a < 1,
where L(t) = L’(]t]), t > 0, is a non-negative function slowly varying at
infinity, that is Vs > 0lim,_ o L(ts)/L(z) = 1, and bounded on every finite
interval. Moreover, lim; oo SUp, ¢jo 7y L(#s)/L(1) < 00, G(u),u € N, is real-
valued, measurable, non-random function with EG?2(£(0)) < oo.

Suppose that there exists #y > 0 such that for t > ¢, the function B(t),t € R, is
decreasing.
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Theorem 3.7 (Moldavskaya 2002). Let conditions I and 2 be satisfied. Moreover,
assume that

1. For any B € J there exist a function S(B) such that S(B) = limy_c0 EST(B),
and a point B* € J, in which this function attains its unique minimum

2. If the set J is unbounded, then f(t,B,y) — oo as ||B|| — oo, for fixed t, y

3. There exists a function c(y) > 0 such that c(y) — 0asy — 0, and for any
& > 0 there exists such yy > 0 that for 0 <y < yo and anyp’ € J

T
Tim [ E sup /(B — £ n0)]dr < ().
h ' ”g :g;|\||< p

4. Ef(1,B,G(£(0)) < o0 ,
5.8up, 5 Zizl C2(t,B)/i'< oo, where C/(t,B) are the coefficients in the
Be
expanszon of the function f into the series of Chebyshev-Hermite polynomials

6. ;l;[())fo fl LL((TT)lllt Zl‘L dt ds < oo.
Then the estimate of the parameter B*, determined as the minimum point of the
functional S7(B), is strongly consistent.

We note that in works of A.V. Ivanov and N.N. Leonenko series of fundamen-
tal results concerning asymptotic behavior of nonlinear regression estimates for
stochastic systems with strongly dependent observations were obtained. We quote
one of these results concerning strong consistency of the least squares estimates,
obtained in Ivanov and Leonenko (2001, 2002).

Let (2, 3, P) be a complete probability space, and £(¢) = £(w,1) : 2 xR — N
a stochastic process satisfying the following condition:

A. £(t),t € N, is a real measurable mean-square continuous stationary Gaussian
process with E£(¢) = 0 and the covariance function

B(t) = covE0).60)) = s 0 << Li €

Under condition A, the process £(¢), ¢ € 9, admits the representation

£(1) = fR T DW ), 3.7)

where W(-) is the complex Gaussian white noise on the measurable space
(M, B(N)). Spectral density f,(1),A € N of the process &(¢) is of the form
(see, for example Donoghue 1969),

H(—a)/2 )
Jo(A) = W’Qa—l)/z(lkl)lkl‘“ D20y e,
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where

1 [°° 1 1
K,(2) = 5/ sV exp {—Ez (s + ;)} ds, z>0,
0

is the modified Bessel function of the third kind of order v (Watson 1944).

. A nonlinear Borel function G : )t — 9N is such that

/00 G*(u)p(u) du < oo,

(o.¢]

where

2 _
e 2 yue9n.

() = —
plu) = )
N2
Under condition B, the function G (u), u € N, can be expanded into the series

G(u) = %Hk(u), Cr = /00 G(u)Hy(w)p(u)du, k =0,1,... (3.8)
k=0 "~ >

of orthogonal Chebyshev-Hermite polynomials

dke—/k

H = (—1 k u2/2—’
() = (DR P

k=0,1,..

in Hilbert space L, (N, ¢(u) du).
Additionally we assume that the function G satisfies the condition

. There exists an integer m > 1 such that C; = --- = C,,,—; = 0 and C,, # 0.

The integer m > 1 is called the Hermite rank of G (Taqqu 1979; Dobrushin
and Mayor 1972).

Let ® C M be a bounded open interval. Under conditions A and B we
consider the regression model

y(@) =yo(t) = g(1.0) + G(§@)), te,

where g(z,0) : i x @ — N is a measurable function depending on unknown
parameter € ©, and the random noise ¢(¢) = g(£(¢)),t € N, is such that
Ec(0) = 0 (or Cy = 0) and Ec?(0) = 1. We want to estimate the single
parameter 6 from observations of the stochastic process yy(t),t € [0,7], as
T — oo. .

Any random variable 07 € @€ satisfying the property

. T
0r(br) = int 0r(0. 01 = [ ()~ g o) Per
TE 0
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is called the least squares estimate of unknown parameter 6 € © obtained from
the observations yg(7),t € [0, 7], where ©¢ is the closure of ©. Set

T
br(r1, ) = /O (g(t.71) — g(t,12))%dlt,
T
nr(D) = /0 GEW)(g(t.7) — g(t.0)) dr,

T
y1) = [ G
By definition of least squares estimate, we have almost surely

Qr(0) = y(T) = Qr(fr) = y(T) = 2n7r(0r) + br(6r,0)
or
bT(éT’Q) < 2nT(éT)-

If g(z, 0) is differentiable with respect to 6, then we write

" T
8 ga—(g; 9) = gl‘(t, 9)7 drzT(T) = / g%([,e)dt, r = 1’2’3_
0

Suppose that the function g(z, T) can be extended to some interval ®* O © in

such a way that g(¢,-) € C3(©¥), the functions g, (t,7),r = 1,2, are bounded

on [0, 7] x O forany T > 0, and g3(z, 7) is locally square integrable in ¢.
Note that the function

1
AX(T) = %dfT(e) = /0 g3(Ts, 0)ds (3.9)

is used in limit theorems below as a part of normalizing factors.

The symbols k;,i = 0, 1,2, ... denote positive constants whose particular
values are not essential for the purposes of this work.

The following condition holds for a wide class of regression functions.
. Suppose that

Ts,

0<s<lI A9 (T) a

uniformly in 7 > 0 and t € O°.

The following condition is called the contact condition or condition for
distinguishability of parameters.
. For any p > 0, there exists a number r = r(p) > 0 such that

f br(u+6,0)
in
ul>p(r—1a2on =11+ T[T =1 d 2 (6)]1/2
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For the least squares method we have

Theorem 3.8 (Ivanov and Leonenko 2001). Let conditions A, B, B', D, and E hold
fora € (0,1/m), where m is the Hermitian rank of the function G. Then

T4 20)(br — ) 5 0

as T — oo.

For the asymptotic expansion of these estimates we refer to Ivanov and Leonenko
(2001, 2002). Such results will be considered in Sect. 3.4.3.

3.3 Statistical Methods in Stochastic Optimization
and Estimation Problems

We have noted already that nonlinear regression parameter estimation problems can
be formulated as special stochastic programming problems based on the method
of empirical means. Meanwhile, the objective function may not be continuous, and
often it turns out that it is enough to demand that it is upper semicontinuous. We
shall first briefly consider one of the most well-known and advanced approaches
for investigation of the asymptotic properties of estimates developed in works of
R. Wets, H. Attouch, J. Dupacova, A. King, G. Salinetti, A. Shapiro and others.
This approach is based on the notion of epi-convergence, since it is equivalent to the
set-convergence of the epigraphs. For the precise definition of epi-convergence and
its basic properties we refer to Attouch (1984). First we introduce some conditions
which are needed later on.

Let (2,3, P) be a probability space where 2 — the support of P— is a closed
subset of a Polish space X, and J is the Borel sigma-field related to £2; we may
regard £ as the set of possible values of the random element & defined on the
probability space (', 3, P’). If P is known, our problem can be formulated as
follows:

find x* € 9" that minimizes Ef (x), (3.10)

where Ef(x) := [o f(X,§)P(d§) = E{f(x,§)}and f : " x @ — N U {oo} =
(—o00, 00) is a lower semicontinuous function; we set Ef(x) = oo whenever ¢ +—
f(x,£) is not bounded above by a summable (extended real-valued) function. We
refer to domEf := {x|Ef(Xx) < oo} as to the effective domain of Ef. Points that do
not belong to dom Ef cannot minimize Ef and thus are effectively excluded from the
optimization problem (3.10). Hence, the constraints on x are already included in the
model. Note that by definition of the integral we always have:

domEf C {x| f(x,§) < coas.}.
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An extended real-valued function /1 : " x @ — R = [—o0, o0] is said to be proper
if 7 > —oo and is not identically +o0; it is called lower semicontinuous (1.sc.) at
x if for any sequence {x* 1=, converging to X we have liminf; o h(xk) > h(x),
including the values co or —oo. The extend real-valued function f defined on R" is
called a random lower semicontinuous function if

1. Forall £ € & f(-, &) is lower semicontinuous
2. fis B" x J-measurable

where B” is a Borel sigma-field on i”.

Assumption 3.1. “Continuity” of f. The function f : " x Y — (—o0, oo] with
closed and non-empty dom f* := {(x,§)| f(x,§) < o0} = § x Y, § C N", is such
that for all x € S& — f(x,&)is continuouson Y, and forall § € Y x — f(x,§)
is lower semicontinuous on N", and locally lower Lipschitz on S in the following
sense: for any x in S, there exists a neighborhood V' of x and a bounded continuous
function 8 : Y — R suchthatforallxX’ e VNS andé €Y

fx6)— f(x.§) = BE) - [Ix=X]I.

Assumption 3.2. Convergence in distribution. Given a sample space (Z, F, i) and
an increasing sequence of sigma-fields (F")92, contained in F',let PV : & x Z —
[0,1],v = 1,... be such that for all { € Z P"(-,{ is a probability measure on
(R,3),and forall A € I ¢ +— PY(A,)is FV-measurable. For p-almost all ¢ in Z,
the sequence { PV (-, {)}02, is f(x,-)-tight (asymptotically negligible), i.e. for each
x € § and ¢ > 0 there exists a compact set K, C Y such that forv =0, 1, ...

/ f(x E) PP (L) <
2\K.

and
/ inf f(x,&)P"(d&, ) > —o0.
Q XER"

Theorem 3.9 (Dupacova and Wets 1986). Under Assumptions 3.1 and 3.2 we
have p-almost surely

limsup(inf E” ) < infEf.

V—>00

Moreover, there exists Zy € F with u(Z\Zy) = 0 such that

1. For all { € Z,, any cluster point X of any sequence {x",v = 1,...} with x" €
argmin EV fV(-, {) belongs to argmin Ef (i.e. is an optimal estimate)

2. For v=1,...,0 +— argminE’f(-,¢) : Zy = N" is a closed-valued
FV-measurable multifunction

In particular, if there is a compact set D C " such that for v =1, ...(argmin E" f)
N D is non-empty p-a.s. and {x*} = argmin E f N D, then there exists a sequence
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{x":Zy — N"}92, of F'-measurable selections of {argmin E” f}72, such that
x* = lim,_ oo X" (¢) for w-almost all £, and also inf Ef = lim, o, (inf E¥ ) u-a. s.

In stochastic programming problems there often arise situations where it is not
necessary to prove the strong consistency of parameter estimates on which some
functional minimum is reached. It is enough that the sequence of functionals in
minimum points converges in one or another probability sense. In this case, we
say that the functional convergence takes place. Below we present some interesting
results in this direction obtained in Norkin (1989, 1992).

Consider the problem

Fx) = [9 f(x.£)P () — min. 3.11)

where x € K C X, K is a compact set in some topological space X, & € L,
(2,3, P) is the probability space, the function f : X x & — 9 is integrable for
each fixed x, F(x) is lower semicontinuos.

The approach for solving (3.11), when it is replaced by the sequence of problems
of the type:

1 n
Fo(x) =~ > f(x.&) — min, (3.12)
i=l1

where &; are independent identically distributed random variables whose distribu-
tions coincides with the distribution generated by the measure P, is considered
in Yubi (1977), Kankova (1979), Vapnik (1979), Dupacova (1979), King (1988),
King and Wets (1988), and Wets (1979). Solving the problem (3.12) depends on the
observation set (£1, &, ..., &,). Let us introduce the probability space (2,3, Py)
which is the countable product of initial spaces, whose elementary outcomes are the
sequences of observations w = (§1, &, ...). Note that the solutions to (3.12) depend
on w. There naturally arises the question about the convergence of optimal values
F(w) = minyeg F,(x) to F*(w) = minyex F(x) and of the solutions X, (w) =
argmin,eg F,(x) to X* = argmin,cx F(x) in one or another probability sense.
Write F,,(x) as

Fy(x) = F(x) + %Z (f(x&) = F(x) = F(x) + ya(x, ).
i=1

Consider the functional
®(y) = ming(x, y(x)) = min(F(x) + y(x)),
xeK xekK

where F(x) is lower semicontinuous on the compact K function, y(x) €
C(K;9),C(K;MN) is the Banach space of continuous on K functions with the

norm ||y|| = maxyex [y (x)|.
The following statements hold true (Norkin 1989, 1992).
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Theorem 3.10. Functional ®(y) is of Lipschitz type.

Theorem 3.11. If the function F(x) is continuous on the metric compact K, then
the multiple-valued mapping

v = X*(y() = arge?in(F (x) + y(x))

is upper semicontinuous (and closed), and the deviation functional

y() = AX*(»). X*(3) = sup inf p(x,x")
XGX*(y)x’EX*(y)

is upper semicontinuous in y(-), and is continuous at the point y(-) € C(X; ).

Thus, there exists a sequence of the Lipschitz functional ®(y, (-, ®)), where
yn(x,0) = (1/n)>F_, f(x,&)— F(x).If the sequence y, (-, w) of elements from
C(K;N) converges to 0 € C(K;N) in one or another probability sense (almost
surely, in probability, in distribution, in norm), then, since ®(y) is a Lipschitz func-
tional, the convergence ®(y,) — ®(0) = min,ex F(x), and A(X*(y,), X*) — 0
takes place in the same sense. In other words, the convergence of the statistical
decision method of stochastic programming problems takes place.

Thus, the investigation of convergence of the statistical decision method of the
stochastic programming problems reduces to the study of convergence of random
variables y, (-, w) in C(K;N) to 0 € C(K;N) in one or another probabilistic sense.
For every fixed xy, (x, ) — 0 P,-a.s. due to strong law of large numbers. Now we
are looking for conditions under which the pointwise convergence in one or another
probabilistic sense implies the uniform convergence in the same sense in C(K; )).

Theorem 3.12. Let (R, S, P) be a probability space, D be a relatively open convex
set in NP. Suppose that the function f : D x  — W is convex in x in D for almost
all &, and integrable in & for all x € D . Then for any compact K C D

[|yn (-, @)|| = max |y, (x,w)] — 0 P,-as.
xeK

Theorem 3.13. Let (R, S, P) be the probability space, K be a compact set in the
complete separable metric space. Suppose that the function f : K x & — N is
integrable in £ € R for all x € K, and of Lipschitz type in x € K uniformly in &:

|f(x.8) = f(y. &l = Llly = x[l. x.y K.

Then P,-almost surely

o)l = max | 3™ (. 8) ~ FG| >0, n oo,

i=1
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3.4 Empirical Mean Estimates Asymptotic Distribution

In this section we study limit distributions of unknown parameters estimates. In the
first sub-subsection models with independent or weakly dependent observations are
considered. In the second sub-subsection we consider long memory models.

3.4.1 Asymptotic Distribution of Empirical Estimates for Models
with Independent and Weakly Dependent Observations

Assume that {£(i),7 = 1,2, ...} is a sequence of independent identically distributed
random variables defined on the probability space (2,3, P), a random variable &
has the same distribution as {£(i)}, the function f(x,£),x € RP?, is continuous in
the first argument and measurable in the second. Define the set of functionals

Fo(x) = %Zf(x,g(i)), x e J, (3.13)

i=1
where
J=1{x:g(x) = (g1(x), ..., gn(x)) < 0}. (3.14)

Here “<” is applied to each component of the vector.
We assume that the following conditions are satisfied.

Al. The function f(x, y) is twice continuously differentiable in the first argument,
and E max |y, <c f(X,§) < 00, ¢ > 0. There exist ¢ > 0, 3 > 0 such that for
[|Ix —x*||< ¥,y < w, the inequality

£ I f(x,)

<c
ax; 0xy

holds true.
A2. The functions g;(x),x € J, are twice continuously differentiable, and for

[Ix—=x*[|< v,y < w,

g (x)
ax; 0x)

< <

— ’

dgi (x)
Bxk

where c is independent of x;, x.
A3. The point x* is the unique point for which Ef(x, §) > E(x*,§),x # x*,x € J,
x* € J, and

P { lim ||x, —x*|| = 0} =1, x, € argminF,(x).
n—00

xeJ
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A4. Let N; (respectively, N,) be the set of arguments of indices i, for which
gi(x*) = 0 (respectively, g; (x*) < 0). We assume that Vg, (x*) are linearly
independent for i € Nj.

AS. Functions g;(x) are convex.

A6. There exists a point X, such that g(x«) < 0. Conditions A5 and A6 imply
(see Korkhin 1985) that Vg; (x,,) are linearly independent for those i for which

8i (Xn) = 0.

Let us now investigate the asymptotic distribution of the variables x,,. We
introduce some relations following from the necessary conditions for the existence
of the extremum. By definition,

VE,(x:) + ) AiVgi(x,) =0,

i=1

Aingi(X,) =04, >0,

Vg is the gradient of the function g(x), A;, > 0 are Lagrange multipliers. Denote
VF,(x) = F,(x). Applying the mean value theorem, we obtain

Fn(xn) = Fn(X*) + &)n(gln(xn —x%)), (3.15)

where ®,, is a p X p matrix whose elements <I>,’§l are of the form:

1 02 f(x,E(0))
¢kl n = - - )
n (S1n) n ; 0x 0x;
= X=¢ly

S =Xx"+0x,—x", 0<0O <1.

Thus we have

n

ﬁn(X*) + (i)n(gln)(xn - X*) + kavgl (Xn) = 0.

i=1
We prove some auxiliary lemmas.

Lemma 3.2. Let @, (s, w) be a sequence of functions satisfying Conditions 1 and 2

of Theorem 2.1, and assume that there exists a deterministic ® (s) such that for any
sekK

P {nll)rglo P, (s,0) = <I>(s)> =1.

1. Assume that for some sequence s, € K there exists an element so € K such that
P{lim, |5, — so|| =0} = 1.
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2. There exists yy > 0 such that for all0 <y < yp

P4 lim sup [®,(s)—®,(s0)] <cly) =1,

00 |s—soll<y

where c(y) > 0and c(y) — 0asy — 0.

Then P{lim, o ®,(s,) = ®(s0)} = 1.

The proof is similar to the proof given in Dorogovtsev (1982). Since
P{lim, 500®,(s,) = ®(s0)} = 1, it suffices to show that P {lim, 0| ®,(s,) —
®(s0)| > ¢} = 0 forany & > 0. For any § > 0 we have

P [@(52) = ®(s0)| 2 e = Ploo: llsy = soll < yon = N@)},

lim |<I>n(sn) - <I>n(SO)| > &, m sup |<I>n(sn) - <I>n(SO)| < C()/)
n—o00 n—

[ls—soll<y

=P {?n;ol%(sn) — @, (s0)| < (), Iim [®,(sn) — P(50)] = e}. (3.16)

Taking y > O such that ¢(y) < &, we obtain that the right-hand side of (3.16)
vanishes.

Lemma 3.3. Assume that condition Al holds. Then for each element of the matrix
of second derivatives we have

’F,
P Llim ) = @6} =1, @l = S,
oo axy 0X;
2
oM (x) = Ew’
xy 0X;

where ||x, —x*|| — 0 as n — oo with probability 1.
Proof. Consider
sup | @,/(x) — @,/(x")|

{x:[lx—x*||<y}

n

- 1 PrxEG)  PSLEED)| gy
- Sup " Sup 9x.0 - v 0 =Gn ().
x| lx—x*[|<y} T el Ix—x* || <y} Xk 0X] Xk 0X]
Let
92 92 *
cu(y) =2E sup o (x) = FIxE) oM (x) = I8 _
{x:]|x—x*||<y} 0y 0x; 0x) 0X;
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By the strong flow of large numbers, we have
- ki 1
P § lim ¢, (y) = scu(y) ¢ = 1.
n—00 2

Since the function 92 f(x, £)/0x; dx; is continuous in X, we pass to the limit under
the expectation and obtain that ¢(y) — 0 as y — 0. Thus conditions of Lemma 3.2
are satisfied, implying P {lim,_ . ®(x,) = ®"(x*)} = 1. O

Now we find the asymptotic distribution of the optimal points. Multiplying the
left-hand side of (3.15) by 4/n and applying the mean value theorem to the function

gi(x,), we get

VIE, () + @, /n(x, —x*) + Y /ndinVgi(x,) =0,

i=1

Aingi (X*) + XinVgi (X" + @2A%,) (X, —X) = 0.

Thus we arrive at the quadratic programming problem:
1 - ~
5xT<I>,,x + F!(x*)x — min, (3.17)

bi(x) = /ng;(x*) + Vg (x")x + [;(x) <0, xe€N’,

1
li(x) = ﬁXngQ (x* + @1%) x, Tiel, (3.18)

gi2(x) is the p x p Hessian with elements 3%g; (x)/9x 0x;.

By the central limit theorem, F, (x*) converges weakly to the normal variable
N(a,B), where vector a and matrix B are given by a=EV f(x*,&),B=
E[V f(x*, &) —a][V f(x*, &) —a]’ (index “T” denotes transposing). By
Lemma3.3, ®, — ®(x*) with probability 1 as n — oo. Besides (3.17) and
(3.18), consider the following quadratic programming problem:

1 * .
3xT @ (x*)x + ¢x — min, (3.19)
VgT(x*)x <0, ieN, (3.20)

where ¢ is N(a, B).

Theorem 3.14. Let conditions AI-A6 be satisfied. Then the random vector v, =
J/n(x, — x*) which is the solution to problems (3.17) and (3.18), converges in
distribution to the random vector W which is the solution to (3.19) and (3.20).

The proof of Theorem 3.14 is analogous to the proof of Theorem 2.1, and is given
in Knopov and Kasitskaya (2002).
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Corollary 3.1. If Ny = &, then the vector W is normally distributed with
parameters (0, ®~' (x*)TB).

Now consider the case when {€(i),i = 1,2} are stationary dependent random
vectors.

Definition 3.1. We say that stationary vectors satisfy the strong mixing condition if

a(n)= sup |P(AB)— P(A)P(B)|—0 (3.21)
A€EA”
BeAl,,

asn — oo, where A7 = o{€(i),n < i < mj} is the o-algebra generated by the
sequence {€(i),n <i < m}.

For the theorem below we refer to Koroljuk et al. (1985).

Theorem 3.15. Let £(i) = {£'(i),....£7(i)}, EE(i) = 0, be stationary in the
narrow sense vectors satisfying conditions:

1. Strong mixing condition (3.21) with a(n) < c/n'*¢, & >0
2. E||§(0)||*F® < oo, where £§ > 2

Then there exists a bounded spectral density h(1) = {h,-l()t)}lfn, 1=1» continuous in 0.

If, moreover, h(}) is a non-degenerate matrix, then the vector (1//n) > i, &(i) is
asymptotically normal as n — oo with N(0,2 7th(0)).

Using Theorem 3.15, we can prove similarly to Theorem3.14 the following
statement (Knopov and Kasitskaya 2002).

Theorem 3.16. Assume that V f(x*,§(i)) satisfies the conditions:

1. Strong mixing condition with a(n) < c/n'*t¢,e >0

2. E||V f(x*,£(i))|]*% < oo, where £§ > 2

3. The spectral density h(X) of the vector V f(x*,&(i)) is a non-degenerate in
A = 0 matrix

4. Conditions AI-A6 hold true

Then the sequence of vectors v, = /n(x, — x*) which are solutions to (3.17)
and (3.18), converges weakly to the random vector y, which is the solution to (3.19)
and (3.20), where ¢ is normally distributed N (0, 2 7zh(0)).

For dependent vectors which are difference martingales we have one more
version of the central limit theorem.

Theorem 3.17. Let {u,,n € N} be the stationary in the narrow sense metrically
transitive process, satisfying E(u,/3,—1) = 0, where 3, is the o-algebra
generated by the random vectors uy, ...,u,.Then the distribution of the variable
(1/4/n) Y_;_, ux converges weakly as n — oo to the normal distribution N(0,R),
where R = E(u,u)).
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Using Theorem 3.17, we obtain the following statement.
Theorem 3.18. Assume that V f(x*,§(i)) in (3.13) satisfies the conditions:

1. E{[Vf(x*,&(i)) —a]/Gi—1} = 0, where G; is the o-algebra generated by the

vectors f(x*,E(1)),..., f(x*,&())
2. Conditions A1-A6 hold true

Then the vector v, = +/n(x, — x*), which is the solution to the problems (3.17)
and (3.18) converges weakly to the random vector v, which is the solution to (3.13)
and (3.14), where ¢ is normally distributed random vector N (a, B).

Now we consider the case when the function f depends also on the time
variable i. In this case we take F,(x) = (1/n) > /_, f(i,x,&(i)).

For simplicity, assume first that £(i) is independent identically distributed
random variables with E£(i) = 0, EE2(i) = o>. As before, we assume that
conditions A1-A6 hold true, together with Condition A7:

A’77. The following limits exist:

a(x) = lim » EVf(i.x§0).
i=l1

. 1 «
B9 = lim 3" E[V /(% ()~ a7 £(G,%,£0)) — a0l
i=1
o/ (x*) = lim Z sup E

00 T {xellx—x*|| <y}

9%£(i, x, £(i))

dxy 0x;

Under the Conditions A1-A7 one can prove Theorem 3.19 in the same way as
Theorem 3.18.

Theorem 3.19. Under Conditions AI-A7, the solution v, = /n(x, — x*) to
the problems (3.17) and (3.18) converges in distribution to the random vector V),
which is the solution to (3.19) and (3.20), where ¢ is normally distributed
N(a(x*), B(x*)).

If £(i) are not independent observations, but satisfy strong intermixing condi-
tions, the following theorem about the asymptotic distribution of estimates takes
place.

Theorem 3.20. Assume that Conditions AI-A7 and the conditions below are
satisfied.

A8. The vector ¢; = V f(i,x*, §;) satisfies uniform strong mixing condition

a(j) =sup sup |P(AB)— P(A)P(B)| =
i A€ol

Beaﬁfj

1_|_]'H-a’

where 0" = o{¢;,n <i < mj.
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A9. E||Vf(@i,x* &) < oofores > 2.
Then Theorem 3.19 holds true.
Now we consider some specific regression models and find the asymptotic
distribution of the unknown parameter estimates.

Model (2.4)

yj = fle.x(j)) +(j).
@’ et ={a:g(@) <0}
where x(j) and €(j) are determined in model (2.4), x(j) are independent random

vectors, (/) are independent random variables, independent on x(j) for j > 1.
Let us examine criterion (2.7). Let

0nfe) = - 3 vy — Sl x()P

J=1

We assume that the function f(et, x) satisfies the following conditions:

1. f(a,x) is twice continuously differentiable with respect to «, and for o € J

0? f (o, X)

=c
’ Xy 0x;

<c

‘Bf(a,x)

80[,'

2. There exist

L @ X)) 8f (@ x()
kI — * k)
aOlk 8061

where the matrix R with the elements ry; is positive definite.

Theorem 3.21. Assume that the function f(o,X) satisfies Conditions 1 and 2,
Sfunctions g; (o) satisfy Conditions A2, A4-A6, o, = arg minge; Q, () is strongly
consistent estimate of «°, and the spectral density h(L) of the stationary sequence
() exists and is continuous and bounded at the point A = 0.

Let (/) be independent identically distributed random variables with Ee(j) = 0,
E&*(j) = 1. Then the vector +/n(ct,, — ) is the solution to problems (3.17) and
(3.18), where

n o

J=1
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Here F/ (a®) is the element of F,, (a®), ®,, () is the p x p matrix with elements

(I)ﬁl(OC) — l Xn: { Bf(oz,x(])) . af(“’X(J))

n - aak 30!1
=1

+32f(a,X(j))

30lk aOll

(@ x() - [ x(j))]} .

The vector /n(ot, — a”) converges weakly to the random vector n, which is the
solution to (3.19) and (3.20), where ¢ is normal N (0, B),

B =

E 9f («°,x(0)) 9f (e, x(0)) } :

8ak 3061 k,l=1

Now assume that the stationary sequence £(j), Ee(j) = 0, E€?(j) = 1in (2.4) is
a difference martingale, i.e.

L. E{e(j)/3j-1} =0, (3.22)
2. E{e(j)/3j-1) = 1, (3.23)
where J; is the o-algebra generated by the sequence &(1),...,&(j). Then using

Theorem 2.1, we obtain the following theorem

Theorem 3.22. Assume that for the model (2.4) and (3.14), conditions (3.22)
and (3.23) are satisfied, and the functions f(o,Xx), g(ot) satisfy the conditions of
Theorem 3.20. Then statement of Theorem 3.21 holds true.

Consider model (2.3), in which

1. €(j) are independent identically distributed random variables with Ee(j) = 0,
E’(j) =1

2. Functions f(j, o) and g(o) satisfy Conditions A1, A2, A4-A6

3. Let

MeoN_ 2 . If (i) 9f (i )
Fy (a)_n; Aoty doy

Then there exists lim, 00 FX(a) = F¥ ().
Suppose that

. RIS .
o, € argmin 0, (e) = argmin - > Ly — £l
[4S] .
=1

a€J

Then the theorem above implies the following statement.
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Theorem 3.23. Assume that the conditions of Theorem 2.5 and conditions 1-3 of
Theorem 3.22 hold true. Then v, = /n(a, — &) is the solution to problems (3.17)
and (3.18), where

Fa) = == 30V fli.a")e()
i=1

and the matrices ®, (o) = {Qﬁl(a)}ﬁ’lzl are of the form

1 < 3f(i, o) 9f(i, ) 1 « 3% f(i, o)
ol = — — . ’ - i — J(, —
.= ; o e |, + - ; i = S8 55 L
—SIn —Slin
and converge weakly to random vector W which is the solution to (3.19) and (3.20),
where ® = lim, o, ®x,(a®), and ¢ is normally distributed N (0, C),

C= lim » D IV )V i a®)T].
i=1

n—>o00 n 4

Concerning the least modules estimates for model (2.3) we note that their
asymptotic normality without a priori information about the true value of the
parameter is proved in Knopov and Kasitskaya (1995). Using these results, we can
also prove for these estimates a theorem about the asymptotic distribution under a
priory constraints on the parameter «. The main difficulty in obtaining these results
consists in non-differentiability of criteria functions. At the same time, the cost
function will be differentiable with respect to any direction. The proof uses the
techniques proposed in Huber (1981).

In conclusion, we would like to remark that in this paragraph only discrete time
parameter is considered for all models. Nevertheless, usually similar results take
place for continuous time as well. More detailed discussion for this case is given in
Knopov (1997b). For illustration consider the result proved in this work.

Consider

1 T
fx) = fsy) and Fr) = /0 Flx.E)dr,

where {&,¢ € R} is a strongly stationary ergodic stochastic process. Define the
set J by

J={x:1g(x) = (51(x),....8:(x)) = 0}.
The following conditions are assumed to be satisfied:

A1”. The function f(x, y) is twice continuously differentiable in the first argument,
and E max|y||<. f(x,&) < oo for any positive c. There exists x* € J and
Yo > 0 such that for ||x — x*|| < v,y < Yo,

0% f(x, &)

E
0x;0xk

<c.
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A2”. The functions g;(-),x € J, are twice continuously differentiable, moreover,
for ||x — x*|| < ¥, ¥ < Y0, we have

32&' (x)
0x; 90Xy

<c <c

0gi (x)
axy

A3”. Let x* be the unique point for which Ef(x, &) > Ef(x*,&),x # x*,x € J,
x* € J and P{lim7_,  ||x7 —X*|| = 0} = 1.

A4”. Let N; be the set of indexes i for which g;(x*) < 0. We assume that
Vgi(x*),i € Ny, are linearly independent.

A5”. Functions g; (x) are convex.

A6”. There exists a point X4 such that g(xx) < 0.

The following theorem takes place.
Theorem 3.24. Let Conditions A1"—A5" and the conditions below hold true:

1. Strong mixing condition 4 of Theorem 3.4
2. E||Vf(x*, &)|*T < 00,88 >2
3. The spectral density @ (1) of the random process V f(x*, ;) is non-zeroat A = 0

Then the family of vectors n; = VT (xp — x*) converges weakly to the random
vector  which is the solution to the problem

1
Ex’d)(x*)x + ¢Xx — min,
Vg'(x*)x < 0,

where ¢ is normal random vector N(EV f(x*, &), 27 ¢(0)), and
82 * , p
B(x*) = % EM} _
B.XZ a.Xk l,k=1
Remark 3.3. 1f x* is the inner point of J then n, weakly converges to the normal
distribution.

To end this subsection we would like to make a remark about the asymptotic dis-
tribution of non-parametric estimates of unknown parameters. Under the assumption
that the true value of the parameter is the inner point of some set, the distribution of
functionals of these estimates has been studied in Dorogovtsev (1982). The question
when the true value of the parameter is not an interior point, or, in other words, the
set of constraints is not closed, remains open. The problem of finding the distribution
of non-parametric estimates for non-differentiable cost function has not been studied
at all. Although these topics remain outside the frames of the present work, they are
of essential interest.



3.4 Empirical Mean Estimates Asymptotic Distribution 99

3.4.2 Asymptotic Distribution of Estimates for Long Memory
Stochastic Systems

In this subsection we investigate the behavior of the estimate of the parameter f§ in
models with arbitrary criteria, described in Sect. 3.2. The result presented below is
proved in Moldavskaya (2007).

We estimate the unknown parameter = (B, ..., B,)" in the linear regression
model with continuous time

y() =B"g(t) +n@t), 0<t<T
and nonlinear constraints
h;B) <0, j=1,..r

where g(t) = [g1(1), .... g2 ()]",h(B) = [A1(B), ..., (B)]" are known functions,
n(t),t € N, is a measurable continuous in the mean square sense stationary process
with zero mean and covariance B, (t), t € N.

Consider the conditions below.

1. Assume that () = G(e(t)),t € N, is a random process, where G is an arbitrary
real-valued measurable nonrandom function, and &(¢),t € N, is a Gaussian
random process with zero mean, unit variance and covariance B.(¢) = (1 +
t2)7%/2 0 < a < 1. Assume that EG(g(0)) < oo.

If Assumption 3.3 holds, then the function G can be expanded into series of

Chebyshev-Hermite polynomials in L,(0, ¢(u)du), where ¢(u) is the density of

e(i). Let m > 1 be the number of the first non-zero coefficient in this expansion.

2. Suppose that g;(t) > 0, > 0,1 <i < n, are bounded on [0, 7]. Let d(7) =
diag(d\(T),...,d,(T)), where d;(T)= (fOT g2(1)d)'?; limr—eo T-'d?
(T)>0,i =1,...,n. Define the matrices

1
Jr = Jur)i =, Jur = DFI/ g(T)g" (1T)dr - D',
0

1 n
DZT = diag (/ glz(Tt)dt) ,
0 =1
T)g'(T.
o7 = D7l (/ / g(t )gl( 2 4o ds)D;l.
— S mo

3. Assume that limr_.o 6 7,, = 0 ,,, Where o, is some positive definite matrix.
4. Assume that lim7_,o, J7 = Jo, where Jj is some positive definite matrix, and

= Jos;, ' Jo.
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5. Assume that: (1) A j»1=<j =r, have the first and the second order deriva-
tives, bounded in the neighborhood of the true value B,; (2)2;(By) =0, j €
{1.....q}3.h;By) < 0,j € {qg + 1,...,r}; (3) there exists B* such that
h(B*) < 0; (4) vectors Vi;(B,),j € {l....,q}, are linearly independent; (5)
hiB),j €{l,...,r}, are convex.

6. Assume that B, (the least squares estimate of the parameter f satisfying the
condition h(f) < 0) is consistent.

7. Diagonal matrix dy has positive elements and is such that there exists
limy_o0 h7 (B) = h(B), where matrix h7 () is determined as follows:

hr(B) = drh()d;".

h(p) is the matrix which consists of the rows VhJT-(B), j=1r.

The analogous condition will be used as below in Sect. 5.2.

Condition 7 means that there exists a limit as T — oo for rows
j(T)Vh§(BO)d;1 of the matrix h7(B,), which is equal to ﬁj (By).j =1,r. Here
i (By) is jth row of l_l(BO), (_ij (T) is the element on the main diagonal of d7.

Below we formulate main results in several theorems on the asymptotic distribu-
tion of the least squares estimate in linear regression models with constraints.

Theorem 3.25. Assume that Conditions 1, 2, 4—7 and also 3 withm = 1 hold. Then
the random vector Ur = B(T)™'2T~12dr (B — B,) converges in distribution as
T — oo to the random vector U which is the solution to the quadratic programming
problem

d
h

IX'RoX — Q'X — min,

- ) (3.24)
h;B)X =<0, j=1,....,4q,

where Ry is defined in (3.24) and Q is a Gaussian random vector with zero mean
and covariance matrix Jo(o 1)~ Jo. o1 is defined by Conditions 2—4.

Case m = 1 is essential. Then the solution to the problem (3.24) is non-Gaussian,
when the constraints of the problem are active, and Gaussian otherwise.

Under some additional conditions Theorem 3.25 gives the answer to the question
about the limit distribution of Uy = B(T)™"/2T~/2d; (B —B,) in the case m > 2.
It is also non-Gaussian even in the case when restrictions are inactive (in case of no
constraints the result is known).

It is especially important to know the asymptotic behavior of the variance of the
estimate of the mean, as well as the rate of decrease of this variance for a random
process with strong dependence and non-regular observations.

Consider the following model with non-regular observations. Let x(¢),7 € Z be
a Gaussian stationary process with unknown mean Ex(t) = m,, known variance

E(x —my)? = 02 < oo and correlation function

R()=LO|I™ O<a<l, (3.25)
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where L(t) = L’(Jt]), t > 0 is non-negative slowly varying at infinity function
bounded in each bounded interval. The correlation function R,(t), t € Z, satisfies
the condition Y 72, R, (k) = oco,i.e. x(t),1 € Z, is the random process with strong
dependence.

Without loss of generality we assume that o2 = 1. We observe the random
process

y(2) = x(1)d(r) (3.26)

at the moments ¢ € {0, 1,..., T}, where d(¢) is a Bernulli sequence with P{d(t) =
1} = p>0,and P{d(t) = 0} = q > 0; p + g = 1. Assume that the values of
d(t) are mutually independent for ¢ € {0, 1, ..., T}, and independent of x (¢).
Denote by m,, R,(t), f,(t), respectively, the expectation, the correlation
function and the spectral density of the observed process y(t),t € Z.
Consider the estimate for m:
T—1
= (Ip)~" >y (). (3.27)
=0
The result below gives the asymptotic behavior of the variance Var(si,) as T — oo.

Theorem 3.26. Under the conditions of the model (3.25)—(3.27), we have

Jim RN (T)Var(my) =2(1 —a) ' 2 —a)7".

3.4.3 Asymptotic Distribution of the Least Squares Estimates
Jor Long Memory Stochastic Systems

In this subsection we present some results obtained in Ivanov and Leonenko (2001,
2002). We use the notation introduced in Sect. 3.2.
Assume that the following conditions are fulfilled.

Fi. liminfr— oo d?(0)/T > 0
F. sup|u|<pd37(9 + u)/dlzT(G)/T < ky < oo for some p > 0
F3. sup, <, d22T(9 + u)/dlzT(G) < k3T~ for some p > 0, where k3 < 0o

Let us formulate the first reduction principle for least squares estimates.

Theorem 3.27. Let conditions A, B, B, D, E of Sect. 3.2, and F\—F; hold true for
a € (0,1/m), where m is the Hermitian rank of the function G. Then the limit
distribution of random variables

| 1/2
[B—mm | g%(Tu,9>du] (6r —0)
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and

Jo GE@)gi(1.0)dr
[7287(T) f} g3t 0)au]

coincide as T — o9, i.e., if the limit distribution of one of the above two families of
random variables exists, then there exists the limit distribution of the other family,
and they are equal.

Note that all conditions of Theorems 3.8 and 3.27 hold true, for example, for the
functions

g(t,0) =t-log(@ +1), Vt>+0t+1.

Similarly to the case treated in Theorem 3.27, consider random variables

I GE@))gi(1,6) di |

1O = gy g ()

(3.28)

where the function Ag(7') is defined in (3.9).
We need some additional conditions on the derivative g;(¢, 6) of the regression
function g(z, 0).

K. For 0 < ffim < 1 the limit

1 1
1) = lim m!/ / g (1.9 (T.0) _dtds
T—o00 o Jo AQ(T) |[ — S|moc

exists and is finite for all § € OF.

K'. For 0 < am < 1 there exists a function g(«,0), u € [0,1], 6 € OF, square
integrable with respect to u and such that

&1 (I/lT, 0)
Ap(T)

—gl(u,G)‘ -0

as T — oo uniformly inu € [0, 1] and 6 € O°.
Observe that condition K holds if K’ holds. In this case

du dw
ua—W[fgmemmw| s
We formulate the second reduction principle.

Theorem 3.28. Conditions A, B, and B' hold for a € (0,1/m), where m is the
Hermitian rank of the function G.
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If condition K holds true, then

1. Var[fOT GE@)gi(t,0)dr] = (CZ/m)T*B™(T)A;(T)I(O)(1 + o(1)) as
T — oo, where C,, is defined in (3.28);

2. the limit distributions of random variables ¢ (0) defined in (3.28) and of random
variables

_ Cu foT H, (E(t))g:i(t,0) dt
O = T IBYAT) Ay (T)

(3.29)

coincide forall € O° as T — oc.

L. Let condition K’ holds and for « € (0, 1/m)

1
S =
m J(

uniformly in 6 € ©°.
Consider variables

C ! ! . W(dA,) ... W(dA,,)
— m/2 > iu(A++21,) m
8,60 = @] [ [/0 &1(u. 0)"™ du] TR

(3.30)

2 dA...dA,

e < 0
1. ]

1
/ Z1(u, 9)6114()&1+'"+lm) du
0

where | ;m ... means the multiple stochastic integral with respect to the complex
Gaussian white noise W(-) given in (3.7) (see, for example Major 1981) for the
definition and properties of multiple stochastic integrals).

Theorem 3.29. Let conditions A, B, B, D, K, and L hold for a € (0, 1/ m), where m
is the Hermitian rank of the function G. Then random variables ¢t (0) and ¢, 1(0)
defined in (3.28) and (3.29), respectively, converge in distribution for all 0 € © as
T — oo to the random variable R,,(0) defined in (3.30).

From Theorems 3.27 and 3.29 we obtain the asymptotic distribution of least
squares estimates for a nonlinear regression with long-range dependence.

Theorem 3.30. If conditions of Theorems3.27 and 3.29 are satisfied, then the
random variables

1 1/2 R
BmA(T) [ [ s 9>ds] (6r —6)
0

converge in distribution for all 0 € O as T — oo to the random variable R,,(6)
defined in (3.30).
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3.5 Large Deviations of Empirical Means in Estimation
and Optimization Problems

3.5.1 Large Deviations of the Empirical Means Method
Jor Dependent Observations

This subsection is devoted to the stochastic optimization problem for a stationary
ergodic random sequence satisfying the hypermixing condition. Assume that we
have finite number of observed elements in the sequence, and instead of solving
the former problem we investigate the empirical function, find its minimum points,
and study their asymptotic properties. More precisely, we consider the probabilities
of large deviations of minimizers and the minimal value of the empirical cost
function. The conditions under which the probabilities of large deviations decrease
exponentially are found.
Consider the stochastic optimization problem: minimize

Ef(x) = Ef(x.£¢), x€X, (3.31)

where {&;,i € Z} is a stationary in the strict sense ergodic random sequence defined

on a probability space (2, F, P) with values in some measurable space (Y, J), X is

a compact subset of some Banach space i with norm |||, f : X XY — N is some

known function continuous in the first argument and measurable in the second.
Instead of (3.31) we minimize the empirical function:

H,(x) = %Zf(x,ék), x € X. (3.32)

k=1

If
E{max(| f(x.8)[.x € X)} < o0

then there exists a solution x* to the problem (3.31). Suppose that this solution is
unique.

It is known that there exists a minimum point x, () of the function (3.32). The
conditions under which x, (@) converges to x* with probability 1 as n — oo, were
discussed in Sects. 3.1-3.3.

The purpose of the subsection is to estimate large deviations of x,, and H,(x,).

Let us recollect some facts from functional analysis. For any y € Y the function
f(-, y) belongs to the space C(X) of continuous real functions on X. We assume
that for all y € Y we have f(:,y) — Ef(-) € K, where K is some convex compact
subset from C(X). Thus for any n H,(-) — Ef(-) is a random element defined on the
probability space (2, F, P) with values in K.

Definition 3.2 (Kaniovskii et al. 1995). Let (V, || -|| ) be a normed linear space,
B(x,p) be a closed ball in V' with radius p and centre x, f : V — [—o0, +00] be



3.5 Large Deviations of Empirical Means in Estimation and Optimization Problems 105

some function, and f(x ) = min{ f(x),x € V}. A condition function v for f at
X s is a monotone increasing function v : [0, +00) — [0, +o00] with ¥/ (0) = 0 such
that for some p > 0 and for all x € B(x, p)we have

Fx) = flxp) +v(lx —xr]).
Assume that V) C V, and denote by §y, the indicator function of Vj:

(gVO(X) = 0, X € V(),
8[/0()6) =400, X ¢ Vo.

Theorem 3.31 (Kaniovskii et al. 1995). Ler (V, ||-||) be a normalized linear space,
Vo C Vis closed, and fy, go : V — N are continuous functions on V. Suppose that

& = sup{| fo(x) — go(x)[. x € Voj.

Define the functions f, g : V — (—o0, +00] as f = fo + Sy,, & = go + Oy;-
Then

|inf{ f(x),x € V} —inf{g(x),x € V}|< e

Let x  be a minimum point of f:

f(xp) =inf{ f(x),x € V}.

Assume that v is the condition function for f at x, with some coefficient p > 0.
If & is sufficiently small so that for all x we have |[x — x/[|< p provided that
Y (||x —xr[[]) < 2e, then for any x, € argmin{g(x),x € B(xs, p)} we have

Y(llxs = xgll) = 2e.

When 1/ is convex and strictly increasing on [0, p], the preceding inequality can also
be expressed in the following way: if € is small enough so that ¥~ (2¢) < p, then
for any x, € argmin{g(x),x € B(xy, p)} we have

lx — xgll< ¥ '(2e).

Theorem 3.32 (Deutschel and Stroock 1989). Let {i.:c>0} be a family of
probability measures on G , where G is a closed convex subset of a separable
Banach space E. Assume that

AQ) = limeA,, (4/2)
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exists for every A € E*, where E* is the dual space for E, and for an arbitrary
probability measure . on E,

Au(A) =1In (/E exp[(A, x)],u(dx)) ,

where (A, x) is the corresponding duality relation. Denote
A*(q) = sup{{A.q) —A(D).A € E}. q€G.

Then the function A* is nonnegative, lower semicontinuous and convex, and for any
compactset A C G

limsup en(u.(A)) < —inf{A*(g),q € A}

e—>0

holds.

Definition 3.3 (Deutschel and Stroock 1989). Let X be a separable Banach space,
{&,i € Z} be a stationary in the strict sense random sequence defined on a
probability space (2, F, P) with values in X' . Let B, denote the o -algebra over
2 generated by random elements {§;,m < i < k}. Forgiven/ € N the real random
variables 1y, ...,n,, p > 2 are called / -measurably separated if

—oo< m <ki<my<ky<--- <Wlp§kp§+00, l’l’lj—kj_l >, j=2,...,p

and for each j € {1,..., p} the random variable n; is By, x,-measurable.

Definition 3.4 (Deutschel and Stroock 1989). A random sequence {{;} from
Definition3.3 is called a sequence with hypermixing if there exist a number
lp € N U {0} and non-increasing functions «, 8 : {I > lp} — [l,+00) and
y :{l > Iy} — [0, 1] satisfying the conditions

llim a(l)y =1, limsupl(B()—1) < o0, llim y()=0

[—00

and for which

)4
||771---77p||L1(P) = 1_[||77j||La<’>(P) (H-1)
j=1
whenever p > 2,1 > Iy, n1,...,n, are [-measurably separated functions. Here

1/r
nllzrce = ( /Q In(w)l’dP)
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and
‘ [ (S(w)— / s«o)dp) n(w)dP‘fy(m|s||Lﬂ<u<P>||n||Lﬂu>(p) (H-2)
Q Q

forall/ > ly,€,n€ L'(P) [-measurably separated.
It is known that C(X)* = M(X) is the set of bounded signed measures on X
(Danford and Schwartz 1957), and

(5. 0) = [X ¢(x)0(dx)

forany g € C(X), Q € M(X).

Theorem 3.33. Suppose that {§;,i € Z} is a stationary in the strict sense ergodic
random sequence satisfying the hypothesis (H-1) of hypermixing, defined on a
probability space (R, F, P) with values in a compact convex set K C C(X).

dp)

) < —inf{A*(g), g € A},

Then for any measure Q € M (X) there exists

A©) = lim in ( | exp{Z | s@ow

i=1
and for any closed A C K

1 n
;ZS;‘EA

i=1

1
lim sup — In (P

n—oo N

where A*(g) = sup{[, g(x)Q(dx) — A(Q),Q € M(X)} is the non-negative,
lower semicontinuous convex function.

Proof. Consider any Q € M(X). Assume that [ is the number from the hypothesis
(H-1).Fix ] > lpand m,n € N, where /| < m < n. Then

n=Nm+r,, N,€N,r,eNU{0}, r, <m.
We will use the following notation:

llgll = max{|g(x)[.x € X}, g€ C(X),

fi=Tn (/ﬂexp{é/xmw)(x)Q(dx)

dP) . ¢ =max{|[g]].g € K},

(3.33)

v(Q, X) = sup

k
D IQEN.E;NE; =@.i # j.E; € B(X).k € N} < 00,

i=1
0 € M(X),

where the last formula is taken from Danford and Schwartz (1957).
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For all w we have

. N,—1(j+Dm—I

j=0 i=jm+1

N,—1 (j+Dhm

+y Y [ s@mow

J=0 i=(j+1)m—I+1

+ D / & (0)(x) 0 (dx). (3.34)
i=N,m417X

Further, by (3.33) we have for each i, w

/X’;‘f (0)(x)Q(dx)| < ev(Q, X). (3.35)
Due to (3.35) for any @ we have
No—1  (j+DLm
> / £/ (@)(x)Q(dx) < ev(Q. X)IN,, (3.36)
J=0 i=(j+)m—i+1"%

> [ E@moen =0 X, (3.37)
i=Nym+17%

For any fixed w denote

Ny—1 (j+1)ym—I

i=Y Y [ a@wown,

j=0 i=jm+1

Ny—1  (+Dm

p=Y Y [ea@mew.

J=0 i=(+Dm—I+1

h= Y [ a@mo.

i=N,m+1

Inequalities (3.36), (3.37) imply that

exp{V1 + Vo 4+ V3} < exp{Vi}exp{cv(Q, X)IN,} exp{cv(Q, X)r,}, w € Q.

(3.38)
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It follows from (3.38) that
/ exp{Vi + Vo + V3}dP < exp{cv(Q, X)IN, } exp{cv(Q, X)r,,}/ exp{V1}dP.
Q Q

Due to the conditions for {§;} we obtain

Nn—1 (+Dm—I
/sz ]1:[0 eXp{ Z /X&(w)(X)Q(dx)}dp

i=jm+1
N,—1 (j+1)ym—I a(l) 1/a(l)
= eXp @O0 | dP| . (339
11:[0 /ﬂ ( { i=j;+1 /).( })

(+1ym—1
/ exp{a(l) > Si(w)(x)Q(dx)} ap

i=jm+1

dpr, j=1,..., N, —1. (3.40)

m—l
:/ﬂexp{a(l)é/x&(w)(x)Q(dx)

By (3.39) and (3.40) we have

Np/a(l)
dP) .

m—I
/SZCXP{VGdP < (/9 eXP{“(l)i;/X&(w)(x)Q(dx)

By (3.34) we obtain

fn=1In (/sz exp{V1 + V> + V3}dP) <cv(Q, X)IN, + cv(Q, X)r,

Ny /a(l)
+1In |:(/ exp dP) :|
e

=cv(Q,X)IN, + cv(Q, X)r, + ﬂln (/ exp { (x(l)—1)
Q

a(l)
dp)

m—I
(1) ; /X £(0)(x) 0 ()

m—I

m—I
33 [ s@wow + > [ s@mow
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< cv(Q, X)IN, + cv(Q, X)r, +

(l) —Dev(Q, X)

Nn m—I
WOk (/9 e"P{;/X&(w)(x)Q(dx) dP)

<cev(Q,X)IN, + cv(Q, X)r, + (a(l) — 1)(m — )ev(Q, X)N,

aA([l) (/ eXP{Z/XSi(w)(x)Q(dx)
dP)

s | s@wown
<cv(Q,X)IN, + cv(Q, X)r, + (a(l) — Dev(Q, X)mN,

i=m—Il+1
N N m
(l) a(l) (/ eXp{;/;(fi(a))(x)Q(dx) dP)

<2cv(Q, X)IN, + cv(Q, X)r, + (a(l) — )ev(Q, X)mN,, + s — fm-

a(l)
3.41)
Inequality (3.41) implies that
Jn 2N, ev(Q, X)) ev(Q, X)ry Ny fin
o < Nom + " + (x(l) = Dev(Q, X) + a)(Nym £ 1)
2000, X)L ev(Q, X)ry Jm
= p” + p, + (a(l) = Dev(0, X) + a)m +1aI Ny
Therefore we have
lim sup — S M + (a(l) = Dev(0, X) + Lﬁ
n—>oco N m a(l) m

Taking the liminf as m — oo in the right-hand side, we obtain

lim sup & < (x(l) —Dev(Q,X) + — hmlnff—

n—>00 a(l) m—oo m

Passing to the limit as / — oo we get

. Jo .. o Im
lim sup — < liminf —.
n—soo N~ m—>00 m

Consequently, there exists

lim ﬁ = A(Q).

n—o0o n
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Now we can see that the statements of the theorem result from Theorem 3.32.
Indeed, for

1
G=K E=CX). E*=MX). (0.g) :/ ¢O(x). e= 1,
X n

and ;= p1/,, which is the probability measure on K corresponding to
(1/n)>71_, &, we have

timen, (2) = tim 2o ([ e [ somo@n] o)

1 1 &
= lim - In (fg exp {/x - ; &i (w)(x)nQ(dx)

R Nt}

n—oo n

dp)

The proof is complete. U

Consider the problems (3.31) and (3.32). Suppose that a given sequence
{&,1 € Z} satisfies the hypothesis (H-1) of hypermixing. Then the sequence

Gi=fC.E)—Ef(), ieZ

satisfies (H-1) too.
Denote

A= (e K |z e
A = Jim S [ exp 3 [ Uetion - o ap
n—oo p o = Jx ’ ’

1) = A*(2) = sup { /X (00 (dx) — A(0), 0 € M(X)} .

Theorem 3.34. Under hypothesis (H-1) of hypermixing we have

lim sup%ln P{| min{Ef(x),x € X} —min{H,(x),x € X}|> &}

n—0o0

< —inf{/(z),z € A} (3.42)
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Assume that there exists a condition function ¥ for Ef at x* with some constant p.
Let x,, be a minimum point of function (3.32) on the set B(x*, p). If ¢ is sufficiently
small to satisfy ¥ (|x — x*|) < 2¢ provided that |x — x*| < p, then

lim sup % In P{y(|x, —x*|) > 2e} < —inf{I(2),z € A.}. (3.43)

n—>00

Moreover, if ¥ is convex and strictly increasing on [0, p] then

lim sup 1 In P{|x, —x*| > v '(2e)} < —inf{I(z),z € A4,}. (3.44)

n—oo N

Proof. Theorem 3.31 implies that for each w
| min{Ef(x),x € X} —min{H,(x),x € X}| < ||H, — Ef]|. (3.45)

Then, for the sequence {¢;} conditions of Theorem 3.33 are satisfied. Thus for any
e>0

1
limsup —In P{||H, — Ef||> &} < —inf{l(z),z € A:}. (3.46)

n—oo N

Inequality (3.42) followsby (3.45) and (3.46).
To proof the second part of the theorem we also use Theorem3.31. Under
conditions of the theorem we have for all @

W(|X* —X”|) E 2||Hn _Ef” (347)

or
|y — x| < v QI H, — Ef])). (3.48)
Taking into account (3.46), inequalities (3.47) and (3.48) imply (3.43) and (3.44),
respectively. Theorem is proved. O

3.5.2 Large Deviations of Empiric Estimates for Non-Stationary
Observations

Let {§¢;,i € Z} be a stationary in the strict sense ergodic random sequence on a
probability space (2, F, P) with values in some measurable space (Y,R), X =
[a; b] C N; the function

{h(i,x,y): Zx X xY — N}

is convex in the second argument and measurable in the third one.
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Consider the minimization problem

1 n
min f,,(x)=;Zh(i,x,§,-) . (3.49)

i=1

Suppose that

1. Foralli € Z,x € X, E|h(i,x.,§¢)| < o0
2. For any x € X there exists f(x) = lim,— 0 Ef,(x)
3. There exist x € X, ¢ > 0, such that

f(x)> f(X)+c|lx —X|] VxelX. (3.50)

It follows from (3) that there exists a unique solution to the minimization problem
min,ex f(x), and this solution is X.

It is evident that for any n and w the function f,(-) is convex, as well as the
function Ef , (+) for each n.

For any function g : i — N denote

gx +A)—g(x)

gi(x) = Ahfio A : (3.51)
b o 8(x—A) —g(x)
g_(x) = Alggo A (3.52)

if these limits exist.
Denote

gn(x) = Ef,(x), xeX.

Since the existence of limits (3.51) and (3.52) for some function follows from the
convexity of this function, we obtain that the limits exist for:

1. h(i,-, y)foralli,y
2. Eh(i,-, &) foralli
3. fu(), foralln,w
4. g,(-), foralln

Lemma34. Let u : X x & — N be a function, convex in the first argument
and measurable in the second one. Suppose that for any x € X E|u(x,w)| < oo.
Denote v(x) = Eu(x,w). Then

Vi (x) = E{u/, (x,w)}, Vv_(x) = E{u_(x,w)}.

Proof. We have

, . Eu(x + A,w) — Eu(x,w) _ ulx + A, w) —u(x, )
Vi) = All>n-l|-0 A - Algl}roE A '
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Due to convexity of u in x for all w, there exist

ulx + A, w) —u(x,w)

Ul (x,w) = in% A , (3.53)
>
“Aw)—
i (x.0) = inf WX =@ —ulx.0) (3.54)

A>0 A

and the fractions on the right-hand side of (3.53) and (3.54) are monotone decreasing
as A — 4-0. Then by monotone convergence theorem

Eu(x + A, w) —u(x,w)
A

— E{u (x,w)}, A — +0.

Analogous statement holds for v/_(x). The proof is complete. O

Lemma 3.4 implies that foranyi € Z, x € X,

(Eh)/-}-(l9x’£:l) = E{h/—i—(i’xvéi)}? (Eh)/_(lvxv%-l) = E{h/_(l’x’gl)}

and foralln € N, x € X,

gy () = E{f (0}, g, (x) = E{f,_(0)}.

Lemma 3.5. Suppose that Assumptions (1)—(3) are satisfied, and, in addition,
assume that

4. Sequences h (i, x,&;)—E{h' (i,x.§;)}.i € Zandh' (i,X.§;)—E{h’_(i,X.£;)},
i € Z satisfy the strong mixing condition with a(j) < co/1 + j'™¢, & > 0
(cf- Condition 5 of Theorem 3.3).

5. There exists § > 2 /¢ such that for all i

E|W (i,%,&)* <00, E|h_(i,%,&)*" < 0.
6. There exists ¢’ > 0 such that
EN, (i,%E)] <, E[h_ (i, %80 <c, ieZ.

7. g1 (X) = f1(X), g,_(X) = fL(X), n— oo
Then

P{f, (X) > f{(X),n - o0} =1, (3.55)

P{f (%) > f.(%).n — o0} = L. (3.56)
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Proof. Denote
NMn = fn,—i—(x) - E{f;zl—i—()z)}
We have

2
E{m}=E —Zh (IX$)——ZE{h (lxé)}}

i=l1

—E zzz[h;(lxm (%60 (. 7.6)

i=1j=1

— E{h (j. %.§))}]

1 n n
= ;ZZEQQ,

i=1j=1

where §; = ', (i,Xx.§;) — E{h/ (i.x.£;)}.i € Z.
It follows from Knopov (1997b) that for all i, j

1

— >0
T 14— j

EGi¢; <

Hence,

1 n n s
ﬁ;;EQf/‘_ 2;;1+|z N S .

Let n = m?. By Borel-Cantelli lemma

P{hm nmz:()}:l.

m—>0Q

Denote

bm = sup |1y — M2l

m2<n<(m+1)2
For m? <n < (m + 1)> we have

10a| < [Mm2] + s

1 1 1< m?
nn—nm2:;z;§i_WZZi:; > éui““’7mz(7_1)-
=

i=1 i=m2+1
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(5]

where ¥, = SUp,2<,<(n+1y2 [1/7 Y i Gil-

Then
O < YUm + sup

m2<n<(m+1)>2

Consider
E(W,)=E sup Z Z G
m2<"<(’"+1)2 i=m241 j=m2+1

(m+1)? (m+1)?
D DD DI T (R Vi
'—m2+1 j=m2+1

Thus

P{nm ¢m=o}=1.
m—0Q0
Consequently,

P{lim nn:O}zl.
n—>oo

Now (3.55) follows from Lemma 3.4. The proof of (3.56) is completely analogous.
Lemma is proved. O

Theorem 3.35. Let Assumptions (1)—(7) be satisfied. Then with probability 1 there
exists n* = n*(w) such that for any n > n* problem (3.49) has a unique solution
X, and x, = X.

Proof. In view of (3.50),

fl@ >c, fl(x)=c.

Then by Lemma 3.5 with probability 1 starting from some n* we have

fn/-l-()z) > O’ f}‘z/—()z) > 0' (357)

Since the function f, is convex, it follows from (3.57) that X is the unique minimum
point f,.

Theorem is proved. O
Definition 3.5. We say that a random sequence {{;,i € Z} from Definition 3.3

satisfies hypothesis (H-3) if there exist a non-negative integer [, and a non-
increasing function « : {I > lp} — [1; +00) ,lim;— (/) = 1, such that

q

- nglley < T T il cao e
j=1
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forany g > 2,1 > lp,n1,...,ny [ -measurably separated, where

1/r
nllerpy = (/ﬂ In(w)|” dP) .

Theorem 3.36. Suppose that Assumptions (1)—(7) are satisfied together with the
assumptions below:

8. The sequence {&;,i € Z} satisfies hypothesis (H-3)
9. There exists L > 0 such that foralli € Z,y €Y

W' (. %, y)| <L, |h_(i.X.y)|<L.
Then
1
limsup — In(P{4;}) < — inlpr*(g), (3.58)
ge

n—oo N
where A*(g) = sup{gQ(X) — A(Q), Q € M(X)},
dP) ,

Q(X) Y min[h (i, %.£;). h_(i. %.&)]

i=1

1
A(Q) = lim —1In exp
n—oo n Q

A, = {a) cargmin f,(x) = {)_c}} . A, =Q\A,, F=[-L;0].

xeX

Proof. We have
P(4;) = P{min[f/, (¥). f,_ ()] € F}

P

IA

: (3.59)

1 n
= “min[i, (i.X.£).h"_(i.X.E)] € F
n

i=1

Denote
K={u(x) =aVx e X,xe[-L;L]}.

It is evident that K is a compact convex subset of C(X).
Consider the function

a; = a;(x) = min[h (i, x,&;),h_(i.X.£;)] Vx e X.
We see that a; (x) € K for any fixed i, w. Define

Fi={(a(x)=a) e K :a €[-L;0]}.
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Then Fj is a closed subset of K, and

1 o 1 <
P = min[h!, (i, %.6). 0 (i.%.E)] € Fp = P{=> a;(x) € Fi.(3.60)
n n
i=1 i=1
Now we apply Theorem 3.33. By this theorem,
. 1 ¢ s
limsup—In | P = "a;(x) € Fig | <— inf A*(g), (3.61)
n—oo N n = geF
where A*(g) = sup{gQ(X) — A(Q), Q € M(X)},
1 n
A(Q) = lim —In / expd O(X)> a;p dP|.
n—o0o n Q P
Therefore (3.59)—(3.61) imply (3.58). The proof is complete. O

3.5.3 Large Deviations in Nonlinear Regression Problems

In this subsection, we focus on large deviations for concrete nonlinear regression
models, in particular, for large deviations for the least squares estimates. We present
some results obtained in Ivanov (1984a, b, 1997), which we formulate them without
a proof.

Let (RY, BY) be a countable product of the spaces (R, B), B is the o-algebra
of Borel subsets of the real axis i, ® is an open set in the Euclidean space N7,
{Py,0 € O} is a family of probability measures on (R", BY) corresponding to
sequences of random variables x; = g(7,0) +¢;, j > 1,0 € ©, where x; is
a sequence of independent observations, ¢; is a sequence of identically distributed
random variables, and g(/,0) is a sequence of functions of the parameter § =
(0D, ..., 0P), which is to be estimated. Let

L,(©®) =Y [x; —g(j,0)].

j=1

We say that the B"-measurable mapping 0,, : ¥ — ©¢ (where ¢ is the closure
of ®) for which L, (0,) = infgegc L,(0) is aleast squares estimate of the parameter
0 € O obtained from observations x;, j = 1,...,n. Obviously, 6, is a function
onlyof x;,j =1,...,n.
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Letd, = d,(0), 0, € ©, be a diagonal matrix of order p with elements d;,,,i =
1,..., p on the diagonal. We normalize 0, using matrix d,. If g(j,0), j > 1 are
differentiable functions, then it is natural to take di = (3 _, g2 (j,0)V? g =
dg/00;. Introduce the functions

0n(01,82) = D" (2(j.01) —£(j.92))°, 61,0, € O

Jj=1

For fixed 0 € © the function W, (u1, u) = @, (0 + n'/2d " u,0 + n'2d""u,) is
defined for uj,uy; € US(0), U,(0) = n'/2d,(0)(©\0). Set s(t) = {u € R? :
||u||, < t}. Finally, let K C © be a compact set, and let 0% = Ee¢7.

A. Forany ¢ > 0 and R > 0 there exist § > 0 and n( (which might depend on K)
such that for n > ny

sup sup n_l\Iln(ul,uz) <e.
O€K u), u, € 5°(R) N UL(B)
[lur —usll, <68

B. Forsome R > 0 and any r € (0, R] there exist A > 0 and p > 0 such that for

n > no
inf inf n~ ', (0,u) > p,
OEK ue(s¢(R)\s(r)NU () nO.u) z p
inf  inf  n7'W,(0,u) > 407 + A. (3.62)
0€K uelUs (0)\s(R)

The following condition refines (3.62) near zero.
C. For some R > 0 there exists a number k¢ > O such that for n > no

inf inf n 7 |ul[52W, (0, u) > «o.
0€K uesc(Ry)NUE () || ||p n( )_ 0

D;. The set ® is convex. Functions g(j,0), j > 1 are continuous on @€,
continuously differentiable on @, and for any R > 0 there exist 8; = 8;(R) <
oo, such thatforn > npandi =1,...,p

sup  sup  diy(0 +n'2d N (O)u)d;, (0) < B,
0€K ues(Ro)NUL(9)

Let

@in(01,02) = Z(gi (j.01) — gi(j.92))>,

j=1

W, (uy, un) = @i +n'2d w0 +n'2d wy), i=1,....p.
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For any R > 0 there exist numbers y; = y;(R) < oo such that for n > ny and
i=1,...,p

— 1/2 —
sup  sup di O)W ) (o)l luy — o], < i
OEK , mes(R)NU®

If A C NP and v > 0, then A; = |, <; (A + 7p) is the exterior set parallel
to A.

. For some 79 > 0 such that K;, C ®, some o; > 1/2 and an integer s > 3,

n
lim sup n_s(“"_l/z)_12|g,-(j,9)|s <oo, i=1,...,p,

n—o0
€Ky, j=1

lim inf n %d;,,(0) >0, i=1,...,p.

n—o0 Y€Ky,

The distribution of the random variable &; does not depend on 6, E¢; = 0, and
Ele1]® < oo for some integer s > 3.

Under the assumptions formulated above the following theorems hold true.

Theorem 3.37. Suppose condition Mg holds true, and conditions A and B are
satisfied for a compact K C ©. Then for anyr > 0

sup Pe{|n_1/2dn(0)(0n _ 0)| >r) = o(n—(s—Z)/Z)‘
0ek

Theorem 3.38. Suppose condition M holds true, and conditions B, C, Dy, D, and
F; are satisfied for a compact K C ©.

Ifs?2 > s+ p, then there exists a constant k > 0 such that

sup Py{|d,(0)(0, —0)| > k(logn)"/?} = o(n™72/?),
ek



Chapter 4

Determination of Accuracy of Estimation
of Regression Parameters Under Inequality
Constraints

This chapter is devoted to the accuracy of estimation of regression parameters under
inequality constraints. In Sects. 4.2 and 4.3 we construct the truncated estimate of
the matrix of m.s.e. of the estimate of multi-dimensional regression parameter. In
such a construction inactive constraints are not taken into account. Another approach
(which takes into account all constraints) is considered in Sects. 4.4-4.7.

4.1 Preliminary Analysis of the Problem

Consider the regression with one-dimensional parameter «” and one-dimensional
regressors X;, i.e., without a free term

V= aox, +¢&, t=1,T. 4.1)

We impose the simple constraint «” < b on the parameter, where the value b is
known. Let us estimate o’ by the least squares method taking into account the
constraints above (ICLS), and solve the minimization problem, which is a particular
case of (1.6):

T
Z (y; — owct)2 — min, o <b. 4.2)

=1

The solution to problem (4.2) (which is ICLS estimate of ) is

T T
r;Z(Z xtyt) if rT‘Z(Z Xzyz) <b,
=1 t=1

oar = T
b it r;2 (Z xty,) > b,
t=1
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where r2 = Z,T=1 x?2. Taking into account equality (4.1), we obtain:

0 r if zr <b—ad°,
U [ AP if z7 >b—0a, @3)
where zr = r;2 Y xie,.

Assume that the random variables &,f = 1,7 in (4.1) are independent,
identically distributed with zero expectation and variance o2, i.e., they satisfy
Assumption 2.1 in Sect. 2.2 and, moreover, their distribution functions are differen-
tiable. Then E{zr} = 0, E{z%} = o and the distribution function ®7(z),z € R!,
of zr is differentiable. It is easy to see that o} — o’ = zr, where ay is the least
squares estimate of af ie., a7y is the solution to (4.2) without taking into account
the constraint.

By (4.3) we obtain the distribution function of a7 — o*:
®r(z) if z<b—-a°,

4.4
1 if 7>b—a°, (@.4)

Fr(z) = {

According to (4.4) the function F7(z) has a discontinuity at the point z = b — o,
where it changes abruptly from ®7 (b —a) to 1.

Consider the properties of the regression parameter estimate taking into account
inequality constraints. First, we define the shift. We have

E{ar —a®} =/

mﬂ@=/ WdFr(2) + cp.
z€MR!

—00<z<c

= /c zor(2)dz + cp, # /_C zwr(z)dz+/ zor(2)dz

—00

= E{a; —a"} =0, (4.5)

where ¢ = b —a® > 0,¢7(2) = dFr(2)/dz, pe = [~ 297 (2)dz.
To obtain (4.5) we use the inequality

cp. = c/ or(2)dz </ zo7(2)dz, (4.6)

which follows from the fact that ¢7(z) > 0 and in (4.6) ¢ < z.

According to (4.5), E{ar — a®} # 0. Thus, ICLS estimate a7 is the biased
estimate (unlike to the least squares estimate o7, which is unbiased). Therefore in
this case, we used the mean square error (m.s.e.) instead of the variance. We have

Emw—w¥}=/

Z?dFr(z) = / Z2dFr(z) + ¢?pe
z€R!

—oo<z<c

C C o,]
=/ zngT(Z)dz+csz-</ zztpr(z)der/ Zor(2)dz= E{(a; —a")?},

—0o0 —0o0

4.7)
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since ¢?p, =c? ffo or(2)dz < fLoo Z¢r(z)dz. As above, we use here the
inequalities ¢(z) > 0 and ¢ < z. Thus, E{(ar — ®)?} < E{(a} — a")?}, ie.
m.s.e. of the ICLS estimate for the considered regression is less than the variance
of LS estimate. It should be noted that for unbiased estimates, in particular, for LS
estimate, variance and m.s.e. coincide.

We end up the analysis of a simple regression with inequality constraint with
the remark that if we eliminate the requirement of unbiasedness we can reduce the
m.s.e. of this estimate.

Since the estimate of the parameter under inequality constraints is biased, we
consider in this chapter the matrix of m.s.e. as the basic characteristic of the accuracy
of estimation. Moreover, special attention is paid to the calculation of the bias of
the estimate.

From this simple example we can see how adding of one constraint can make
the determination of accuracy more complicated. Thus it is desirable to reduce
the number of constraints when we calculate the accuracy using some sample
data. Therefore, in this chapter we consider two approaches for estimation of the
accuracy. The first approach consists in the construction of truncated estimates by
discarding inactive constraints (for a given sample). In the second approach we
consider all constraints.

4.2 Accuracy of Estimation of Nonlinear Regression
Parameters: Truncated Estimates

We determine the accuracy of the estimate of the nonlinear regression parameter
which is obtained as a solution to problem (2.12), (2.13). The asymptotic distribu-
tion of this estimate was considered in Sects. 2.2-2.4.

We shall judge on the accuracy of obtained regression parameters estimates for
finite number of observations 7" by the matrix K7 which is the estimate of the matrix
K = E{UU’}, and the vector W7, which is the estimate of the vector ¥ = E{U},
where U is a random variable to which U7 = VT (e — ozo) converges. Thus, K7
and W r are, respectively, the approximations for the matrix of m.s.e. of the estimate
of regression parameters and of its bias.

Consider the case where K7 is a truncated estimate, namely, only active
constraints are taken into account.

In order to determine K7, we prove a theorem about the asymptotic behavior of
the number of active and inactive constraints.

We introduce the concept of active constraints up to a positive number £. Such
constraint (denote its number by i) satisfies the following condition:

— & < gi(ar) <0. (4.8)

Similarly, the i th inactive constraint up to & satisfies

gilar) < —¢. (4.9)
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The number of all possible combinations of active and inactive constraints is equal
to L = 2™. Clearly, L does not depend on 7 and £. We denote by p;r, [ = 1, L,
the probability that for an interval of length 7' the /th combination of active and
inactive constraints corresponds up to £ to the solution to problem (2.12) and (2.13).
Obviously, pir + ...+ prr = 1.

Each combination of constraints is defined by the set of active constraints /;
which is independent of 7" and &. There always exists a number £ > 0 such that

gi@) =0, iel) g <-£ iel). (4.10)

Condition (4.10) can be viewed as the generalization of (2.14).

Put the number of combinations of active and inactive constraints corresponding
to o = ¥ equal to /y. Then [;, = 1. If & is chosen in such a way that (4.10) holds
true, then the concept of “active constraints” coincides with the concept of “active
constraints up to £” at o« = o".

Theorem 4.1. Suppose that: (a) active and inactive constraints up to & are defined
by (4.8), (4.9), where & is such that (4.10) holds true; (b) components of g(at) are
the continuous functions of o; (c) oy is a consistent estimate of a°. Then we have

lim pyr =1, lim pr =0, [ =1,L1#Il. 4.11)
T—o00 T—o00

Proof. By definition of p;r and the fact that o7 belongs to the admissible domain,
we have

pir = Pl{—gi(ar) <&iel),—gi(ar) > Ei ¢ 1;}. (4.12)
We can always choose £ such that

1
0O<f¢<p=—3 ngggi(oeo)-
tel

From above and (4.12) we get

pior = Plgi(ar) <—£i€l), 0> gi(ar)>—£i€l}
> P{lgi(ar) —gi(@®) < B,i €1, 0> gi(ar) > —£,i €I}

> P Y lgilar)—gi@’)] < g

: 0
i€l,

- P Z |gi (or)—gi(a”)] < g;gi(aT) <—=§iel)y =M—M,.
ieny

(4.13)
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By convergence in probability of g(ot7) to g(a®) for any § > 0 there exists such a
value T} that M| > 1—8/2, T > Ty. Further,by (2.14) g; («®) = 0,i € I?, implying
that for any § > 0 there exists 75 for which the following inequality takes place:

M, < Plgi(ar) < —£ielly<8/2, T>T.

From two last inequalities and (4.13) for T > Ty = max(7;, T3) we derive p;,r >
1 -6, T > Ty, which in turn implies the statement of the theorem.
Consider such an estimate for K:

L
K7 =) F/(Rr(ar),Gi(or).or)y, (4.14)
=1

where F; (R7 (a7)Gy(0er),0 7) is the estimate of F;(R(a?)G; («?), 0) = E{U,U’;},
G (a) is the matrix with rows Vg/(e), i € I;; 07 is some consistent estimate of
o? (see below).

The vector U is the solution to the following problem:

1
EX’R(aO)X — QX - min, Vg («")X <0, iel, (4.15)

where Q is the normally distributed random variable with the covariance matrix
o’R(a?).

In (4.14) y;r is the random variable defined as follows.

If for some realization of the estimate oz we get the /th combination of active and
inactive constraints up to £ in the estimation problem (2.12), then we put y;;7 =1,
otherwise y;r = 0. By definition, Zle yir = 1. Thus, we have P{y;r = 1} = pir,
P{y;r = 0} = 1 — p;r, where pyr is given by (4.12).

Introduce the random variable

I, if —§<gi(ar) <0,
0, ifgi(ar)<—§.

Define ;7 = P{nir = 1}. Then

T = Z PiT, 4.17)

1€0(i)

where ©(i) is the set of numbers of combinations of active and inactive constraints
up to &, including the ith constraint as active up to £. In other words, if the
combination number / € ®(i), then the constraint index i € ;.



126 4 Determination of Accuracy of Estimation of Regression Parameters Under Inequality...

Lemma 4.1. Suppose that conditions of Theorem4.1 are satisfied, ly is the number
of the combination of active and inactive constraints which corresponds to o = o°.

Then

(a) pimr_oo yir = 1, plimr_o0 yir = 0,1 # lo;
(b) plimroonir = 1,i € Io,plimT—wo nr =0,i € 120.

Proof. According to Theorem4.1, for any ¢ > 0 and § > 0 there exists 7o > 0
for which:

I_P{lyloT_1|<8}f1_P{)/IOT:1}:1—]710T§5, T>TO,
1 —P{lyrl <ey <1 —=Plyyr =0y =pr <8, T >To, | #l.

Thus (a) is proved. To prove (b) we note thatif i € 1 10 theni € I;,. Then ly € O(i)
foralli e 10 , which implies, together with (4.17) and Theorem 4.1 the proof of (b).
Lemma is proved. O

According to the definition of y;r and (4.15), the estimate (4.14) is defined by taking
into account not all constraints, but only active ones up to £. Therefore, we call
the estimate (4.14) the truncated estimate of the matrix of m.s.e. of the regression
parameter estimate.

In the model we choose

L,
o7 = (T —n+y mr) > = filer))? (4.18)

i€l t=1

as the estimate for the variance 0% of the noise in the model.

Such a choice is based on the fact that for a sample of volume 7T the random
variable ) ., ;7 is the number of equality constraints imposed on the parameter, or
the number of additional degrees of freedom. Therefore, the denominator in formula
(4.18) represents the total number of degrees of freedom.

One can check that in the case when there are no constraints or only equality
constraints many known estimates can be derived from the estimate of o> suggested
in (4.18).

Lemma 4.2. [f Assumptions2.1-2.3 hold true then o2 is a consistent esti-
mate of .

Proof. Rewrite (4.18) as follows:

T é:l (v — fileer))?
T—n—i-zmr. T '

iel

2 _
OT_

According to Lemma4.1, the first factor in this expression converges in probability
to 1. According to Assumption 2.3, a7 is the consistent estimate, which implies by
Assumptions 2.1, 2.2 and Demidenko (1981, p. 269), the convergence of the second
factor to o2 O

We assume that the noise in our model is normally distributed.
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Assumption 4.1. Random variables ¢, are independent and normally distributed
with zero expectation and variance o2, and in (2.38) e7 ~ N(O,,02],).

According to Theorem 2.7 we put in expression (4.15) Q = oN, where N is the
n-dimensional random variable, normally distributed with covariance matrix R(o 0),
E{N} = O,. Denote U; = S(N,R(«?), G;(«”), 0). Then, (i, j)th element of the
matrix F; (R(a), G;(«®),0) fori, j = 1,n is given by the expression:

k' (R(@”), Gi(e"). 0)
:/ S;(x,R(a?), G; (o), 0)S;(x, R(a"), G, («?),0) f(X,R(a?))dx,
(4.19)

where S; (x, R(«?), G;(a?), 0) is the ith component of the vector S(N, R(«?), G,
(@?),0), f(x,R(a?)) is the density of the distribution N,

1
Fx R(@)) = 27) V2" (detR(a®)) "2 exp { EX/R_I (oeo)x} . (4.20)
In order to prove the consistency of K (see the expression (4.14)) we need two

following lemmas.

Lemma 4.3. Let o € R", Q € R", b > O,,, R is the positive definite n X n matrix.
If in the quadratic programming problem

1
Eoz/Roc — Qo - min, Gu <b, 4.21)

the m x n-matrix G is of full rank, then the following inequality takes place:

Mmax(R)
Pemin (R)
where [max(R) and pmin(R) are, respectively, the maximal and minimal eigen-

values of R, & is the solution to (4.21), a* is the solution to (4.21) without taking
into account the constraints.

&> < lJo*| |2, (4.22)

Proof. In view of conditions of the lemma it is appropriate to switch from the
problem (4.21) to the problem

1
EB’B—P/B — min, SB <b,

where p = Ha, P = (H™')’Q, S = GH™!, H is a non-degenerate matrix such
that HH = R. Denote by ﬁ its solution under constraints, and by B* its solution
without constraints. Let B! be a point belonging to the admissible convex set M =
{B:SB < b, B € R"}. Clearly, B is the projection of B* on M.
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Similarly to the proof of Theorem2.12 we use the properties of a convex set,
namely, that the distance from any point a, not belonging to the set M, to the
projection of this point to the boundary of M is less than the distance from a to
an arbitrary point belonging to M. Therefore, we have ||[§ —BYI <|| B* =Bl

It follows from the inequality above with B! =0, that ||H&||> < |[Ho*||%,
implying @ R& < (a*)'Rac*. Then

Lnin(R)[|&]* < &'R& < () Ra™ < fhmax (R)[]o*]|?

and the statement of the lemma follows.

Lemma 4.4. Let S(N,R, G, b, 0) be the vector-function of the variables o > 0,
N € R", n x n matrix R, m x n matrix G, b € R". Assume that S(N,R, G, b, o)
is the solution to problem (4.21), where Q = oN, and N is a random variable,
normally distributed with the covariance matrix R, E{N} = O,,. Assume that for R,
G and b the conditions of Lemma 4.3 are fulfilled. Then for i, j = 1, n, the function

kij(R,G,b,0) =/ 5i(x,R,G,b,0)s;(x,R,G,b,0) f(x, R)dx (4.23)
g{n

is continuous in R, G, b and o provided thatb > O,, and
lkj(R,G,b,0)| < oo, VR, VG, Vb, Yo. (4.24)

In (4.23) k;j(R,G,b,0),1, j =1,n is an element of the matrix K= E{S(N,R,
G,b,0)S'(N,R,G,b,0)}; f(x,R) is the density of distribution N, see (4.20) with
R(a’) = R.

Proof. As results from (4.21), condition (4.24) is fulfilled. Indeed, in the absence
of constraints in (4.21) the solution to this problem is a normally distributed
centered n-dimensional random variable with finite second moments. Imposing of
the constraint Gaa < b does not influence the finiteness of the moments, since
when we calculate the second moments of the estimate we integrate over the subset
M C R, M = {a: Ga < b,a € R"}. Moreover, the mass on the boundary of M
is equal to fw\M f(x, R)dx.

1. First we prove the continuity of (4.23) on R. Here by continuity of the function

kij(R,G,b, o) with respect to the quadratic matrix R of order n we understand

the continuity of the function with respect to the vector of dimension n?.

For any matrices R, R, we have
|k;j(R1,G.b,0) — k;j(R2, G, b, o))

5‘ [5i(x,R1,G,b,0)s;(x,R|,G,b,0)
9%”
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— S (X’ RZ» Ga ba O)Sj (X7 R2a G’ b’ U)]f(x9 RZ)dX

+ ‘/ si(x, Ry, G,b,0)s; (x,Ry, G,b,0)[f(x,R}) — (x,Ry)]dx|. (4.25)

Let
IIR; —Ry|| < 6. (4.26)
Putgp(R,0,0) = (1/2)0’'Roe—Q'ax = (1/2)o’Ror —aN'ox. We have from (4.21)
lp(R, 0,00 —p(Ry, 0,0) < 8]|ex||>. (4.27)

Using the property of strongly convex functions (see Karmanov 1975, p. 36)
we obtain:

IIS(N,R,,G,b,0)—S(N,R;,G,b,0)||

2
< ;[‘P(Rl,S(N, Ry, G,b,0)) — (R, S(N,R;,G,b,0))].

where u > 0 is some constant.
Taking into account (4.27) and the fact that ¢(R,, S(N, R}, G, b,0)) > ¢(R,, S
(N,R2, G, b, o)), we obtain
¢(R1,S(N,R2,G,b,0)) —¢(R1,S(N,R;,G,b,0))
< |l¢(R,S(N,R3,G,b,0)) —¢(R2, S(N,R2, G, b,0))|
+|¢(R2, S(N, Ry, G,b,0)) —¢(R;,S(N, Ry, G, b, 0))|
<8(/IS(N,R2,G.b,0)|]” + [IS(N.R;. G, b, 0)[]*).

Using the last two equalities and (4.27) we obtain after transformation
IIS(N,R>,G.b,0) —S(N,R;, G, b,0)|”

26
< ;(IIS(N, R>,G,b,o)|* + |[S(N,R(, G, b,0)|%). (4.28)

The solution to problem (4.21) without taking into account the constraints is
a* = R 1o N. Then its solution with constraints satisfies, according to Lemma4.3,
the inequality

[IS(N,R, G, b,0)[|< c|N]], (4.29)
where ¢ > 0 is some value independent of N. From (4.28) and (4.29) it follows that

IS(N, R, G.b,0) —S(N.R, G, b,o)||> < (4/)8c?|IN| . (4.30)
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Denote the first term in the right-hand side of (4.25) by M|, and the second one by
M,. From (4.29) and (4.30) after some transformation we get

M, < / 15/ R1, G, b, 0) — 5 (x. Re, G, b, )] - |s; (x. Rs, G. b, 0)

xf(x,Rg)dx+[ ls;(x,R1,G,b,0)—5;(x,Ry,G,b,0)|
mﬂ

5
x[s;(x, Ry, G,b,0)| f(x,Ry)dx < 4 —c2/ ||X||2f(X, Ry)dx < e.
V K PR
4.31)

Let us estimate M;. The functions s; (x, R, G,b,0), i = 1,n, are continuous in X,
see Lemma 2.3. Consequently, for any sphere S, centered at zero and with radius r

/ lsi(x,R,G,b,0)s;(x,R,G,b,0)[dx <00, 1, 1,n. (4.32)
S,

We have

M2 < M3 + M4 = / |S[(X,R1,G,b,0')Sj(X,R1,G,b,U)l

r

X|f(X, Rl) - f(X’ R2)|dx + ‘/ Si (X’ Rlv Gs b’ O)Sj (Xle, Ga b, 0)
RS,

x [f(x,Ry) — f(x,Ry)]dx

For a given number ¢ > 0 we select r so large that

M, <

/ 5i(x,R1,G,b,0)s;(x,R;,G,b,0) f(x,R)dx
R\ S,

+ '/ 5i(x,R1,G,b,0)s;(x,R;,G,b,0) f(x,Ry)dx| < 2e.
s,

It is always possible because of (4.31) and the finiteness of k;;(R, G, b, o) for all R.
Thus M4 < 2e¢. Further, since the integral (4.32) is finite, we have

M; < max | f(x,Ry) = f(x,R2)| | [5i(x,R;,G,b,0)s;(x,Ry,G,b,0o)|dx.
XES, S,

It is easy to see that for fixed r = r(¢) it is possible to select R, such that

€
fSr Isi X, R1,G,b,0)s; (x,R;,G,b,0)|dx

max | f(x,Ry) = f(x,Rp)| <
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Summarizing all obtained estimates, we finally get for ||R; — Ry|| < 6
Thus, the function k;;(R, G, b, 0') is continuous in R.

Let us prove the continuity of k;;(R, G, b, o) with respect to 0. Let |o] — 03| <
Ao . After transformations we have from (4.23)

|kU(R, G, b, 0'1) — kij(R, G, b,0'2)| < / |Si (X, R, G, b, 0'1) — 8 (X,R, G, b, 0'2)|
an

x|s;(x,R, G,b,01)| f(x,R)dx + / ) ls;(x,R,G,b,01) —5;(x,R,G,b,0)|
x|s; (x, R, G, b, 02)| f(x, R)dx. (4.33)

It follows from (4.21) that
lp(R, 01, @) — (R, 02, @) = Ac|[N][[[e]]. (4.34)

By strong convexity, (4.29) and (4.34), we get

2
IS(N.R. B, b, 02) —S(N.R.B.b.o)|[* < ~p(R.01.S(N. R, B. b, 02))
—¢(R,01,S(N,R,B,b,01))]

2A0 4c A
< TIINII' [[IS(N,R,B,b,0)|| + [[S(N,R,B, b, 01)][[] < TIINIIZ-

From above, using (4.29), (4.33) we obtain for |07 — 02| < Ao

A
k;j(R, G, b, 01) — kj(R, G, b,02)[ < 4c, | - / [Ix[1>f(x, R)dx < &1,
m Jorn

i.e. kjj(R, G, b, 0)is continuous in 0.
Now we prove the continuity of k;;(R, G, b, o) with respect to G. Let G, — G| =
AG. From (4.23) we get the expression analogous to (4.33):

|kij(R,G2,b,0) — k;j(R, G2, b,0)| S/ |s;i (X, R, G2,b,0) —5;(x,R, G2, b, 0)|
mn

><|sj(x,R,G2,b,o)|f(x,R)dx—|—/ |s;(x,R,G2,b,0)—5;(x,R,G1,b,0)|
%n

x|s; (x,R, Gq,b,0)| f(x, R)dx. (4.35)
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By the necessary and sufficient conditions for the existence of an extremum (4.21)
we obtain

IS(N,R, G1,b,0) —S(N,R, G2, b, 0)|?
< |IR7'GS])?||A(N, R, G2,b,0) — A(N,R, Gy, b, 0)|?
+[IR7YP|AG|*]|A(N,R, Gy, b, 0)||?, (4.36)

where A(N, R, G,, b, 0) is the Lagrange multiplier for problem (4.21) with G = G;,
i = 1,2, which is obtained in the solution to the dual problem

1 _
U(R.G.b.}) = 21'GR 'G'X +2/(b—GR 'oN) = min, X\ > 0,,. (4.37)

Thus,
Y(R,G,b,A) —VY(R,Gy,b, L)
< %IIGlR_lGﬁ — GoRT'G[-[| M + [[oRT[| -] AG]|-[| NI || M]].
Taking into account this inequality and strong convexity, we get
IAN.R G2b.0) =X (N.R.G1.b. o) < —[|GIR™'Gs ~ G:R™G
X(IV(N,R, G2,b,0)| > + [[M(N, R, G1,b,0)[*) + [[oR™|| ||| AG[| -|| N]|
X([IN(N,R,G2,b,0)|| + [|]A(N,R, Gy, b, 0).
Using Lemma4.3, we find similarly to (4.29) that
[IMN.R,G.b,0)[|< c2+ c1]N]], (4.38)

where ¢; > 0, j = 1,2 are some values independent of N.
From two last inequalities, (4.36), and the finiteness of norms of matrices R, G;,
I = 1,2, we obtain

IS(N,R,G2,b,0) — S(N,R,Gy,b,0)|?
2
< (c{l|AG|| + SIIAG]| + Sl AG||[|AG]| + c4I|AG[ ) ZajllNllf :
j=0

(4.39)
where ci > 0,1 = 1,4, are some constants, a;, j = 0, 1,2, are the functions of

constants ¢y, u; and ¢/ > 0,71 = 1,4. Here ||G;R7!||< ct, IIRIG (|| ¢,
IIR7Y|< ¢, llo]l< ¢f.
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It follows from (4.29), (4.35) and (4.39) that

kii(R,G2,b,0) — k;i(R,Gy,b, 0| < 2(d||AG'||* + dy||AG]|
2
+ds[|AG|| ] AG| + dal|AG' D' [ 3, / X7 £(x, Rydx |
j=o0 I
where d;, i = 1,4 are funiions of constants introduced above: c{ >0,i = 1,4;
ci,co,ppande] > 0,i =1,4.
Since [y, |[x[|V f(x, R)dx = const, j = 0, 1, 2, we derive from the last inequal-
ity that |k,‘j(R, Gz,b,O’) — k,](R, Gl,b,O')l — 0 as ||AG|| = ||G2 - Gl|| — 0,
which proves the continuity of k;;(R, G, b, o) in G.

Finally we prove the continuity of k;(R, G, b, o) with respect to b. Let ||b; —
by||< Ab. Similar to (4.33), (4.35) we get, in this case,

n

|kij(R,G,by,0) = kij(R,G,by,0)| 5[ ls; (x,R,G,b;,0)—s;(x,R,G,by,0)|

x|s;(x,R,G,by,0)| f(x, R)dx + / |s;(x,R,G,b1,0)—5;(x,R,G,by,0)|
mn
x|s; (X, R, G, by, 0)| f(x, R)dx. (4.40)

From the necessary and sufficient conditions for the existence of a minimum in
(4.21) we get

IS(N.R.G.b;.0) —S(N.R,G.b,,0)]]
< IRT'G/||-[| A\(N.R.G.b;.0) = A(N.R.G.by.0)[|.  (441)

Let us estimate the square of the norm of the difference of Lagrange multipliers.
Considering problem (4.37) which is dual to (4.21), we obtain

W(R,G,b;,A) — ¥(R,G,by,}) < A'Ab. (4.42)

By conditions of the lemma, the function ¥(R, G, b, }) is strongly convex. Hence,
it satisfies (see Karmanov 1975, p. 54) the inequality

IIAX]]> = |[M(N,R,G,b;,0) — M(N,R, G, by, 0)|

= Mi(‘P(R, G.bi. A (b)) — ¥(R,G.by. A (b)), (4.43)
2

where pu, > 0 is some constant, A(b;) = A(N,R,G,b;,0),i = 1,2; AN =
A(b2)—A(by).
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Taking into account (4.42), we get

Y(R,G,b;,A(by)) — ¥(R,G,b;, (b))
< VU(R,G,b;, k(b)) — V(R,G, by, k(b))
+¥(R,G,by,A(b)) — ¥(R,G,b;, (b))
< (A (by) — X' (b2))Ab = —ALAb > 0, (4.44)

where we used that (R, G, b,, A (b)) < V(R, G, by, A(by)).
From (4.43) and (4.44) we obtain

2
[IN(N,R,B,b;,0)—A(N,R,B,by,0)||< —||Ab]|.
M2
Then from (4.41)
2
IIS(N,R,G,b;,0) —S(N,R,G,by,0)||< —|R™!G|| || Ab]].
2%

From this inequality and (4.29), (4.40) it follows that
|kij(R,G,bi,0)—k;j(R,G, by, 0)

4e
< (—IIR 'G'|| -] Abll)/ I[x]] f(x, R)dx.
M2 9

Therefore,

[ sirecmas = [ secRas [ iRy

[1x[|>1

2
< Axllﬁl ||X||f(X,R)dx+/ 11X £ (x, R)dx

[1x[|>1

< / |Ix]| f(x, R)dx + / ||x|| f(x, R)dx = const.
lIxl|=<1 R

From the last two inequalities we have |k;(R, G,bs,0) — k;j(R,G,by,0)| — 0 as
[lbi —bs||< Ab — 0, which proves continuity of k;;(R, G, b, o) in b.

Lemma is proved.

One can see that the solution U; = S(N, R(«?), G;(«”), 0) to the problem (4.15)
satisfies the conditions of Lemma4.4. Therefore, this lemma can be applied to
elements of the matrix K;(R(«?), G;(«?), 0), given by (4.19), since the elements
of matrices R(®) and G; (") are continuous in o°.
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Replacing o” and o, respectively, with a7 and o7 in the expression for the matrix
K;(R(a?), G;(«"), 0), we obtain its estimate K; (R7(ac7), G;(ot7),0 7) where

ki(jl)(RT(aT)’ G[(“T),O—T), l"] = 1’_]/1. (445)

By consistency of a7 and continuity of Vg; (o) (see Assumption 2.2A) we get
plim7_00 Gi(a7) = Gy(a®); and, according to (2.29), plim7_o Ry(a7) =
R().

By convergence in probability of I; = {i},/ =i + 1 (according to Lemma4.2),
of the matrices G;(o7), R(aer), and Lemma?2.11 together with (4.19) (4.45),
we obtain

P Tli_)moo K/(Rr(ar),Gi(ar),07) = K/(R, Gy, 0). (4.46)
By Lemma4.1,
p lim yr =1, p lim yr =0, [ #l. 4.47)
T—o00 T—o00

Since J;, = 110, (2.74) and (4.15) imply that U;, = U, which proves K = K,
(R, Gy, 0). Then, from (4.14), (4.46) and (4.47) we deduce that

p lim K7 = p lim K;,(Rr(ar).Gi(or).07)
T—00 T—00

= K;,(R(a?), Gy, (a),0) = K, (4.48)

1.e. the matrix K, defined by (4.14), is the consistent estimate of the matrix K.
We proved

Theorem 4.2. If the Assumptions 2.2-2.7 and 4.1 are satisfied, then the matrix K,
defined by (4.14), converges in probability to the matrix K = E{UU'}, where U is
the solution to (2.74).

Denote the matrix of m.s.e. of the estimates of regression parameters by K9 =
E{UrU'r}.

Corollary 4.1. Let the conditions of Theorem 4.2 be satisfied. Then

p lim |IK} — Kr|| = 0. (4.49)

Proof. We have ||K% —Kr|| <|| K% —K]||+ ||[K—K7||. It follows by Theorem 2.7
(see Theorems (VI) and (VII) in Rao 1965, Section 2.4) that K(} — K = E{UU"}
as T — oo, i.e. for arbitrary & > 0 there exists 7y such that

K% — K|| < % T>T,
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According to Theorem 4.2 for arbitrary values ¢ > 0 and § > 0
€
P {||KT—K|| < 5} S1-8, T>T.
From these three inequalities we obtain for 7 > max(77, Tp)

P{||K} —Kr|| < &} > P{|K} — K[| + ||[Kr — K|| < &}

> P {IIK}—K|| < 5| P {IIKr—K||= 2| = P {|IKr —K|| < 2} > 18,

This completes the proof of the corollary. B

Corollary 4.1 explains the motivation why Kr is used as the approximate matrix of
m.s.e. of the estimate of the parameter E{T (a7 — o) (atr — t®)’}.

Consider the bias of regression parameters estimates. For the /th combination
of active constraints we have E{U;} = F;(R(a"),G;(a’),0), where Uj is the
solution to (4.15).

Put

L
V7 =) F/Rr(ar),Gi(ar).or)yr. (4.50)
I=1

We set y;r = 1, if we get the /th combination of active and inactive constraints in
the solution to the estimation problem with 7" observation, and y;7; = 0 otherwise.
Then for the ith component E{U;} we have

i(R(«’), G (), 0) =/ si(x, R(@"), Gi(@"),0) f(x,R(@”))dx, ~ (4.51)

n

where s;;(x, R(a”), G;(«”), 0) is the ith component of the solution to (4.15),
f(x,R(a?)) is the distribution density of N, see (4.20).

Lemma 4.5. Let S(N,R,G,b,0) be the solution to (4.21). Then for i = 1,n
the function

n

vi(R,G,b,0) :/ si(x,R,B,b,0) f(x, R)dx (4.52)

is continuous with respect to R, G, b and o provided that |¢; (R, G, b, 0)|<o0,
VR, VG, Vb, Vo. In (4.52), ¢;(R,G,b,0) is the ith component of ES{(N,R,
G,b,0)}.

The proof is completely analogous to the proof of Lemma4.4 and therefore
is omitted.

Theorem 4.3. If the Assumptions 2.2-2.7 and 4.1 are satisfied, then plimr_ s
VU, = E{U}, where U is the solution to (2.74).
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Proof. We have p limp_ o% = 02, plimy_o Ry (a7) = R(a?), which implies
together with Lemma4.4

p Tli_)moo F/(Rr(ar),Gi(ar),07) = F/(R("), G/ (), 0).
Then, according to (4.47), we derive from (4.50)

p lim W = F,(R@),Gy(@).0) = E{Uy}.

Since U;, = U, we have E{U} = E{U,,}. Theorem is proved. O
Corollary 4.2. Let the conditions of Theorem4.3 be satisfied. Then

p lim ||W7 —¥r|| =0.

The proof is similar to the proof of Corollary 4.1.

4.3 Determination of the Truncated Sample Matrix of m.s.e.
of the Estimate of Parameters in Nonlinear Regression

In this section we investigate truncated sample estimates of parameters of nonlinear
regression.

Denote by K7 the truncated sample estimate of the matrix of m.s.e. of the
estimate of a multidimensional regression parameter. According to Sect. 4.2, to
calculate KT it is sufficient to consider in (2.12) only active constraints up to
¢ > 0. The number £ measures the inaccuracy with which the left-hand side of
the constraints is assumed to be equal to 0.

Assume that the sample consists of 7" observations of the pairs (x;, y;), and
that Assumption4.1 holds true. According to Theorems2.7 and 2.8, the value of
T should be sufficiently large. Denote by e = &7 and o7 = 67 the sample LS
estimates of «” and o, taking into account the constraints (2.12). From (4.14)

K7 = K/(Rr(&7). G/(@r). 67), (4.53)
where [ = [(&7) is the number of the combination of active constraints up to £,

corresponding to the sample estimate &7 . For this value we have in (4.14) y;r = 1.
According to (4.18), 67 in (4.53) is determined by

67 = (T —n+ Y ﬁﬁ) > = filer)), (4.54)

i€l t=1
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where
1, if —¢&<g(ar) <0,

=00, ifg(@r) < —E.

Let us replace in Assumption 4.1 the variance o2 of e 7 by its sample estimate (4.54),
and in (2.38) the parameter o” by its sample estimate. We get

Qr = Dyr(&r)er ~ N(O,. 63 R (&7)). (4.55)

According to Sect. 4.2, . o
Kr = E{UTU’Tl&T, or}, (4.56)

where ﬁr is the solution to the problem
1 N
EX/RT (@r)X—Q'7X — min, Vgi(&r)X <0, ie€l(ar), (4.57)

obtained from (4.15) by replacing «® with &7, Q with QT (see (4.55)), and o with
6r,when I(a7) ={i : =€ < g;(a@r) <0, iel}

In the general case, the matrix KT can be calculated by the Monte-Carlo method.
For this it is necessary to generate iteratively the random vector QT, and then to
solve the quadratic programming problem (4.57). If the number of constraints in
(4.57) is less than or equal to three, it is possible to use the method for calculation
KT considered in Sect. 4.6.

4.4 Accuracy of Parameter Estimation in Linear Regression
with Constraints and without a Trend

Consider the problem

T
1 _
St(ot) = 3 E (o =X 0)?, gi(@)=g,a—b; <0, i=1m (4.58)
=1

of parameter estimation by the LS method in the linear regression with liner
inequality constraints and without a trend. This problem is a special case of the
more general situation, see (2.114), when the admissible domain is convex and the
regressor has a trend.

Asymptotic properties of the estimates naturally follow from the results
of Sect. 2.5.

Under the assumptions made in Sect.2.5, Er = JT. J., Er = JT. Jn, and
the functions g;(x), i = 1,m are linear, see (4.58). Therefore, instead of
Assumptions 2.9-2.12 we consider Assumption 2.9 and Assumption 4.2 given
below, which is a special case of Assumption 2.10.
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Assumption 4.2. The matrix G with lines g’;, i = 1, m is of full rank.

Assume that the random variables &, are identically distributed, i.e., that
Assumption 2.1 (which is a particular case of Assumption 2.8) is satisfied.

When Assumptions 2.1 and 4.1 about the normality of the noise hold true, the
result of Sect.4.3 on the truncated estimate of the matrix of m.s.e. of the estimate
of the nonlinear regression parameter is transferred to case of linear regression, if
we put f; () = xjo. In particular, the truncated estimate can be defined (4.14) with
Rr(&r) = Ry, Vgi(ar) =g’

The estimate of the matrix of m.s.e. considered below takes into account all
constraints and does not require that the errors are normally distributed, i.e., it
does not require Assumption4.1 to be satisfied. Thus, such an estimate is the
generalization of the truncated estimate.

The advantage of the truncated estimate is that for its construction only part
of constraints is required. It considerably simplifies the calculations based on the
Monte-Carlo method which demands considerable computing resources.

To show the consistency of the estimate below we prove several auxiliary
statements.

4.4.1 Auxiliary Results

Let us estimate the dependence of the solution to quadratic programming problem
(4.21) on the matrix R and the vector b. Investigations of this dependence will
naturally complement the parametric properties of the solution to the quadratic
programming problem discussed in Lemma 2.5, and further on in Sect. 2.2.

Denote the solutions to (4.21) by

a; = a(Ry,by), oy = a(Ry, by), (4.59)

where R; and R; are the arbitrary positive definite matrices, R, = R; 4+ AR, b;
and b, are arbitrary vectors, b, = b; 4+ Ab.
From necessary and sufficient conditions for the existence of the minimum in
(4.21) we have
Re—Q+GA=0, A=>0,, (4.60)
where A € JR" is the Lagrange multiplier for problem (4.21). From the first equality
in (4.60) we obtain

o) —oay = —R7'(R; — Ry —RT'G/(A| — Ay), (4.61)

where A| # A, are Lagrange multipliers in problem (4.21), respectively, for pairs
R =R;,b =b;,and R = R;, b = b,. The problems, dual to (4.21) with R = R;,
b=>b;,i =1,2,are:

1
¢ = EA'MiA + VA >min, —A<O0,,i=1,2, (4.62)
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where
M; = GR;'G’,V, = b; — GR;'Q. (4.63)

According to Lemma4.3 the solution A; to (4.62) satisfies the condition
A1 = (Hmax (M) / pamin (M)A, (4.64)

where AT is the solution to problem (4.62) without constraints:

Af =-M'V;. (4.65)

We have by (4.62)
(01— ) = M ML AJP + IV =Vl 1AL (460
Using strong convexity, (see Karmanov 1975, p. 36) for ¢;,i = 1,2 we derive

from (4.66)

2
|A1—Asf)? < M1 —My||- (A2 P+ AP + V1= Val|- ([ As] [+ 1A D],

4.67)
where v > 0.
After transformation we obtain
|IM; — My || >|| RT'[ || RS'(| -] GG'| || AR]],
IV = V2| <[] Ab|| + [IRT'[|-[| RF'|| | GI| -] QI| -] AR]].
Put
|Ab]| = A1, [|AR]| = A, (4.68)
Then
[IM; —Ms||< 1Ay, |[Vi=Val|S A+ ] |Q]|As, (4.69)

where according to Assumptions 2.9 and 4.2
ar = [IRTVHIR GG >0, co = IR - R[] G| > 0.

To get (4.69) we used the following inequalities for eigenvalues of a matrix
(Demidenko 1981, p. 289):

Mmax (GRG/) < Mmax (R)/Lmax (GG/) s
Mmin (GRG/) Z Mmin (R) Mmin (GG/)a (470)

where R is a symmetric (n X n) matrix, G is a rectangular (m X n) matrix.
According to (4.64) and (4.63), (4.65), (4.68), (4.70) we have

| |A . | | < (/‘Lmax (Rl) /Lmax(GG,) ) 12 M max (Rl)
=\ tninR) 4in(GGY) ) min(GGY)

(ci2||Q||+citA1+cio). i =1,2,
@.71)
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where

0, i=1,

cin = IR Gl S cio=|b1l], i=1,2.
4.72)
Then it follows from expressions (4.67) and (4.69) that
|A L = Azl < callQII> + catl1QIl + o, (4.73)

where the coefficients cj;, i = 0, 1,2, do not depend on Q and are the polynomials
of Ay and A, (the values Ay & A, are defined in (4.68)):

Cri = ¢(A1, Az), I = 0, 1,2. (474)

Coefficients of polynomials ¢ (A, A,), i = 0, 1, 2, are non-negative functions of

L max (R?) fhmax (GG) |7 fhmax (R))
Pj=||R/.1||,J=1,2 and p3j:(lu“ ax ;) Uma : Hma z/ ji=1,2.
: //Lmin(Ri) Mmin(GG) ,umin(GG)

Moreover, for bounded coefficients p;, j = 1,2, p3;, j = 1,2
i =¢(0,00=0, i=0,1,2. (4.75)

From (2.9) and (2.13), we have
lleil I < SIIQIP.  e3 = (Hmax(Ro)/ i Ri)V2, i =12 (4.76)
From (4.61) we obtain
lloer — |l < Rull [ ewal | | AR+ [IRT[ - Gl Al A = Aol (4.77)
From here and expressions (4.73)—(4.76) we derive the estimate
lloer — s l< a3l QI + (carl QI + canl QI + ca0) 2, (4.78)
where

s = cnl|R1||A2,  car = (p1]|G']))?ci0,
cal = (P1]IG'1)" a1, cao = (p1]|G/|)?ci0. (4.79)

Consider the case when in (4.59)

Ri=R, R,=R;, b =b, b,=b. (4.80)
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where b is a fixed vector, b(Tl) 1s a random vector, R is a matrix with fixed
elements, and

lim Ry =R, p lim b = b, ||Rr|| < 00, VT. (4.81)
—>00

T—00

Thus,
Pmax (R7) = tmax(R), ;0 min(R7) = min(R) >0 as T — oo.

Then, for coefficients of polynomials in (4.74), (4.76) we have:

pr =const, lim p» = |[|[R7!| = p1, p3 = const,

T—o00
lim p3, = p3;, lim c¢3 =c¢31, ¢33 = const. (4.82)
T—o00 T—o00

According to (4.81) and (4.68):
p lim Ay =p lim [[b—bi7[|=0, lim A, = lim |[[R—Ry||=0,
T—00 T—o00 T—00 T—o00
(4.83)
where Al =b-— blTy Az =R- RT.

By (4.82) the coefficients of functions ¢ (A, Aj), i = 0, 1,2, converge to finite
values. Then, according to (4.75), we have

p lim ¢;; =0, i=0,1,2,
T—o0
which implies together with (4.79)

p lim ¢ =0, i=0,1,2,3. (4.84)
T—o00

We have proved the following lemma.

Lemma 4.6. Consider two quadratic programming problems

1. (1/2)0'Ra — Q'a — min, G < b,

2. (1/2)o/ Rrot — Q'at — min, Gor < bl (4.85)

where o € 7", the matrices R and Ry satisfy Assumption 2.9, the matrix G satisfies
Assumption 4.2 and, moreover, conditions (4.81) hold true. Denote the solutions to
the first and the second problems, respectively, by o; and 5.
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Then, o and o satisfy inequalities (4.76), (4.78). In these inequalities the
coefficients in the right-hand side of (4.76) are c3; = const, limr_ 30 = ¢31;
by (4.84) the coefficients in the right-hand side of (4.78) have zero limits.

Consider two problems:

1
SYRrY —d'7y > min, Gy < b!", (4.86)

1
YRy — ¢’y > min, Gy = b, (4.87)

where qr = Qr/0, g = Q/o (the vector Qr is defined in (2.123)), m; X n
matrix G; is of full rank (see Assumption2.12). We denote by s(RT,b(Tl),qT)
and s(R,b",q), respectively, the solutions to (4.86) and (4.87). Put k =
E{s(R,b" q)(R,b q)'}. Elements of the (n x n) matrix k are of the form

kiR, b) = / siR.bD.x)s; RV x)dF(x), i,j=1.n,  (4.88)
mn

where s; (R, b, x) is the ith component of u = s(R, b1, q) at q = x, F(x) is the
distribution function of ¢ ~ N(O,, R).
Let us introduce the (n x n) matrix k7 with elements

kT Ry, byr) = / si(R7, by, x,)s; (Rr, b X)dFr(x),  (4.89)

n

where s; (R7, b(Tl), x) is the ith component of s(Rr, b(Tl), qr) as qr = X, Fr(x) is
the distribution function of qr.

Lemma 4.7. Suppose that in (4.86), (4.87)

1. qr € R" is the random variable with distribution function Fr(x) and

E{arq'r} = Ry,

Matrices Ry and R are of full rank;

3. limp—o Fr(x) = F(X), where F(X) is the distribution function of  ~
N(O,,R),

4. bir € R is the random variable, and p limr_, o b(Tl) = bW,

N

Then, p limr— o0 k] (R7. b)) = k(R bV). i, j = T.n.

Proof. To prove the lemma it is enough to consider (i, j)th elements of matrices
k7 and k. We proceed in the same way as in Lemma4.4. After transformations we
obtain from (4.88) and (4.89) with probability 1

Ikl (R7. b)) — k(R DD)| < Ny + | N, (4.90)
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where
Ny = /m Is; Rz, b x)s; (R, b, x) —si (R, bD, x)s; (R, bV, x)|d Fr(x).
(4.91)
N, = / s (R, bV, x)s; (R, b, x)(d Fr(x) — dF (x)). (4.92)

Let us estimate the parts in the right-hand side in (4.91) and (4.92).
Estimation of N;. From (4.91) we have with probability 1

Ny < Nii+ Nip

=/ Is; Rz, b x) — 5, R, bD, x)||s; (R7. b, x)|d Fr (x)
+/W ls; Rz, b . x) — 5; R, bD . x)||s; Ry, bV, x)|[dFr(x).  (4.93)

Put in (4.85) G = G;,b = b("). Then we can apply Lemma4.6 to estimate the
integrals (4.93). Using inequalities (4.76), (4.78), we see that

1s; Rz, bSY, %) — 5: (R, DY, %)| < o3| X]| + (canllXI]]? + cat|[X]] + ca0) /2,

1
Is: R7, b, %)| < exl|x].

From above and (4.93) we have with probability 1
Mi s [ aacallxIPdFr )
+ /m e 1XII% + caXI| + caol Pen | XI|dFr(x) = N} + N,
where Nl(ll) = [ou Cazcnl x| [Pd Fr (x),
N = [ fealbelP + conl il + cunl ezl Fr 0.

The integral [, ||x||?d Fr(x) is the sum of components of variances of qr, and
equals to the trace of the matrix Ry. According to Assumption?2.9, this value
converges to the trace tr(R) of the matrix R. Therefore, we have

lim[ ||x||>dFr(x) = lim tr(RT):tr(R):/ [|X||?dF(x). (4.94)
| T—0o0 R

T—00
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According to Lemma4.6 and (4.84) we have, respectively, limr_, o 3 = const,

and p limr_, o co3 = 0. Then N 1(11 is bounded from above by the value converging
in probability to 0. Hence,

p lim N =o. (4.95)
T—o0
According to Holder inequality, we have with probability 1

1/2

12
NI(IZ) =03 [/ (caalIX]* + can|[x]| + Cao)dFr(X)] |:/ |x]|? dFT(X)]
A oA
(4.96)

Further,
/ Ix]] dFr (x) < [ x]] dFr (x) + f I1xI[2dF7r (%)
R7 [lx[|<1 [lx][>1

- / (IxlI=1xIP)dFr () + / xI[2dF7(0) < ca, o> 0,
[|x]]<1 R
4.97)

Put
y ) x| —x|*, x| <1,
X) =
0, x| > 1.

Then we have [, <, (I[x][ =|| X||))dF7(x) = [y, ¥ (x)dF7(x). Since the function
¥ (x) is continuous and bounded on PR”, we have by Helli-Brey theorem (see
Rao 1965, Sect. 2¢4)

VAP ) = [ YR = / (I =l xIP)AF () as T — oo.
R RN [Ix||<1

Thus, we obtain that the right-hand side of (4.96) converges in probability to zero.
Consequently, p lim7r_oo N 1(12) = 0. Hence, taking into account (4.95),

pTler;oNn = 0.

Similarly we get p limr_—.o Nj» = 0.
Thus,
p lim N; =0. (4.98)
T—00

Estimation of N,. Denote ®;(R, bV, x) = s;(R, b, x)s; (R, b, x). Then for any
sphere S, centered at zero and with radius r we have
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N, = / ®;(R, b, x)d Fr(x) — / ®;(R, bV, x)dF(x)
n %n

= [ ®;(R, b, x)d Fr(x) — / @;(R, b x)dF(x)

r Sy

+ / ®;(R, b, x)dFr(x) — / ®;(R, bV, x)dF(x).  (4.99)
R\S, R\ S,

We can always choose values of r and T large enough to make the right-hand side of
(4.99) arbitrarily small. Thus, we have limr_, o, N, = 0. From this expression, limit
(4.98) and inequality (4.90) we obtain that the left-hand side of (4.90) converges in
probability to 0. Lemma is proved. O

Denote by s; (R, b, Q) the ith component of the solution s(R,b, Q) to (4.21).
Let Q in expression (4.21) be a random variable with distribution function W(x),
x € R". The following statement takes place.

Lemma 4.8. Assume that in (4.21) the (n x n) matrix R is positive definite. Then
the solution s(R, b, Q) € R" to (4.21) is continuous with respect to R and b.

Proof. We prove first the continuity of s(R,b, Q) with respect to R for fixed
Q and b. Put R} = R, R, = R + AR, where AR is the non-negative definite
matrix. Since R; and R, are positive definite there always exist non-degenerate
matrices H;,i = 1,2, such that R, = H;H;,i = 1,2. Since AR is non-negative
definite it follows that AR = AH'AH, where AH is some square matrix. From
these expressions we obtain

AR — O,, implyingAH — O,,, and H, — H;. (4.100)

The solutions to (4.21) without constraints for R = R;, i = 1, 2 are, respectively,
of = R7'Qand af = (R + AR)™'Q. Clearly,

oy > o] as AR — O, (4.101)

i.e. the solution a* = R™'Q to (4.21) without constraints is continuous in R.

Put B = Hiyx, B; = His(Ri, b,Q), i = 1,2. According to the proof of
Theorem?2.12, B, is the projection of B onto the convex set, determined by the
constraints of the problem (4.21). Then (see Poljak 1983, p. 116)

1B, — Ball <II BT — B3Il (4.102)
Then by (4.100) and (4.101) we have
Bl —B> = (Hi —Hyo] + Hy(a] —a3) > 0, as AR — Oy,

and according to (4.102)
[IB; —B,l| > 0 as AR — O,,. (4.103)
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Analogously, for B} — B35 we have by (4.103)

B, —B, = (H —Hy)s(R;,b,Q) + Hy(s(Ry,b,Q) —s(Rz,b,Q)) — O,.

Taking into account (4.100) and that H; is non-degenerate, we have s(R,, b, Q) —
s(Ry,b,Q) as AR — O,,. Thus, s(R, b, Q) is continuous in R.

Now we prove the continuity of s(R, b, Q) with respect to b. The necessary and
sufficient conditions for the existence of the minimum in (4.21) are

Ra(b) —Q+ > Ai(b)g =0, A(b)(ga(b)—b) =01 i(b)>0,i€l,

iel

where A;(b), i € I are Lagrange multipliers, g/ is the ith row of the matrix G,
i € I;b;,i € I are the components of b. Taking b; and b, = b; + Ab in the
right-hand side of (4.21) we get a(by) = a(b;) + Aa, A;(by) = A;(by) + AA;,
i € I.Inserting a(b,) and e (b;) in the first condition for the minimum, we obtain

Ad'Ra + Y AdiAd'g; =0.

i€l

Now define the lower bound for the second term in this equality. There are four
possible cases.

1. A;(b;) > 0, A;(by) > 0. Then by the second equation in the conditions for the
existence of the minimum we see that glaz(b;) = by;, glar(by) = by; where by;,
by; are the ith components of vectors b; and b,, respectively. Hence, g§ Ao =
Ab,’ = bzi — bli and A/\,’Aot/g,' = Akl’Ab,’.

2. Ai(by) = 0,A ;(by) > 0. By the second equation in the conditions for the
existence of the minimum we have g/a(b;) < by;, gla(bs) = by;. Hence,
g Aa > Ab;. Since AA; > 0, we get Ad; Aa’g; > AL; Ab;.

3. Ai(by) > 0, A;(by) = 0. Then gla(by) = by;, giae(b2) < by; and, therefore,
g'Aa < Ab;. Since AA; < 0 wehave Ad;Aa’g; > AL Ab;.

4. Al(bl) = 0,1 i(bz) = 0, implying that gfoe(bl) < by;, gfoz(bz) < by; and
Akl‘AO{/gi = AAlAbl =0.

Thus, ) .o, AXiAa’g; > ) .., AL;Ab;. From this expression and the conditions
for the existence of the minimum

Ad/RAa < =Y AX;Ab; < ||AL]] || Ab]|.

i€l

By (4.43) and (4.44) we have

2
[|AN]]< EHAbH’ [L» = const.
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From the last two inequalities Ac’RAo < (2/12)||Ab||>. Hence, ||Ab|| — 0
implying Ae’'RAa — 0. Since the matrix R is positive definite, this limit implies
Ao — O,. Thus statement of the lemma on continuity of the solution to (4.21) with
respect to b is proved. O

Lemma 4.9. Let the conditions of Lemma4.8 be satisfied, and assume that the
distribution Q has the first and the second moments. Then the functions

kij(R,b) :/ s5i(R,b,x)s; (R, b,x)d¥(x), i,j=1,n (4.104)
mn

are continuous with respect to R and b.

Proof. 1f constraints in the problem (4.21) are absent, then its solution is «* =
s(R,b,Q) = R'Q. By conditions of the lemma, the matrix of second moments
E{a*(a*)'} = RTTE{QQ'}R™! exists, implying the existence of the integral
(4.104). Adding to the problem (4.21) constraints Ga < b does not affect the
existence of the integral (4.104), because in this case we integrate over the set 2 C
R, Q ={o:Ga <b,a € R"}. Moreover, the mass concentrated on the boundary
is fw\sz dW(x). Thus, under constraints Gor < b the integral (4.104) exists.
Putting Q = x in (4.21) we obtain from (4.22)

Mmax (R)

ls; (R, b,x)s; (R, b,x)| <
l ’ Mmin (R)

IIR7')?|x]]* VR, V¥b > O,

According to the conditions of the lemma, the function ||x||? is integrable with
respect to W(x). Hence, |s; (R, b, X)s; (R, b, x)| is bounded from above by a function,
integrable with respect to W(x) for all elements R and components b. Moreover, by
Lemma4.8, the function s(R, b, x) is continuous in R and b. Thus, the function
5i(R,b,x)s; (R, b, x) satisfies the conditions of the continuity theorem, implying
the statement of the lemma. O

4.4.2 Main Results

LetE;r = VTJ,, Er = </TJ,,. The corollary below follows from Theorem 2.13.

Corollary 4.3. If Assumptions 2.1, 2.9 and 4.2 hold true, and the constraints are of
the form (4.58), the random variable Ur = /T (a7 —«) converges in distribution
as T — oo to the random variable U which is the solution to the problem

1
SXRX—QX - min. GiX <0, (4.105)



4.4  Accuracy of Parameter Estimation in Linear Regression... 149

Let us transform the initial estimation problem to the problem which allows to get a
consistent estimate of the matrix of m.s.e. of the parameter estimate and in which all
constraints in (4.58) are taken into account. Note that the truncated estimate takes
into account only active constraints.

We transform the problem (4.58) as follows:

1
Eoe’X/TXToz —o'X'7yr — min, Go <b, (4.106)

where X7 is (T x n) matrix with 7th row X/, yr = [y1, ¥2, ..., yr]’, G is the (m x n)
matrix with rows g’;,i = 1,m, b is the vector consisting of the constraints in the
right-hand side of (4.58).

Let us transform problem (4.106). We add in the cost function the term
(1/2)(«®) X' 7X70® 4+ («®)’X'7e7 and observe that yr = Xro® + e (e7 =
[e1€2 ... €] is the noise in the regression). Then, we get

1
5Y/RTY —YQr > min, GY < VT (b-Ga'), (4.107)
where
Ry = T7'X'7Xy, Y =+T(x—a),

T
Qr = WT)'X'rer = (WT)™' ) e, (4.108)
=1

Put in (4.107) Y = oy, Qr = oqr, where o2 is the variance of ¢,,t = 1, T.
Then (4.107) transforms to

1 ’ ’ . (1) (2)
7y R7y —yqy — min, Gy <B;’, Gyy <B;’, (4.109)

where G; is the (m; x n) matrix with rows g’;,i € If,j =12(m; = |]/(')|)’ and
BY = VT (8" — Gia®)/o. i =12, (4.110)

where b) € 9™ is the vector with components b;,j € I? (see (4.58)), with
b = G,a. Thus b(Tl) = Oy,,, and components b(Tz) are non-negative.

Denote by ur the solution to (4.109). By (4.109), ur is a function of Rr, B(Tl),
Bg) and q7: ur = S(Rp, B(Tl), ng), qr). Let Uy = ouy. Then

K} = E{U;U'r} = 0%k}, k9 = E{uru'r}. (4.111)
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Corollary 4.3 implies that ur converges in distribution to the random variable u =
s(R, bV q) which is the solution to

1
Ey/Ry —qy - min, Giy<b? =0,,, (4.112)

where q ~ N(O,, R) is the random variable, to which q7 converges in distribution
as T — oo. Moreover, U = ou, where U = S(R, b, q) is the solution to problem
(4.105). Then we have

K = E{UU} =0’k k= E{u}, (4.113)

where k = E{s(R,b"", q)s'(R, b, q)}.

The matrix k(} depends on unknown values o” and o> from the expressions for
Bgi),i = 1,2, in (4.110). Let us replace o’ and o2 by their estimates a7 and or
(o7 is some consistent estimate of o). Then right-hand side parts in (4.109) can be
written as f}(Tl) = VT —Gjar)/or,i = 1,2 (see (4.110)). Since b = G a”,
we get by Corollary 4.3.

p lim BYY = —p lim G,Ur/o; = —G,U/o #b" = 0,,.
T—o00 T—00

Consequently, ur does not converge to u in distribution. In order to get the
consistent estimate of the matrix of m.s.e. we use the concept of active constraints
up to order £ > 0, introduced in Sect. 4.2.

Let us replace the right-hand side parts of the constraints in (4.109) with
the values

VT (b — g ar)

or

biT =

(1—ng), i€l (4.114)

In (4.114) a% is the estimate of the variance 0% of the noise:

o2 = (T —n+y mr) > (i —xar)’. (4.115)
t=1

i€l

The expression (4.115) is a particular case of the estimate (4.18) for the regression
function f;(ce7) = x’;or. According to Lemma4.2, the estimate 0% is consistent.
Using (4.114), we pass from the problem (4.109) to

1
Ey,RTy —y'qy - min, Gy < b)Y, Gy < b§?).

Here, b(Tj) € N is the vector with components b;r given by (4.114),i € [ 0
j=172.
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The solution to the problem above is of the form S(RT,b(T]),b(TZ),qT). By
consistency of a7 (see Theorem2.12) and 0% (see Lemma4.2), we have

p lim b =b® =0,,, bP 500 asT — oo. (4.116)

T—o00

Consider matrix RT with elements

KT Ry, by, b?) = / SiR7. b 6. %) (Rr. b b x) dFr (x),
mn
(4.117)
2

as the estimate of the matrix k(} in (4.111). Here S; (RT,b(Tl),bT ,X) is the ith

component of S(Ry, b, b'? x), Fr (x) is the distribution function of q; = Q7 /0.
The estimate K9 of the matrix of m.s.e. of regression parameter estimate is,
according to (4.111),

Kr = o7kr, (4.118)
where kr = [K] Ry, b} b)) i, j = Ton.

Theorem 4.4. If Assumptions2.1, 2.9, 4.2 hold true, then plimr_kr = Kk,
where the matrix K is defined in (4.113).

Proof. Consider the problem:

1 / / . (D
EyRTy—qu—>mm, Gy <b;’,

and denote its solution by s(Rr, b(T]), qr). Put
k! Rr, b)) = /m si(Rr, b, x)s; (R, b, x)d Fr (x), (4.119)

where s; (R, b(Tl), x) is the i th component of s(Rr, b(Tl), X).

Consider elements k;;(R, b(D) of the matrix k, determined by (4.88), where F(x)
is the distribution function. Equation (2.131) implies that qr = Q7 /o converges
in distribution to q = Q/0, i.e. limr_« Fr(x) = F(x). Then by Assumption 2.9,
(4.116) and Lemma4.7 we obtain

p lim kLRr. b)) = k;RDD), i j =T (4.120)

Let us show that k] (R, b(Tl)) and K[ (R, b(TI), b?)) (see (4.117)) have the same
limit as 7 — oo. Introduce the set

wbir,byr) = {x:s(Rr, by, x) <bY, xe ).

It is easy to verify that a)(b(Tl), bEZT)) C w(b), b;zT)) provided that bgzr) < bgzr)
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According to (4.116), for arbitrary values ¢ > 0,6 > 0, M > 0 and n > 0 there
exists such 7y > 0 that

PUBY < et > 18, PUDP(= My>1-y T>T. (4121
Put

¢ii(Rr, b(Tl),X) = s5;(Rr, b(T”, x)s; (Rr, b(T”,X),
®;(R7.bY b x) = S;(R7.b b . x)S; (R, b}, b x).

Then we get from (4.107) with GT =G, E;r = ~/TJ, and (4.119), that

1 2 1
KT Rr. b5 bP) — kI Ry YY) =

/ ¢;i(Rr. b x)d Fr(x)
w(by7,bar)
- (1 . - 1 ©
+ 1 2 ¢IJ(RT9 bT k) X)dFT(X) ®lj (RT’ bT ’ bT ) X)dFT(X)
Rn \a)(b<T) ,b(T)) (bi7.b27)

®;(Rz. b\, b x)d Fr(x)

/srtn\a)(b‘r”,b?))
1 1) (21 D@
Z/mn\ b p?) [¢y(Rr, b x)—®;(Rr. b b x)[dFr(x)=Lr (R, by, bY)
@(br=.br
(4.122)
since 5;(R7, bl x) = 8;(R7. b . b? x).i = .1 forx € (b, RP).
For fixed x we have §; (RT»b(Tl)vbgg)’X) — S (RT,b(Tl)»X) as T — oo, since

b(Tz) — 00. Thus, for any y > 0 there exist M > 0 and N > 0 such that the
following inequality holds true:

1 1 2
. max_ / iy, PRI BT X0 = y(Ry b B AFr () < .
IIbr"l[<e.llby"[[=M IR \w(br by

where ¢ > 0 is known. Then by (4.121) we obtain

P{LrR7, bV bP) < y1 > PP < & |pP)]= M}
= P{|IbY||< &} — P{PDY (< & |bP|] < M}

A%

P{BP||I< e}=P{BP|| < M} > 1—e—n, T > T
The above inequality and (4.122) imply that

P{KERr. DY bD) kI Re, D) <yt > 1—e—n. T >T
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Thus,
p lim |K] (R, b b)) — kI (Rr, b)) = 0. (4.123)

By (4.120), kl-jT. Ry, b(Tl)) converges in probability (and, hence, in distribution) to
kij(R,b"). Moreover, the limit distribution function &} (R, b(Tl) ) has a jump equal
to 1 at k;(R, b"). Then, according to (4.123), KUT(RT,b(Tl),b(TZ)) converges in
distribution to k;(R, bV), since k;;(R, bV) = const. Theorem is proved. O

Theorem 4.5. If Assumptions 2.1, 2.9, 4.2 are satisfied, then matrix Kr, defined in
the (4.118), is the consistent estimate of the matrix of m.s.e. of the estimate of the
regression parameter in regression with inequality constraints (4.58).

The proof follows from Lemma4.2 and Theorem 4.4.

Now we turn to the calculation of the sample estimate of the matrix of m.s.e. of
the estimate KT. According to obtained results, KT is the conditional expectation,
Kr=E {|ﬁTﬂ’T &7, 67}, where Uy is the solution to the problem

T
1 R
EY/RTY —Q Y > min. GY<br. Qr=WT)"> ax. (4124
t=1

and bir = [(V/T (b: —g';ar)/or)(1 —17r)], i € I.Here fixed values &7 and 67 are
the sample estimates of «” and o, respectively, 77 is the value of 7;7 for a concrete
sample. Hence, under known distribution of &, for all # (not necessarily normal) the
matrix K7 can be calculated for arbitrary number of regressors by the Monte-Carlo
method, solving iteratively (4.124).

It is also interesting how the multiplier (1 — 7;7) inserted in the right-hand side
of the ith constraint in (4.114), affects the accuracy of calculations of k(%.This
multiplier is necessary for the consistency of k7 and, therefore, of Kr. For this
purpose, we consider another estimate of kY.

k% = E{S(R7,Wr,qr)S' (Rr, Wr,qr)},

where Wy = /T (b — Gar)/or = [wirl.i € I,wir = VT (b —g;ar)/o7.
The estimate k7. differs from the estimate k7 in that ky depends on /;7 = w;r(1—
nir), while k; depends on w;r, i € I. Therefore, we compare the vectors W and

bz, where by = (v/T/ or)((b — Gar)(J, — Hr)), Hr = diag(nir). i = 1, m.
Taking into account that by in (4.124) is the sample estimate of b7, we show that

IW7 —br||< Ev/nT. (4.125)
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There are two possible cases.

1. The ith constraint is active up to § : —§ < g;(ar) < 0. Let —g; () < &.
This case includes situations when the ith constraint may be active or inactive.
We have

0 if—§& < gi(ar) <0,
lir —wir = ﬁgi (oer)nir = g (ar)ﬁ otherwise.
Then lir — wir < |lir — wir| < E/T, since g ;7 = 1. If all constraints are active
up to &, (4.125) holds true.

2. The ith constraint is inactive up to & : —g;(e¢7) > &. This case includes only
usual inactive constraints, therefore we have y;r = 0. Then ;7 — w;z = 0. If all
constraints are inactive up to £, we have ||W7r —bz|| = 0, i.e., (4.125) is true. If
the part of constraints is inactive up to &, (4.125) also holds true. Denote by lA(;
and ﬁr, respectively, the sample estimates of ﬁ‘; and RT under fixed a7 = ar,
or = 67 and iy = fir. By Lemma4.9, ||ky — lA(;IIS §, where § is small
provided that the value in the right-hand side of (4.125) is small. This situation
takes place when the value ¢ is sufficiently small, for example, represents the
accuracy of computer calculations.

4.5 Determination of Accuracy of Estimation of Linear
Regression Parameters in Regression with Trend

In this section we use Assumptions2.9-2.12 concerning the regressor and the
constraints, given in Sect. 2.5. We assume that the noise in the model has a normal
distribution, i.e., satisfies Assumption4.1 (see Sect. 4.2).

As in Sect. 4.4 we estimate the matrix of m.s.e. of the estimate of the regression
parameter K(} by (4.118), where the estimate of the noise dispersion 0% is given
by (4.115).

Lemma 4.10. If Assumptions2.8-2.12 are satisfied, then 02T is the consistent
estimate of 0.

Proof. We have from (4.115)

UrRrUr —2U'7Qr | 3/, (v — xo')? T

,  (4.126)
T_”+Zie1 Nir T T_”+Zie1 nir

2 _
OT_

where the random variable Q7 is defined in (4.108), Ur = Er(a7 — a°), Er =
diag(+/p{}. \/P2ys s /DL, ), and pl are the elements on the main diagonal of Py =

Zthl X X';.
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Assumptions 2.8, 2.9 imply the convergence (2.131). According to Theorem 2.13,
under Assumptions2.8-2.12, U7 converges in distribution as T — oo. Conse-
quently, the numerator of the first term in (4.126) has a limit distribution. Its
denominator tends to infinity, since the sum )., n;7 converges in probability to
some finite number m; according to Lemma4.1. Then the first term in (4.126)
converges in probability to zero. By Assumption2.8 and Lemmad4.1, the second
term converges in probability to o2 by the law of large numbers. Lemma is
proved. O

In the case when the regression has a trend the matrix k7 in (4.118) is defined as
kr = (Kl (Rr.Gr1.Gr2. b b)), i j =T, (4.127)

In (4.127) the matrices CTk, k = 1,2 are determined in terms of the notation used
in (2.140), vectors b(TJ) € N have the components b;7, i € Ij(-), j =12,

eir(bj —g'iar)
or

b,’T = (1 — T}iT), iel. (4128)

In (4.128) e;7 is an element on the main diagonal of the matrix Er, determined by
Assumption 2.12, and (i, j )th elements of the matrix k7 are defined by

KI-JT(RT,GTl,Gn,b(TI),b(Tz)) =/ Si(RT,GTl,GTz,b(Tl),b?),X)
ERn

x8;(R7,Gr1. G2 b b x) f(x. Ry )dx.
(4.129)
Here S,-(RT,GTI,Gn,b(TI),b(Tz),X) is the ith component of S(RT,GTI,(}Tz,

b(Tl), b(TZ), x) which is the solution to the problem

1 3 _
EZ,RTZ —7'q; > min, Griz < bY. Gz <b?, (4.130)

where (see (4.108) and Assumption4.1)
qr = Qr/o =E; E _&X/o ~ N(O,.Rr). (4.131)
=1
By (4.131) and (2.131) we have

ar=>q T — oo, whereq~ N(O,,R). (4.132)

According to (4.131), the distribution density f(x, Rr) of qr, appearing in the
integral (4.129), is given by

f(x,Ry) = 2n)7*(detRy) ™% exp {—%X/R;IX} . (4.133)
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Let us show that the matrix K7, defined in (4.118), (4.126)—(4.131), s the consistent
estimate of the matrix of m.s.e. of the regression parameter estimate.

Theorem 4.6. If Assumptions4.1, 2.9-2.12 hold true, then plimr_ . Kr = K
where the matrix K is determined by (4.113), and U is the solution to problem
(2.129).

Proof. First we show that
p lim ky =Kk, (4.134)
T—o00

where the matrix K7 is given by (4.127)-(4.131),k = 60 ?K = o 2E{UU'}.
For this purpose consider two quadratic programming problems, which are the
generalizations of (4.86) and (4.87):

1 -
5y/RTy —q 7y — min, Gpry <b'’, (4.135)

1 5
Ey’Ry —qy —» min, Gy <b®. (4.136)

Here (}Tl and (}1 are full-rank (m; x n) matrices (see Assumptions2.10, 2.12).
Denote the solutions to (4.135) and (4.136), respectively, by s(R7, G, b(Tl), qr)
and s(R, G, b, q).

Define the (n x n) matrix of second moments of the solution to (4.135) as the
matrix with elements

kiJT'(RT,Gn,b(TI)) = / siRr. Gr1. by x)s; (Rr. Gr1. by %) f(x. Ry)dx,
5 3 (4.137)
where s; (R7, Gy, b(Tl), x) is the ith component of s(R7, G771, b(Tl), X).
Comparing (4.87) and (4.136), we can easily see that the (n xn) matrix K is given
by
k = E{s(R,G;,bD, q)s(R,G,, b, q)'}.
Consequently, by (4.132), we can write the (7, j)-element of the matrix k as

kij(R,(}l,b(”)=/ 5i(R,G1, b x)s; (R, G, bV, x) f(x,R)dx, i,/ =1,n,
(4.138)

where s5; (R, G;, b, x) is the i th component of s(R, G;, b, x) and f(x,R) is the
distribution density of q,

f(x,R) = (27) "/?(detR) "2 exp (—%X/R_lx) . (4.139)
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By Assumpt10n2 9 and (2.141), (4.116), we have lim7yo Ry = R, Iimp_ o
GT1 Gl, plimr_ o b( ) — p) = O,,,. Then, applying Lemma4.4 to (4.137),
we obtain from (4.137) and (4.138) that

p lim kf TRr.Gri.bY) = k;(R. G, bY), i, j =T (4.140)

Let us show that kiJT- Ry, (}Tl,b(Tl)) and KUT.(RT, (~}Tl,(~}T2, b(Tl), b(Tz)) (see (4.129))
have the same limit as 7 — oo. Introduce the set

o(Gr. b b)) = (x: s(R7, Gr1. b . x) < b, x e Ny,

Observe that a)((}n,b(Tl), b(Tzl)) - a)(én,b(Tl), b(TZ;) provided that b(Tzl) < b(Tz;
Denote

Qﬂy(RT,GTl,bg})»X) = (RT,(}Tl,b(Tl),X)Sj (RT,Gﬂ,b(TI),X),
®;(Rr, Gr. b, b x) = SRz, G7, b b, %)S; (R, G7. b}, b %),
KI'JT'(RT» GT,b(Tl), b(TZ)) = KUT(RT, Gr1.Gra. b(rl),b(rz)),

where i (R7.G7. bYW b x) = Si(R7.Gr1.Gra. b b, x), k = i, j. Then
by (4.129) and (4.137) we have

|K"JT(RT’ Gr. b(Tl)’ b(Tz)) - k; (Rr, GTl,b(Tl))|
- / M, ¢;j(Rr, éTl’b(Tl)’X)f(X, R7)dx
w(by".br”)
+/§R Vo) b (p’j(RT’éTl’b(Tl)’X)f(X,RT)dX
n w

~ ) @2
- /(b(l) b2, ®;(R7, GT’b(r),b(T),X)f(x, Ry7)dx
T

- / ®;(R7.Gr, b b? x) f(x, Rr)dx
R\ o b?)
—®;(Rr, Gr. by b %) f(x, Rr)dx = LT (R7. Gr, b b)),  (4.141)
since for x € w(Gr1, b(Tl), b(Tz))
siRr. Gr1.bY.x) = S;(R7, G, bV, b x), i =Tn.
Since b(Tz) — oo we have for fixed x

Si(RT,GT,b(Tl),bgg),x) — si(Rr,(}n,b(Tl),X) as T — oo.
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Thus, for any y > 0 there exist M > 0 and N > 0 such that the inequality

max / -
< JRM0mbY bP)

2
b 11=m
G —GlI=N

f(X’RT)dX = Y

lpi;(Rr, éTl,b(rl), x) — ®;(Rr, Gr. b(rl), b(Tz), X)|

holds true for given ¢ > 0. .

In the inequality above, the vectors b(T’), j = 1,2, whose components are defined
by (4.128), have the asymptotic behavior (4.116). Therefore they satisfy inequalities
(4.121), implying that

P{Lr(Rr,Gr, b b)) <y}
> P{|Ib]|< e |bP 1= M.||Gr — Gl N}
1 ~ ~ 1 ~ ~ 2
= P{|[b}"||<e, [|Gr—Gl|< Ni—P{|b[|< &, ||Gr—GlI<N,|b|| < M}
> P{|Ib{[|<e}—P{|bP|| < M}—P{||Gr—G|| > N} = 1-§—n. T > T,

where we used that by (2.141) lim7 s G = G.
From the last inequality and (4.141) we have

P{K] Ry, Gr, b b)) — kI R7.Gri.b)| <yt = 1-6—n. T>T
Thus,

p lim |Kj Rr.Gr. b bY) — kI Ry, Gri. b)) = 0. (4.142)

By (4.142) and (4.140), K] (Rr,Gr. b, b’ converges in probability to k;(R.
f}l,b(l)), which proves (4.134). Then the statement of the theorem follows from
Lemma4.11. a

For the case considered in Sect. 4.5 the sample estimate of the matrix of m.s.e. of

A

K7 is given by
K = 62k, (4.143)
where

67 = (T —n+y. fm) > (i —x.ar)’, (4.144)
t=1

iel



4.6 Calculation of Sample Estimate of the Matrix of m.s.e. Regression... 159

see (4.118), (4.115) and (4.128)—(4.131). Here &7 is the solution to problem (4.58)
for a concrete sample, according to (4.58):

~ 1 lf_éfg/l&T_blfov

iT = . A 4.145
M0 ifgiar —b <, @195
kr = E{laral|ar, 67}, (4.146)
where ur is the solution to
1 ~ N
Ey/RT —q'7y — min, Gry <br, qr ~ N(O, Ryp). (4.147)

In (4.145) £ is the accuracy of computer calculations, and f)T € N in (4.147) is the
vector with components (see (4.128))

P eir(bi — g é&r)
ir— - ~

(I =1ir), i€l (4.148)
or

To calculate ﬁT one can use the Monte Carlo method. For this we need to solve

iteratively the problem (4.147).

4.6 Calculation of Sample Estimate of the Matrix of m.s.e.
Regression Parameters Estimates for Three Inequality
Constraints

In Sect. 4.5, we suggested the general method for calculating the sample estimate
of the matrix of the m.s.e. of the estimate KT, based on Monte Carlo method. In
this section, we describe the method which allows to calculate K7 precisely under
Assumptions 4.1 on the normality of the noise in the regression, and the assumptions
that the dimension n of the regression parameter is larger than m, where m < 3 is
the number of inequality constraints. This case appears quite often in practice. In
our notation, we need to take in (4.148) I = {1,2,3}. For calculations we use
the sequence of linear transformations of the space of regression parameters, which
allows to reduce the dimension of problem (4.147), i.e., to replace the problem with
arbitrary number of variables n > 3 with three constraints to the problem with three
variables and constraints.

4.6.1 Transformation of the Original Problem

11232

In order to simplify the notation we will drop 7" and the sign “”” (unless otherwise

specified). Then the problem (4.147) can be written as

1 ~
Ey/Ry —qy—>min, Gy<b, q~ N(O,,R). (4.149)
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Let us transform (4.149). Let M = diag(u;), i = 1,n, where p; is the ith
eigenvalue of R, C is the orthogonal (n X n) matrix such that C'RC = M, (note that
C'C =J,). Putting

X = M'/2Cy, (4.150)

we obtain the transformed problem (4.149):
1.
EX X - (P*)X - min, AX <b, (4.151)

where P* ~ N(O,,J,),A = GCM_*
According to Assumption 2.10, matrix A has a full rank. Then its orthogonal
decomposition according to Lawson and Hanson (1974, Chap. 2), has the form

A=SH, S=[s:0,,-n].m=<n, (4.152)

where s is the triangular (m X m) matrix, with zero elements located above the main
diagonal, and H is orthogonal (n x n) matrix (HH = J,,). Form = 3

S11 0 0
S =821 82 0 | (4153)
§31 832 533

Let Z = HX. Taking into account the transformations above, we obtain from (4.151)
1
EZ/Z —P'Z — min, SZ <b, (4.154)

where P = HP* ~ N(O,.J,).

Denote by V the solution to (4.154), by Z;, V;, P; ith components of vectors
Z.,V,P, respectively. It is easy to show that V; = P;,i = m + 1,n is the solution
to the problem (4.154), and the remaining components of Z, namely V;,i = 1,m,
are the solutions to

1-,- _ - _
EZ/Z —P'Z — min, SZ <b, (4.155)

whereZ = [Z,... Z,],P=[P;... P,]',P ~ N(O,,,J ).

Let Z = Iiz, where I = diag(signs;;), i = 1,m. By Assumption2.10 the
matrix B = sII is non-degenerate, and its elements b; # 0,1, = 1,m,i > Js
differ from the corresponding elements s;; of the matrix s only by the sign. Moreover,
bii = sisign(sy;) > 0,1 = 1,m.If m = 3, matrix B takes the form (cf. (4.153) for s):

by 0 0
B = b21 b22 0 . (4156)
b31 b32 b33
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Taking into account the introduced transformation, we obtain from (4.155)

1

Ez’z—p’z—>min, p~ N@O,,Jn), (4.157)
Bz <b, (4.158)
where p = MP.
By (4.148) we have in (4.158):
b > 0,. (4.159)

The admissible region given by inequalities (4.158), is bounded by the planes wj;,
i =1,2,3, defined, respectively, by the equations

B'iz = b1z = by, (4.160)

B'yz = by1z1 + bz = by, (4.161)

B'3z = b31z1 + banzo + b3zzz = bs, (4.162)

where B’; is the ith row of B, i = 1,3; b; are the components of b; z; are the

components of z, i = 1,3.

The cut of the admissible region by the plane parallel to the coordinate plane
710z, is represented on Fig.4.1. Here & is the angle between the plane w, and the
abscissa tgd = —by1 /by, |P| < /2. When ® = —x/2, two inequalities coincide,
when ® = /2 the admissible region is situated between the planes w; and w;,
which are parallel to each other and perpendicular to X -axis.

Denote the solution to problem (4.157), (4.158) by v. It is defined for all
realizations of p for fixed b. According to the calculations above the solution to

(4.149)isu = CM~?H'IIV, where I1 = [

I O n—m
On—m,m Jn—m
to (4.147) is iy = CyM,"/?H'7T17'V. Then, according to (4.146),

i| . Hence, the solution

kr = CyM;PH I Ky He MG 2 C 7, (4.163)
where

(4.164)

Ky = E{VV'} = [M [m] Om.n_m]

On—m,m Jn—m

and M, [m] = E{vv'}.
From (4.143) and (4.163) we get the expression for the sample estimate of the
matrix of m.s.e. of the estimate

Kr = 62C/M; "H I Ky H M, /2 C . (4.165)
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Fig. 4.1 Section of the admissible domain in coordinates (z1; z»; z3) by the plane z3 = const

As it follows by (4.165) and (4.164), to find KT one needs to calculate 6%
(by (4.144)) and matrix Mv[m], the remaining values in (4.165) can be calcu-

lated using known algorithms of linear algebra, see for example, Lawson and
Hanson (1974). Below we find My[m] for m = 3.

4.6.2 Finding Matrix M,|[3]

To calculate the elements of My[3], it is necessary to determine the density of
the unit mass distribution at the boundary of the admissible region, given by the
constraints (4.158), i.e., (see Fig.4.1) on the planes w;, i = 1, 3, in their intersection
point w; >3, on the faces wiy, w3, wy3, which are the intersections of planes w;
and w,, w; and w3, w, and ws, respectively, and inside the admissible region wy,
allocated on Fig. 4.1 by dotted lines.
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As it is shown on Fig. 4.1, the portion of the unit mass on the plane w; is
defined by those realizations of p, for which the constraint B'yz < b is active.
For planes w, and w; the situation is similar. The mass, determined by realizations
of p enclosed between planes €2; and €25, orthogonal, respectively, to planes w; and
w», is concentrated on the face wi,. The mass distribution on the planes w;3 and
>3 1s determined similarly. At the point w; 7 3 the mass concentration is determined
by the simultaneous activity of all constraints in (4.158). The mass concentration in
the domain w4 is determined by the realizations of p, for which all constraints are
inactive.

From above, the distribution function F'(z) of v (the solution to problem (4.157),
(4.158)), is not continuous. Therefore elements m,:,'[3], i,j = 1,2 of the matrix
M, [3] are determined by the Lebesgue-Stieltjes integral

my[3] = / ziz; dF (z) = Z / 2g) dFk(Z)+ZZ / 22 dFj(z)

k=1 =1

k#l 1>k
k k.l
+/(z) zizj dF125(2) = Zm( )[3] + ZZm( )[3]
@123 = =
k£l 1>k
+m “23)[3] i,j =13, 4.166)

where Fj(z), Fi(z), F1,3(z) are the distribution functions of portions of the unit
mass, respectively, on the face wy, on the edge wy;, at the point w; » 3 of intersection
of three faces; w,ﬁ ), w,ﬁz) are the sets of points on the face w; and on the edge wy;,
respectively, which are located in the admissible region (4.158) and determined in
coordinates of z; a)g 5 is the point of w; » 3 with the coordinates z* = (], 23, 23)’
(z* is the solution to the system of (4.160)—(4.162)). Such a solution always exists,
since the matrix B is non-degenerate.

According to (4.166), we have

k z k.l
3 = [ aze@io mi B = [ azenae.
€Wy, z

Ga)kl
123 o
ml(] 3] = zizj pros. i.j =13,

where ¢k (z) and @y (z) are distribution densities of the fractions of the unit mass
on the face wy and on the edge wy;, and p;,3 # 0O is the fraction of the unit mass
located in the point of intersection of faces wy, k = 1,2, 3.

Introduce the matrices

MO = [mPpI]. k=T34,

MEDG) = [mf3)]. k=13,

M(29)[3] = ml(jl.z,B)B]]’ i,j=1,3.
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Z2

Y

e 0 -

Fig. 4.2 Projection of the unit mass on the boundary of the admissible domain in coordinates
(215 225 z3) (a section by the plane z3 = const)

By (4.166)
4 303
M, [3] =Y MOB]+ )Y " ME 3]+ M3 (4.167)
k=1 k=1 I=I
k#l 1>k
To calculate matrices M®)[3], k = 1,4, we examine the case when there is one

linear constraint B'yz < by, By = [bi1 bro by3]’s k = 1, 3. In order to illustrate
further transformations let us examine Fig. 4.2, where the cut of plane w; by the
plane, perpendicular to the axis Ozz is drawn.

Let the solution zq of (4.157) be located outside the admissible region, formed by
the plane wy determined by the equation B;{z < by, i.e., outside the shaded area in
Fig.4.2. Then, the solution Z to (4.157) is the projection of zy onto wk. Obviously,
Z is the solution to this problem for all cases when p is located on the normal N to
the plane wy at the point z. Thus, in the neighborhood of z, belonging to the plane
wy, we have the mass

dFk(i) = gok(i)da)k, Z¢c Wy, (4.168)

where
w®=/ F(0))]Be[dt (4.169)
0

f(z) is the density of normal distribution, z(¢) is the normal to the plane wy, z(t) =
Z+Bit,0 <t < oo. According to (4.150), we have f(z) = (1/2n) exp{—(z'z/2)}.
Therefore,

2bt + ||Bi]|? tz} { i’i}
— expy——¢-

1
J@(t)) = 5 exp { > 5
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Substituting this expression into (4.169) and making some transformations we
obtain the density of the mass distribution at the point z = Z (note that B’y z = by):

o Gk by 77
== — ==t 4.170
or (2) T exp{ 2||Bk||2§ CXP{ 5 ( )
where
1 *© _\,2/2 =
aj e /7 dx, k=1,3. 4.171)

V21 Sy /1Bl

In further calculations we use the linear transformation of variables. For conve-
nience we give below one useful property.

Statement4.1. Letx € i",y € N", be related asy = Ax, where A is the orthogonal
matrix. Introduce two (n x n) matrices: M = [M;;] and N = [N;], i, j = 1,n, with
elements

Mi,:/r yiyj¢(y)dly, NijZfrxixff(X)dFX'
y X

Here ¢(y) = f(A'y), f(x) = g(h(x)), where g(u) is a monotone decreasing
differentiable function, 2(x) = X'x, G is the (m x n) matrix, b € R, Iy = {x :
Gx<bxe N}, Ty={y:GA 'y <b,y e ®"}. ThenM = ANA'.

Proof. The component i of the vector y is given by y; = Y ;_, @ik Xk, where xj is
the kth component of x. Then

n n
Vivi =)D Xk Xsajs. (4.172)

k=1 s=1

Let us multiply both parts of (4.172) by f(x)dI'x and integrate the left and the right-
hand sides over the domain I'y. We obtain

[ 3ifwarc = 3 Y ana [ wnfwre @

k=1 s=1

Taking into account the fact that f(x) = ¢(y), (detA™!) = (detA)™! = 1 and
dI'y = (det A)_ldI‘y we obtain from (4.173)

M; = /r iy ATy =Y > auNas,

k=1 s=1
proving Statement 4.1. O

For example, one can take in Statement 4.1 as f(x) the density of multivariate
normal distribution, or Student’s distribution.
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Let

vo) = — (—y—z)
J’—mep A

¥2
Y(y) = exp (——) dx. (4.174)

Let us calculate the matrices M%), M*D M(1:23) from (4.167).

Calculation of MW[3]. According to (4.170) the distribution density of the fraction
of the unit mass on the face w; (given by (4.160) with Z = (2}, z2,z3)", where
Zy = bi/bu = b1/||Bi|[ > 0), is given by

1 (3) = ;’—; exp ;- = ¢1(2). (4.175)

Here a; is determined by (4.171) with k = 1.
Points on the plane wy, satisfying inequalities (4.158), belong to the set

a)fz) ={zeN =7, —00o<7 <7}, —00<z3 < b3y (b3—b31zf—bxnz) = L31(22)}.
(4.176)

In what follows the indices of the linear function L;(-) indicate the following: 7 is
the number of the variable, determined by this function, i < 3; j is the function
number.

From (4.175) and (4.176) we obtain the expression for elements of the matrix

MD[3] = [ B]L i, j = 1,3

i

a % L31(z2)
m(-l)[3] = 2—1/ ZiZje_Z%/Z/ e‘zg/zd@dzg, i,j=1,3, z1 =z =const,
T

y
—0o0 —00

where L3 (z2) = b33 (bs — 312} — banzo).

Calculation of M®[3]. Consider the plane w,, given by (4.161). We make the
change of variable

z=D(zB)B, PeR, (4.177)

where D(z, B) is the orthogonal matrix which transforms the vector f into the vector
z. Write D(z, B) in the form

D(Z, B) — |:]_)(Z’ B) 021:|’

O, 1
where D(z, B) = [dj], i.j = 1,2 is the orthogonal matrix, such that B,D(z,B) =
[O 2 :AE 0]. Then elements of D(z, B) are determined by

dii =cos®, dip=—sin®, dy =—-din, dyn=4d;, (4.178)

where @ is the angle of the rotation of axes.
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In the new coordinate system the point of the intersection of constraints is
/
B* =D'(z.B)z" = [B B B3 .

According to (4.170) and (4.177), in the new coordinate system the mass distribu-
tion on the plane w, has the form

*\2 4

where Z = z satisfies (4.160), and a, is given by (4.171).
Taking into account that 8, = B} = const, we get

)

©:() = 5-arexp {— -

(4.179)

Define in new coordinates the part of w, which belongs to the admissible domain.
For this we find the equation of the edge w,3. According to (4.158) and (4.177), w23
is described by the system of equations:

Bz = p, =B,
B3z = r'3(B)B = r31(B)B1 + r32(B)B2 + r33(B) B3 = b3,

where r3(B) = D’(z, B)B; is the vector with components r3; (B), i = 1, 3.
From (4.180) we obtain the equation for w3

r31(B)B1 + r33(B)Bs = R3(B) = bs — rn(B)B;.

Thus, in new coordinates the points of w, which belong to the admissible domain
are given by

0P = (B e R :—oco< i = B, Ba = B, —00 < B3 < 133 (B)(Rs(B)
—r31(8)B1) = L32(B1)}. (4.181)

Denote M(B) = E{BB’}. Since the distribution density B is determined by (4.179),
we obtain by (4.181) the expression for the matrix elements M(B) = [m;(B)],
i,j=13:

(4.180)

a, [FT N Loy, o
my® =52 [ pipeap [ e rag, i) =T
—00

—00

B2 = B5 = const,

where L3 (B)1 = r3;' (B)(R3(B) — r31(B)B1).
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According to Statement 4.1 and (4.177), M®[3] = D(z, $)M(B)D’(z. B).

Calculation of M®[3]. Consider the plane w3 given by (4.162). Make the change
of variables
z=D(z8)8 8§ ¢ N>, (4.182)

where D(z, §) is the orthogonal matrix, satisfying
B35z =B';3D(z,8)8 =[0:0:|[Bs][]8 = b3 (4.183)
and § = [81 82 83]/ .

Denote
r(8) = BD(z,8) = [r;(8)], i,j =1,3, (4.184)

where the matrix B is determined in (4.156). We can write r(8) as follows

(5 0 ru®) |
r(8) = Pom®) | (4.185)
| 0, r33(8) |

where r(8) is the (2 x 2) matrix, r33(8) = ||Bs|| (see (4.183)). Since the matrix
r(8) is non-degenerate, r(8) is also non-degenerate, implying that its orthogonal
decomposition is of the form:

©(8) = s(8)h(), (4.186)

s(8) 0

where s(8) = |:s21(8) 522(8)

], h(8) is the orthogonal matrix. Introduce the matrices

=[P su® O _ W@ 0
e = [ 0 Signszz(S)]’ D(S’V)—[ o, 1}, (4.187)

and put § = D(8, y)y. Then by (4.184)—(4.187) we obtain from (4.158)

Bz = r(8)D(8,y)y = BD(z,y)y <b, (4.188)
where
SGTE) ¢ )|
r(§)D(S.y) = D 138) || D(zy) = D@ 8)D@B,y).  (4.189)

0, : r33(8)_
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Fig. 4.3 Section of the admissible domain in coordinates (y;; y»; ¥3) by the plane y; = const
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Letr(y) =r(8)D@,y) = [r(y)]. 1. ] = 1, 3. Moreover, according to (4.185), we
have o
ris(y) =ri3(8), i =13 (4.190)

Then by (4.188) the system of inequalities

ri(Y)yi + riz(y)ys < by,
ra(Y)y1 + ra(y)y2 + ra(y)ys < ba, (4.191)
r33(y)ys < b3

determines the admissible area (4.158) in new coordinates.
Taking in the inequalities above y3 = v = b3/r33(y) = b3/||Bs3|| we get the
inequalities which describe the admissible values of y on w3 (see Fig. 4.3):

{711()’))’1 < Ri(y) =bi —riz(»)vs, (4.192)

1Y)y + ra(y)y2 < Rao(y) = by — ras(y)y5.

Here the edges w3 and w,3 correspond to the cases when we have equalities in the
first and in the second constraints, respectively.

Let us determine the distribution density of the fraction of the unit mass on ws.
According to (4.170), we have

- o~ as bg i,i
=B expl- e 4.193
P@) = 5p P { 2||B3||2}“p{ } (199)

where Z is the projection of z on w3, a3 is determined by (4.171). We have

z=D(z,y)y, (4.194)
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where matrix D(z,y) is defined in (4.189). It is easy to see that D'(z,y)
D(z,y) = J;. Hence, according to (4.194), z'z = 7z = y’y. Then from (4.193) we
obtain the distribution density of the fraction of the unit mass on w;.

- as b3 vi+vs
Z) =0 = —exp{— exp — , 4.195
¢3(z) 3(y) e p{ 2“B3”2} p{ 7 ( )
where z = Z satisfies (4.160).
Denote the point of the intersection of all constraints (or, equivalently, of edges
w13 and wy3) in new coordinates by y* = [y, y5, 5] = D'(z,y)z*. Then by
(4.192) the range of the values of y; and y, on the plane w3 is

CU?) ={y e R 1 — co< )/151/1*, —00 < szi’z_zl (¥)(R2(y)—r21(y)y1) = Laz(y1)}.
(4.196)

Let M(y) = E{yy'} = [m;(y)],i,j = 1,3. By (4.196) and (4.193) the elements
of M(y) are given by

as " 2 L3 (y1) 2 o .
mz:;(V)=E/ yiyje "/ d)/l/ e 2 2dy,, i,j=1,3,y3=y; =const,
—0o0

—00

where L3 (y1) = r5,' () (Ra(y) — rai(¥)71).
According to Statement 4.1, we have M®[3] = D(z, y)M(y)D'(z, y).

Calculation of M™[3]. The distribution density of the unit mass within the
admissible area is

1 7'z
Pa(z) = —)3 exp{——}, (4.197)

(o

and the range of the variables defined by inequalities (4.158) is given by

a)iz) = {z e N — co< 71 = ZT, —00 <72 = bz_gl(bz —bnz1) = La(z1),

—00 < 73 < b3 (b1 — byiz1 — baz) = Las(z1.22)}. (4.198)
By (4.197) and (4.198), elements of the matrix M®[3] = [mf;‘) B],i,j = 1,3 are
of the form
1 7 La4(z1)
m,?)B] = —3/ ZiZje_Z%/z dm/ e~3/2
(v S

L3s5(z1.22) 5 -
x dzZ/ e 3 dz, i,j =1,3.

o0
Calculation of M?)[3]. For the edge w, the range of variables is given by

oy ={2eW 1z =zl n=253 -0 <z <) (4.199)
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Consider the cut of the area determined in (4.158) by the plane €2 orthogonal
to the axis Ozz when z3 € wgzz) (see Fig.4.1). Denote by €2; and €2, the planes
orthogonal to planes w; and w,, respectively. On Fig.4.1, Q1, ©,, |, w, mean the
lines, obtained by intersecting, respectively, the planes 21, 2,, w;, w, with 2.
According to Fig. 4.1, the mass, enclosed between €2; and €2, is concentrated at the
point (z]", z’z" ,23), located on 2. We obtain from (4.158) that the equation of the line
wy 18 2o = kz1 + b3, where k = —by1 /by, b] = by/by. Then the equation of the
line 25, orthogonal to the line w, and passing through the point (z], z3) is

21 =Lis() =k(l —2), =2 +7/k.

Hence, the entire mass, located in the domain O = {z = [z122] : z1 = k(l—22),220 >
z3;2 € M?} is projected into the point (z},z5) on the plane €2. The distribution
density of the projected mass is standard three-dimensional normal density, see
(4.197). Then for (z],25.23) € mS the fraction of the unit mass has the density

o3} 2
¢12(z) = @12(z3) = ¥ (23) [J%Tr /* exp (—%2) (1- \IJ[Llé(ZZ)])dZZj|-

Hence we obtain the expression for elements of the matrix M(1?[3] = [m§jl2) 3],
i,j=1,3:

*

23 S
m' 23] :/ zizjpn(za)dzs, i,j =1,3,z =z =const, i,j = 1,2.

)
—00

Calculation of MU¥[3]. The range of y on the edge w;3 (which is the intersection
of w; and w3 ) is

a)g) ={yeR iy =y, —00 <y <y ys = y5l (4.200)

The mass, located between the lines, formed by the cut of planes €2; and 23 by
the plane, parallel to the coordinate plane y,Oy, is projected into an arbitrary point
Yy € wg) Let us find equations for €2; and €23.

When r13(y) # 0 we get the equation for w; from (4.191):

_ ri(y) b3
ri3(y) n ri3(y) ‘

Then the equation of the plane €2, orthogonal to the plane w, is

_rl3(Y)y +r13(Y)
V11()’)1 ru(y)

Yi + 5 = La(n).
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Fig. 4.4 Section of the admissible domain in coordinates (r|; r,; r3) by the plane r, = const

The equation of the plane 23 orthogonal to the plane w; and parallel to the

coordinate axis Oy, is y; = y;". Thus, the mass projected into the pointy € a)g), is
located in the following area:

{y e W 1yf <y <o00,—00 <y y5. Ly (y1) < y3 < oo} (4.201)

The considerations above are illustrated in Fig. 4.4. It is easy to see that (4.201) is
valid for all values of r3(y), including r;3(y) = 0.
By (4.201) the distribution density of the fraction of the unit mass on the edge

(y) -
w3 1s

() = ¥ () #/mex (—V—‘Q)(l—w (Dd
Q13\V2) = V2 m ” p 5 371 Y1 |-

Denote M3 (y) = E{yy’} = [m(13)(y)] Yy € a)g), i,j = 1,3. The elements of
M3 (y) are given by

*

V2
mi” (y) = / viviou(y)dys, i, j =13y =y’ =const, i,j = 1,3.
—00
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Using the relation z = D(z, y)y and Statement 4.1, we have
M"[3] = D(z, )M (y)D'(z. y).
Calculation of M@ [3]. Introduce the transformation
y = D(y,n)n, (4.202)

where D(y,n) = |:D(Oy1’2“) 0121i| = [r;(n)], i,j = 1,3. Here D(y,n) is the

orthogonal 2 x 2 matrix. We choose D(y, 1) from the condition

a1 ()i (M)] = [ () r)ID (. m) = [ﬂm(y)ﬂ T (m(v))ZEO], (4.203)

where 7,1 (y) and ry,(y) are coefficients of the equation of the plane w,, see (4.191),
r21(n) and ry(n) are the first two coefficients of the same plane equation in new
coordinates (11, 12, 113).

By (4.202) and (4.191) the equation of the edge w»3 is

{”21(7\)771 + ras(m)ns = ba, (4.204)

r33(m)n3 = b,

where r21(0) = V/(r21(y))? 4 (ra(y))? (see (4.203)), and by (4.190) ri3(n) =
ri3(y) = ri3(8), i = 2,3. Here coefficients r;3(8), i = 2,3, are determined by
(4.189).

Further considerations are analogous to those used for calculating M(!3).

By (4.204) the equation of the plane w; at ry3(n) # 0 is

_ra(n) b
B Vza(ﬂ)m - ra(y)

Then the equation of the plane €2, orthogonal to w; is

r23(n) (YY) . «
= - + + 0% = Lag(n).
r1(n) n r21(y) g s ss(11)

where ] 13 are the components of n* = D'(y, n)y*.

The equation of the plane €23 orthogonal to w3 and parallel to coordinate axis
Ony is m = ny.

Points of the edge w3, located in the admissible area, belong to the set

oY = ey =1l —0c0 <m < ni.ms =i} (4.205)
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The mass, which is located in the domain
e <.m <oo,—00 <y <13, Las(m) <13 < o0}, (4.206)

is projected into the pointn € w1(2)-

It is easy to check both for this case and for the edge w3, that the expression
(4.203) holds for all values of r,;(y).

By (4.206), the distribution density of the portion of the unit mass on the edge
w3 18

ox(1) = V(1) [L (1 — ‘I’[Las(m)])dm}-

LV, 2 nT

The elements of M) (n) = E{ny’} = [m'>

i (M €wu,i.j = 1,3 are

UM _
mz(j23)(“) = / ninjes(m)dn, i.j =1,3n; =n =const, i,j = 1,3.
—00

Using z = D(z, y)y and (4.202) we obtain

z=D(z,n)n, D(z,n) =D(zy)D(y, n). (4.207)

It is easy to see that the matrix D(z, v) is orthogonal. According to Statement 4.1
we have by (4.207)

M@ [3] = D(z, ))M™ (4)D'(z, ).

Calculation of M3 [3]. Let us calculate p; » 3, i.e., the mass, which is projected
to the point z*. It is obvious that

P123 = 1— P23, (4.208)

where pj 3 is the mass located in the admissible domain, given by inequalities
(4.158) on faces w;, i = 1,3, in area w4 and on all edges:

4
Pras=Y_ pi+pu+pi+ pa,

i=1

where p; is the mass concentrated on w;, pi2, P13, P23 are the masses concentrated
on the edges w12, w13, w23, respectively.
We have from above:

p1 = f , 1@ do)” =alf2 ¥ (x)W[L3, (x)]dx,

BY
pe [ e@w = [ e@ud o ymviie@is,
z€0? Beo®) .

2
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2
Py = / ,, 9(@)doy” = [ O3(y)dol = a; / ¥ () W[Lo3 (x)]dx,
z) (y) —
z yEw; 0o

€w,

1 zy Loa(z1)
ps = / (@) do? = — 3/ e le/ e /2
zewiz) (\/E) —00 —00

L3s5(z1.22) 2
dz / e /% dzs,

oo

5
P12 = / §012(Z)dw1(? =/ ¢12(z3)dzs,
2€0? —00

€w12

n
pi3 2/ " ¢13(2)doy? 2/ @13(y2)dy2,
—o0

n
P23 = / (Z) ¢23(z)dw§? =/ ®23(m2)dns.
—0o0

These expressions allow to calculate p; ;3 in (4.208). The elements of the matrix
M2 [3] = [mfjl’z’3) [3]], i, j = 1,3 are determined by

123 S
ml(] 3] = ZZipias, i,j =13

4.7 Sample Estimates of the Matrix of m.s.e. of Parameter
Estimates When the Number of Inequality Constraints
Is less than Three

From the relations obtained in Sect. 4.6 one can get the formulas when the number
of constraints is m = 1,2. In this case, the admissible area is defined by lines w,
and w, (case m = 2), see Fig. 4.1, and by the line w; (case m = 1). The matrices
s and B are (m x m) matrices, located in the upper left corners, of, respectively,
matrices (4.153) and (4.156).

4.7.1 Casem = 2

In this case, the unit mass is distributed in the admissible area in the sets w; (in the
line w; when k = 1, in the line w, when k = 2, and in the set within the admissible
area when k = 3) and in the point (1,2) which is the intersection of w; and w,. Then
the symmetric matrix M, [3] in (4.167) can be written as
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3
M, [2] = Y M®[2] + MU2[2]. (4.209)
k=1

Elements of the matrices in the right-hand side of (4.209) are calculated as follows.

Calculation of M[2] = [m\[2]],i. j = 1.,2. Since for m = 2 we have in (4.176)

L31(z2) = 0o, we obtain from the expression for mlgjl) in Sect. 4.6

a 5 . Z2
m2] = —= f (z)? eXp%——z}de,
- 2

21
a z;k Z2
m§12)[2] = «/21_71/ 2 exp {—Ez}dZL
—00

) a [, 3
my, 2] = Nors 7 22 exp 3 dzs, (4.210)
—0o0

where z}, z3 are the components of z* € %2, which is the solution to Bz = b, and
a; is determined by (4.171) for k = 1, ||By|| = b11.

Calculation of M [2]. Make the change of variables z = D(z, B)B, where f € %7,
and the matrix D(z, ) = [d;j], i, j = 1,2 is defined by (4.178).
Then

M®@[2] = D(z, )M(B)D'(z,B). M(@B) = [mz(B)]. i.j =1.2. (4.211)

Taking into account that for m = 2 in (4.181) L3,(z2) = oo, we obtain from the
expression for m;(B) in the Sect. 4.6 that

*

Bi
a *
mB) = —= (—ﬁi‘e‘<ﬁl e f

A/ 21 o0
a *\2 ,BT 3
myn(B) = %/ e ﬂ%/zdﬁl,
—00
a»B3 BY

A/ 2 —00

m(B) = xe P12 dp,, (4.212)

where B* = D/(z,B)z*, B}, B3 are the components of B*, a, is determined by
(4.171) fork = 2, By = [by by ]

Calculation of M®[2] = [mff) [2]], i, = 1,2. Calculations below are particular
cases of the calculations made for matrix M® [3], see Sect.4.6. In this case, in
(4.198) we have L35(z1,22) = o00o. Let us rewrite the linear function in (4.198)
Ly(z1) = b5 (by — buizi) as Lo(zi) = kzi + by, where k = —by/ba,
b} = by/by,. Then (see (4.174) for the notation)
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[
m/ Ze 4 Wy (kzy + bF)dzy,
—00

my)[2] =

(3)

1
my, 2] = ?/ €_Z%/2\I’o(kzl + b))dz,
Y —o0

3
el = —= [ ae e + i (4213)
—0oQ

Calculation of M12[2] = [m(»l’z)[2]], i,j = 1,2.In this case,

my P2 =z ps i) = 1.2, 4.214)

where pj; is the mass, concentrated at the point of intersection of lines w; and w,.

According to Fig.4.1, ps is the mass enclosed between the normals €2; and €2,
to lines w; and w,, respectively. From (4.161) we obtain the equation for w,: 7 =
kzi + b3. Then the equation of the line 25, orthogonal to w, and passing through
the point z = z*, is z; = k(I — z2), where [ = z5 + z}/ k. Hence, the entire mass,
located in the area O = {z: z1 > k(I —z22).20 > &5z € M2}, is projected to the
point w3. Thus

00 2
p3 = \/;2_77 /zz P (_%2) (1=l =2

4.7.2 Casem =1

Since in this case we do not have w,, we put in the formulas of Sect. 4.7.1 z’z" =k =
b¥ = oo. Then in (4.209) we have M, [2] = MD[2] + M©®[2]. Using (4.210) and
(4.214) one can show that M, [2] = diag(M,[1], 1), with

M,[1] = m&ll)[Z] + m§31)[2] = al(ZT)2 f Zl exp ; }dzl (4.215)

4.7.3 Comparison of the Estimate of the Matrix of m.s.e.
of the Regression Parameter Estimate Obtained
with and Without Inequality Constraints for m = 1,2

The estimate for the matrix of m.s.e. of the regression parameter estimate is given
by (see (4.165))

K; = 02CrM; *H/ I Ky Hy M, /2 C' 7 (4.216)
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where (cf. (4.164))
Ky = [rv[’"] Om’”—'”], (4.217)

n—m,m Jn —m

and M, [m] is a matrix whose elements are functions of the random vector by
with components given in (4.128). Denote estimate for the matrix of m.s.e. of the
regression parameter estimate by the LS method without constraints by K7. In order
to determine the effect of the influence of constraints on the accuracy of estimation
of K7 and K7 we use in both cases the same estimate for o2. We can take any
estimate for o2 obtained as the solution to (4.58) with or without constraints. To be
more precise, we use the estimate 0%, defined in (4.115). Then for Ky = J, we get
from (4.216) K7 = 02R;".
Let m = 1. For this case the following theorem takes place.

Theorem 4.7. If m = 1, and Assumptions 2.9, 4.1, 4.2 hold true, then: (a) the
matrix Kr — Ky is non-negative definite for n > 1, (b) Ky — Ky is positive
definite for n = 1, (c) if the first component of the n-dimensional vector Wy =
HTHTM;I/ZC/TX is not equal to zero, then for an arbitrary non-zero vector x € fR"
we have X' (Kr —K7)x > 0 for n > 1.

Proof. By (4.217) we have
Ky = diag(M,[1] 1 ... 1), (4.218)

where the scalar M[1] is given in (4.215). Here, according to (4.171), a; =

-1 2
(\/271) fz?o exp {—%} dzi, where zf = bi7/|[Bi||, and by = br € Rl isa
random variable. According to (4.159) we have by > 0. (Recall that we dropped in
the index 7 in (4.171) and (4.159)).
Let us find the upper bound for M,[1]. Since by is non-negative, we have zi > 0.
Then

ai(z})’ = ) (\/_)_1 /:OeXp{—é}dm < (*/E)_l /:Ozfexp{—g}dm.

1

From here and (4.215) we get
M,[1] < 1. (4.219)

From (4.215) we obtain the lower bound for M, [1]:

M,[1] = a1(z})* + / 7 exp{ } dz; > %
as z{ > 0. Moreover, M, [1] = 1/2ifz]" =0.

By (4.216) Ky — Ky = 02Lr(J, — Ky)L'r, where Ly = CrM, ' "H/7 17,
implying together with (4.218), (4.219) the statements (a) and (b).

To prove (c) consider the quadratic form sp = O’%X/LT(JH — Ky)L'7x =
U%W’T(J,, — Ky)W7, where x is an arbitrary nonzero vector, Wy = L’7x. By
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(4.218) and (4.219) s7 = o%(l — Mv[l])wa, where w7 is the first component of
the vector Wr. Moreover, sy > 0 if w,7 # 0, which proves (¢). O

Let us substitute in (4.128) the values b;7, i € I, as well as ar and o7 (4.216)
with their true values «® and o. Moreover, putin (4.128) niy = 0,i € I. Then
(4.216) and (4.128) determine the true matrices of the m.s.e. of parameter estimates
K(} (with constraints) and K(} (without constraints). It is obvious that Theorem 4.7
remains valid also for K9 and K.

Let us compare the estimate K7, which takes into account all constraints for each
sample, with the truncated estimate K. of the matrix K(}. According to (4.14) we
have for the linear regression

L L
K =Y Kiryr. Y yr =1 (4.220)
=1 =1

Here L = 2™ is the number of all combinations of active and inactive constraints
up to &, including all inactive constraints case,

Kir = o7k, kir = E{wru/ 7}, (4.221)

where u;7 is a solution to the problem

1
Ey'RTy —q'7y > min, g,y<0, i€l €I, qr ~N(O,Ry). (4222)

In (4.222) g/, is the ith row of the matrix GT, I; is the set of numbers of the
[th combination of active and inactive constraints up to & (which is completely
determined by the combination of active constraints up to §).

For the case m = 1 we have for L = 2 (see (4.220))

Kt} =kryir +Kiryar, vir +yor =1,

where the matrices k7 and K7 are defined by (4.220)—(4.222), when I(x7) = @
and I(ar) = {1}, respectively. Hence, k17 = K7, where k£ is a sample estimate
of the matrix k7, calculated by (4.216), (4.217) for m = 1 and the right-hand side
of the constraint ZSIT =0.

We have k7. —k7 = (K7 —k7)yiT + (kK17 — Kk 7) Y21 In this expression the first
term is a non-negative definite matrix according to Theorem 4.7 and the inequality
yir = 0. Let y,7 = 1 (i.e., the constraint is active up to &), which holds true when
Z;IT = 0. Then K‘} — KT =Ky — KT = 0, since in this case k7 = k7. Thus,
K‘} — K7 is the non-negative definite matrix for all possible samples.

Let us formulate the obtained result.

Theorem 4.8. Ifm = 1, and Assumptions 2.9, 4.1, 4.2 hold true, then the difference
K% — K7 is the non-negative definite matrix.
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According to Theorem 4.8 the estimate K7 of the matrix of m.s.e. of the parameter
estimate obtained by taking into account the constraints on parameters is more
precise than the truncated estimate K.

Let us compare the accuracy of parameter estimation with the accuracy of the LS
method when the number of constraints is m = 2. To avoid tedious calculations we
determine the accuracy of estimation with the constraints my means of the truncated
matrix K7. According to (4.220) for L = 4 we have

K7 = kryir+Kiryvor +Korvsr +Ksryar,  vir+var+ysr+yvar =1 (4.223)

where the matrices 7 and K;7, i = 1, 2 are defined by (4.220)—-(4.222)for I}, = &
and I} = {i},] = i + 1, respectively, and the matrix K37 is determined by (4.220)—
(4.222) with I, = {1, 2}. Hence

Kpr=£kr, i=1,2,3, (4.224)

where & ris the sample estimate of k 7, calculated by (4.164), (4.165) form = 1 and
the right-hand side of the constraint l;,-r =0,i = 1,2.Fori = 3in (4.224) k7 is
also calculated by (4. 164) (4.165), but with m = 2 and f)T =0,.

Consider the matrix KT — Ks7. According to (4. 164) and (4.165), the difference
between KT and Kxr = K is determined by J, — MV[2] By (4.209), elements of
the matrix My [2] = [my], i, j = 1,2 are given by

my[2] = Zm(k)[2]+m“2>[2], ij =12 (4.225)

where the values in the right-hand side of (4.225) are determined by (4.210)-
(4.214), and (4.178), where Z{ = Z3 = 0. From these formulas and (4.225) we
obtain

1 1

1
my = Zsm 90+2—((,0—§sm2<p)

1 1 1
Moy = Z(1+cos q))+— (p+551n2(p

. .2
- _cosgsing n sin <p’ (4.226)
4 2

where ¢ is the angle between the lines w; and w,, see Fig.4.1. ¢ and the angle &,
appearing in (4.178), are related by ® = ¢ — (1r/2). When ¢ = 7 two inequality
constraints are transforming into one, see Fig. 4.1.

Lemma 4.11. Let the elements of the matrix M, [2] be determined by (4.225). Then
the matrix A = J, — M [2] is positive definite for 0 < ¢ < m and is equal to the
matrix diag(1, 0) for ¢ = m.
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Proof. Let us show that trA > 0 and detA = Ax > 0. By (4.226) we obtain
trA = 2 — ((1/2) + (¢/m)) > 1/2. Further, after transformation, we get from
(4.226)

Ax(p) = 1/2 + s1(9) + 52(9) + 53(¢0),

where

3p ¢
—. Ss3(p) = ——+m~

(m + 1)sin2¢ (72 sin’ @)

i) = =T R () = T

We divide the interval ¢ into two intervals: i; = [0;/2) and i, = [7/2; 7].
In the interval i} we have dS3(¢)/d¢ < 0, and s3(¢) decreases from s3(0) = 0
to s3(mr/2) = —5/6. Then

1 1
M@z Tt n@ 5 =01051 0sp=Z. @22

In the interval i, we have Ar(p) > Aa(p) = (1/2) + dsin*¢ — (3¢ +
4m) +(p?/4n?), where d = ((n> — 4)/167?) = 0.03714. For this interval
(dAa(p)/dp) = dsin2¢ — (1/4n) < 0, as sin2¢ < 0, ¢ € [n/2, 7]
Consequently, Ax(¢) > Aa(p) > 0 for 7/2 < ¢ < m, as Ax(p) decreases
monotone in i, from A, (7/2) = 0.2246 to Ax(7r) = 0. From above and (4.227),
taking into account that A () = 0, we obtain the statement of the lemma. |

Theorem 4.9. If m = 2 and Assumptions2.9, 4.1, 4.2 hold true, then the matrix
K1 — KY is non-negative definite.

Proof. From (4.223) we have

3

Kr — K& = Z(ET —KiT)Vi+1.T (4.228)
i=1

By Theorem4.7, (4.224), and y;r > 0,i = 1, 2,, it follows that (k7 — k;7)Vi+1.7 1S
a non-negative definite matrix. R

Mv [2] O2,n—2
0,22 Ju—
(see 4.164), is positive definite for n = 2, and is non-negative definite for n > 2.
Then, according to (4.224) and (4.165), we have k7 — k37 = 6%LT J, - KV)L/ ,
where the matrix Ly = CTM;I/ 2H’T [ I, is non-degenerate, as the product of non-
degenerate matrices. Hence, since y4r > 0, we see that the matrix (K7 — k37)y47 18
the non-negative definite, and the theorem follows by (4.228). O

It follows from Lemma 4.8 that the matrix J,, —Kv, where I&V =




Chapter 5

Asymptotic Properties of Recurrent Estimates
of Parameters of Nonlinear Regression

with Constraints

In Sect. 1.2 we consider iterative procedures of estimation of multidimensional
nonlinear regression parameters under inequality constraints. Here we investigate
asymptotic properties of iterative approximations of estimates, obtained on each
iteration. Moreover, we allow the situation when the multidimensional regressor
has a trend, for example, it may increase to infinity. We start with a special case in
which the constraints are absent.

5.1 Estimation in the Absence of Constraints

In Sect. 1.2.1.2, we described algorithms of estimation without constraints, and min-
imized the function (1.4) with respect to . Such algorithms are the particular cases
in the general scheme of estimation under constraints. We give the representations
for the cost function of the problem, and the algorithms for calculation of estimates,
which take into account the sample volume 7.

According to (1.4) the cost function is

T
SHe) = 5 > (v~ file))”

=1

(Note that in Chap. 1 we used the notation S7 (o) for S(et).)
According to Sect. 1.2.1.2, the iterative process of estimation can be written as

U171 = Or + irXer, kK =0,1,2,..., (5.1
where o7 is the regression parameter on the kth iteration of estimation,

Xir = —(D'(axr)D(otir) + virAr (axr)) ™ V7 (otyr).
Here D7 (o) = 9fi(ot)/0cj, t =1,T, j = 1,nisaT x n matrix.
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Since the regressors might have a trend, the assumptions on the regression
functions used in Chap. 2 need to be replaced by the assumption given below.

Assumption 5.1. A. Functions f;(o), t = 1, T are twice differentiable on )h”.
B. There is a diagonal matrix E7 of dimension n X n with positive elements on the
main diagonal E7;, which possesses the following properties:

l. E >o00asT — o0,k =1,n

2. (3fi(or)/0;)*/E2 — 0as T — oo,i = 1,n, uniformly in « € ®, where ©
is any compact set

3. Rr(a) = EZ'D'7(a)Dr(0)Er — R(er) as T — oo, uniformly in o € ©,
and R(a) is a non-degenerate matrix

4. limy_ 00 Z,T=1 |02 f; (o) /0cx 0ty | Erg E7; < 00, uniformly in o €®,

k.l=1,n
5. ER’EL] S (@ fi () /g day)* — 0as T — oo, uniformly in o € O,
k,l=1,n

6. imy oo VT /Eqx <00,k =1,n

As an example of the matrix Er which satisfies Assumption 5.1.B one can take a
matrix with

T
0
£ - 5 (1

2
) i =1.n, orETZ\/TJn.

a=al

For a noise ¢, in the regression model y, = f;(a”) + &, t = 1,2,... we use
Assumption 2.8, in which we do not assume that &, ¢ = 1,2,..., are identically
distributed, but only that their dispersions o2 are equal.

Using the notation introduced above, the formulas for calculation of X7 can be
rewritten as follows:

Xir = VTEF'R; (our)qr (our). (5.2)
where
Ry (axr) = Ry (orwr) + virEr ArE;
Ry (or) = E7' D7 (otr)Dr (i) E7 (5.3)
ar(our) = VTEL qr (our). (5.4)
where

T
qr(our) = —T7'VSy(our), Sy(a) = TSr(o) = %Z(J’z — fil@)®, (5.5)
=1

and A7 is a positive definite matrix, properties of which are specified in Condition
5.1 below.

Algorithms of estimation (see Sect.1.2.1.1) differ in the choice of the step
multiplier y;r and the regularization parameter vir. In the present chapter, we study
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Algorithms B5.1and B5.2 in which yr is determined by minimization of the cost
function. Below, we give a short description of the algorithms taking into account
the volume of the sample.

Algorithm B5.1

The parameter yr is found by Armijo condition: consecutive division of the unit into two equal
parts until the inequality

ST (or + yXar) < S5 (otur) — ¥ X (D (otier)D(otir) + vir At (otar)) Xer (5.6)

holds true. Further the parameter vy is specified:

wr ifyr =1,
Vkt1r = ywir iy <lovr >V, (5.7)
cvir ifyr < lewr < V.

where ¢ > 1, V = const, vor = vy = const.

Algorithm BS.2

The parameter vy = 0, while y;r is found as in Algorithm B5.2.
Since we study the asymptotic properties of iterative calculation of regression parameter estimates,
we need to impose some restrictions on the matrix Az (otzr), introduced in (5.3).

Condition 5.1 The matrix Ar(oyr) is positive definite. Its elements can be
constants, or they might depend on ;7. In the latter case, if oy is a consistent
estimate of «, then
p lim E7'A7(oxr)Er! = O, (5.8)
T—00

In particular, Condition 5.1 is fulfilled for the matrix A7 (axr) = diag(r (axr)),
i = 1,n, where rnT (ogr) is a diagonal element of the matrix Ry(or) =
T7'D' 7 (otxr)Dr (otir).

According to the above expressions, parameters y;r and v depend on a random
vector Y, i.e. on the values of the dependent variable, since independent variables
are deterministic.

Suppose that in (5.1) o7 is random. Then the sequences o7,k =1,2,...; w7,
k=1,2,...;vr,k = 0,1,2,... formed by AlgorithmsB5.1 and B5.2, are se-

quences of random variables.

Lemma 5.1. Suppose that for any finite T we can fix arbitrary random vectors ar,
b7, bor, satisfying with probability 1

llar|| <[] bir|| + [[b27]]. 5.9
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and, moreover, for any numbers n;,0<n; <1,i = 1,2 there exist ¢; >0, 1; >0,
such that
P{|bir||> &y <ni, T> ;4 =12 (5.10)

Then forany n;, 0 < n; < 1,i = 1,2, there exist e > 0 and t > 0,
such that

P{llar||> e} <n, T>rt. (5.11)

Proof. We have fore =& + &;

Pillar|| < e} = P{|[bir|| + [[bar|| < e} = P{[|bir]| < e1,[|[bar]|| < &2}
> P{||bir|| < e1}—P{||bar||> e2}>1—n1—n2 = 1—n, T>t=max(t, ra),

implying (5.11). O

Lemma 5.2. Suppose that Assumptions 2.8, 5.1, and Condition 5.1 for the matrix
Ar(ogr) are fulfilled. Let otgr be a random variable, oy is a consistent estimate of
the regression parameter o € ©, where ® is some compact set. Assume that for a
givenvalue Ay > 0 there exist wy > 0 and Ty > 0 such that P{||Uir||> wi} < Ak
for T > Ty, where Uy = Er (ot — «°). Then for given Aryy > 0 there exist
Wi+1 > 0and Ti4+1 > 0 such that

P{|Uk+1.7/1=2 @k+1} < Dg1s T > Tita, (5.12)
where Uy11.1 = Er(aj41.7 — o), ax11.7 is defined by (5.1) and Algorithm B5.1.
Proof. From (5.1), (5.2) and (5.4) we have

oit17 = opr — YirEr R () E7' VS H (aar). (5.13)
Similarly to (2.26),
E;'VS}(our) = @7Er (s — ) — Qr, (5.14)

where Q7 = E;'D'r(a®)er, er =[e)...er], the matrix Er is defined in
Assumption 5.1.B, ®7 = TE;'®;E;', where ®7 is defined by expressions
(2.26), (2.27). If Assumptions 5.1.B.1-5.1.B.3 are satisfied, then by Theorem 2.1
(Anderson 1971)

Qr = Q~ N(0,,0’R(a?)), T — oo. (5.15)

Using (2.27), we can write the elements of o

. T 92 y
Of (6 7) = 7 &) HEEr)™ Y (v — filk11)) aaj;;zl)

t=1 a=%

. (5.16)

1T

where |[§,7 — a®|| <|| axr — &°||, 7] () is an element of matrix Rr (), see (5.3).
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We can find the limit in probability of ® 7 in the same way as it was done for ®
in Sect. 2.2, see (2.30). Using the mean value theorem, we get the expression for the
second summand in the formula for CIDle (§,7) (which we denote by Br):

T
0% £, (o
Br = Bir — Byr = (EniEq)™! E & file)
8ak8a1 _
=1 =T
d 0 fi(e)
—(EnEn)~' Y _(V (&, —a’) 2
(EmEn) t=1( Ji(85)) (By — ) dotg ot —

where ||&,7 — o|| <|| &7 — «°|| <|| sz — &°||. From Assumption 5.1.B.5 and

Chebyshev inequality, it follows that plimreo(EnEn)~" Y_, &/( fi(a)/

dayda;) =0 uniformly in o €®. Then according to Wilks (1962, Chap.4),

plimr_o Bir =0, and we have by consistency of oy that plimr 0 &7 = ol
After necessary transformations we get

o P i) g

Byr = (EniEq)~! Z A&y
p do 0oy O

where A§,; = £1,; — o, £, is the ith component of &,. We have

0 fi(er)

EnEq)~!
( Tk Tl) 30lk30l1

ax,_y7 | (3f; (oe)/aaim:gz,&

m
Bori < (Eqi|Aé1il) i
Ti

=1 a=§

According to Assumptions 5.1.B.1-5.1.B.2 and Lemma 2.1 (Anderson 1971),

max, _7(3f, (o) /de;)*
Ef

— O uniformlyinoe € ® as T — oo.

Then, since by consistency of oy we get plimr—oo&,7 = «f, the second
multiplier in the right-hand side of the inequality for B,7; converges in probability
to 0. Similarly, by Assumption 5.1.B.4 the third multiplier is bounded.

We have E7|A& | <||Uir||. By the condition of the lemma for ||Uir|| we
obtain P{E7|A&yi|>wr} < Ag for any T > Ty. Then it is easy to show that
the product of the first and the second multipliers in the right-hand side of the
inequality for B,r; converges in probability to O and, hence, the right-hand side part
of the inequality also converges in probability to O, implying p limr .« Bor; = 0.
Therefore, since p limr_.o, Bir = 0, we arrive at p limr_.oc Br = 0.

By Assumption 5.1.B.3 and the consistency of §,; we have plimr— oo fle
(8,7) = Fu(e®) (that s, the (k, [)th element of the matrix R(«")). Hence, @] (§,7)
converges to 0 in probability, which holds for arbitrary k and /.
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Therefore,
p lim ®; = R(a?). (5.17)
T—00

From (5.13) and (5.14) we have
Uit1r = Uir + VkTﬁFl (atr)(Qr — D7 Usr). (5.18)
We get from (5.2), (5.3)
p Jim Ry(our) = R(@). (5.19)

where we used Assumption 5.1.3, Condition 5.1, and boundedness of v;r (see (5.7))
and y,r. Then we derive from (5.18)

Ukt1r = Bir + Bar,

where
Bir = VkTﬁFI(NkT)QT,
Bor = (1 — vir)Uikr + yir(Jn — Mz (otxr) ) Uiy (5.20)
Here _
My (air) = Ry (eer) D7 (5.21)
Therefore,
[[Uk+1,rll = [IBir|| + |[Barl]. (5.22)

By (5.15) and (5.19), the random variable I:{;I (ox7)Q7 has a limit distribution. Then
for any §; > 0 there exist positive values e; and 71, such that

P{||Bir|| <ei} > P{||I:{;1(akT)Qr(osz)|| <ey}>1-6, T> 1z (523)
From (5.20) we get
|Barll< (1 = yir) [[Usrl| + vier [|(Jn — M(etir))Ukr ||
By the conditions of the lemma for ||U;r||,
P{1 = yin)|Ukr || < €1} = Pi{[Ukrll < ey =21 —=621. T > o (5.24)
where er1 = wg, 621 = Ak, 101 = Tk
According to (5.17) and (5.19), the matrix J,, — M(otx7) converges in probability

to a zero matrix as 7 — oo, i.e. forany § > 0, e > 0,

P{J, —M(aup)|| < ép}>1-68, T >t



5.1 Estimation in the Absence of Constraints 189
Then, since y;r < 1 we have

P{yill(Jn — Mz (okr))Ukl|| < exn}
> P{||J, — Mz (oxr)|| -] Ukl < e}

e
> P {13, — My (our)|] < eﬁ — P{||Uil|> ea}
21

>1—08p», T > x=max(t, 1),

where 8y = 81 + 6.

Further, put in (5.9) ar =Bor,bir = (1 — yip)|[|Ukrll, bor = yir||(Jn — M7
(ax7))Uk|| and in (5.10) &; = ez, n; = 82, T = T2i, i = 1,2. Then from (5.11)
we have

P{||Bor||> ex} <62, T > 2= max(1a1,122), (5.25)

where e, = €31 + €27, 82 = 621 + 8.

Similarly, using (5.9)—(5.11) for (5.22), (5.23), (5.25) and putting ¢; = e;, n; =
8i,i = 1,2, wg+1 = e1 + ex, Apy1 = 81 + 6, we obtain the statement of the
lemma. O

Let us proceed to the main results.

Theorem 5.1. Suppose that Assumptions2.8, 5.1 and the Condition 5.1 are ful-
filled. Assume that the initial value of iterative process is a consistent estimate ooy
of o’ € ©, where @ is a compact set. Then the values o, k = 1,2, ..., obtained
by Algorithm B5.1, are the consistent estimates of or°.

Proof. Consider the expression (5.1). Let k be an arbitrary value, and let
oy be a consistent estimate of a’. From (5.2), (5.4), (5.5), we have X7 =
—VTEF'R; (o47)E7 ' VSF (otr). According to (5.14), (5.15), (5.17) and (5.19)
we obtain

p lim X7 = p lim E;'R; (o7)(Qr — ®7Uiy) = O,,.
T—00 T—00

From the last expression and (5.1), we obtain the consistency of a; 4 7. Since k is
arbitrary, o7 is consistent, and vor is constant, we get (5.2). Theorem is proved. 0O

Theorem 5.2. Let conditions of Theorem 5.1 be satisfied, and assume that Ugr =
Er(aor — o) has a limit distribution. Then Ur = Er (ayr — o), k=1,2..., where
oir = og—1.7 + Xk—1.7, are asymptotically normal, i.e. they converge as T — oo in
distribution to a random variable U ~ N(O,, 0°>R™ («®)). Here oy is the sequence
of values formed by Algorithm B5. 1.

Proof. Take an arbitrary k > 1. Then oy is the consistent estimate of a? (see
Theorem 5.1). According to Lemma 5.2 and the fact that Uy7 has a limit distribution,
(5.12) holds for any k > 0. The arguments above allow us to investigate the limit
properties of &y 7.
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We have B
Uitir = (Ju — Mz (o)) Usr + Ry (our)Qr, (5.26)

where M7 (ayr) is defined by (5.21).

The matrix J, — My (o) converges in probability to a zero matrix, which
implies the convergence in probability of the first term in (5.26) to a zero vector
(cf. (5.12)). According to (5.15) and (5.19), the second term in (5.26) converges
in distribution to a random variable U~ N(O,,o’R™!(«")). Thus, I~Jk+1,r also
converges in distribution to U. Theorem is proved. O

It is easy to see that Theorems5.1 and 5.2 hold true for Algorithm B5.2 if the
conditions of Theorem 5.2 are supplemented by the next one: the matrix Ry (axr) is
positive definite for any k and 7' (which is true under Assumption 1.5, Sect. 1.2.1.1,
if we replace D(ot) by D7 (at)).

It is necessary to note that for finite k& the sequences ;7 and o7, K = 1,2, ...
are close enough. In the beginning of the iterative process the step multiplier
equals 1, implying &;r = oyr. Under large division of the step, the size yirXyr
is small, implying &7 & oyr. The same correspondence takes place for large k
independently from the size of the step multiplier, because X7 — O, as k — oo.
Such a property of X;r takes place according to Theorem 1.3 (estimation under
constraints using Algorithm AS5.1).

A little modification of Algorithms B5.1 and B5.2 allows to obtain the sequence
or, k = 1,2, ... with the same properties as &7, k = 1,2, .... From this point of
view the following result is useful.

Corollary 5.1. Let conditions of Theorem 5.2 be fulfilled, ko be the number of the
iteration for which yr,v = 1, YT (ko > 0) and starting from oy, Algorithm B5.1
converges. Then for the kth iteration with k > kg the limit distribution of U;r =
Er (axr — o) coincides with the distribution U~ N(O,, o?R™! («?)).

Proof. From (5.18) we derive

Uky+1.7 = (JnMr(akr))Ukyr + ﬁ(aKT)QT- (5.27)

Since the matrix J,, — My (oxr) converges in probability, the first term in (5.27) also
converges to a zero vector. Taking into account that R~ (otx7) Q7 :p> U, we obtain
Uko+1.7 =p> U. Then from (5.15)—(5.18) we derive Uy 1 =p> Ufork >ko+1. O

According to the algorithms investigated above, the iterative process of calculat-
ing the estimate for the multi-dimensional regression parameter allows to achieve
(with prescribed accuracy) the neighbourhood of the point in which the sufficient
condition for the extremum of the cost function S7 () in the estimation problem
holds true. Moreover, there is no guarantee that the point where the calculation
process breaks (we call it for simplicity the machine minimum) is close or equal
to the true global minimum. It is known that the solution to the estimation problem,
corresponding to the global minimum of S7(e), is the consistent estimate of the
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regression parameter, see, for example Jennrich (1969) and Malinvaud (1969),
which is asymptotically normal (Ivanov 2007).

According to Corollary 5.1, machine local minima of S7 () are asymptotically
equivalent, if calculation process begins with a random variable which has a limit
distribution. In many cases (Demidenko 1989) S7 (o) has 2-3 local minima and
for any initial approximation it is necessary to find the global minimum. If the
initial estimate of the parameter has a limit distribution, then, as follows from the
results proved in this section, the estimate corresponding to any local minimum is
consistent. In this case, it is desirable to sort local minima and choose one that has
the best (in some sense) matrix consisting of sum of squares of parameter estimates.
As a possible criterion for the choice of such matrix one can take its determinant, i.e.
the generalized dispersion. Other possible criterion follows from the interpretation
of the obtained result from the point of view of the stability of regression parameter
estimations. In Demidenko (1989, Chap. 6, Sect.4), it is suggested to use the
norm of the gradient do;7/dY, i = 1, n (where o7 is the i th component of a7, Y is
T -dimensional vector of observed values of the dependent variable). It is shown that
if E2. = TJ,, then ||da;r/3Y ||~ (R7!'(et7))ii. Thus, choosing as a solution to the
argument of the machine minimum of the sum of squares, which corresponds to the
minimal trace of the matrix R7!(at7), we get the solution which is steady enough.

By consistency of the estimate at the point of the machine local minimum o+ 7
(here k* is the iteration number on which the desired accuracy of estimation is
achieved), instead of a matrix cr%R_1 (o= 1) of m.s.e. of estimates of parameters
we can use more exact estimates (here o7 is the estimate of the dispersion o2
corresponding to the remainders calculated for « = oy 7). For instance, one
can use the estimation that takes into account second derivatives of the regression
function (Demidenko 1981, Sect. 8.3), or an interesting method which requires more
detailed analysis of the regression function (Ivanov 1997, Chap. 4).

The described properties of the iterative process are based on the assumption
about consistency of the initial approximation and the existence of its limit
distribution. The approximation, which satisfies this condition, can be derived by
other methods of parameter estimation. It is possible to specify the area of applied
statistics where such initial approximation exists — modeling of distributed lags.
It can be found by the method of instrumental variables which is applied, for
example, for parameter estimation in dynamic systems (in econometric and in time
series analysis they are also called distributed lags), see Ljung (1987, Sect. 7.6) and
Hannan (1976, Chap. 7).

5.2 Estimation with Inequality Constraints

Consider the statistical properties of iterative calculations performed by Algorithms
Al.1 and A1.2. Recall that these algorithms describe the estimation of parameters of
a nonlinear regression with inequality constraints. Here we give a short description
of Algorithms Al.1, A1.2 modifications. Denote by T the sample volume.
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Algorithm AS.1

We specify regression parameters according to (5.1); the step multiplier used in (5.1) can be found
by (1.36), which can be written as

u(ogr + yrXar, Yr) — ulogr, Wr) < —y5X (D (oxr)D(oir) + virAr (o) Xar,  (5.28)

where u(or, Wr) = S7(or) + WrP(ayr), and the matrix Ry (otxr) is defined by
(5.3). Then the regularization parameter vy is specified by (5.7). Vector X;r is
the solution to the quadratic programming problem which arises from (1.32) by
multiplying the cost function by 7! and replacing S(e) by S (e), and & by otz

1 -
—X'Ry(0;7)X — q' 7 (ctp7)X — min,
5 7 (0tr) q' 7 (ctxr) (5.29)

G (o)X < —g(okr).

Here Ry (o) = T~ (D (o) D(otir) + vir Az (axr)), Ve (arr)s i € 1, glar) =
[g/; (axr)], i € I, are the lines of the matrix G(oxr). According to (5.5), we have
ar(our) = — VSr(ayr), where Sr(or) = (1/2T) /_ (v — fi(e))%.

In contrast to (1.32), the supplementary problem (5.29) includes all linearized
constraints (i.e. the case § = 00), which simplifies further investigations. In practice,
in the auxiliary problem all constraints are taken into account.

Algorithm AS.2

We perform the iterative specification of the estimation of regression parameters by (5.1). The
regularization parameter v;r identically equals to 0. The step multiplier y,r is defined by (5.6),
(5.28). In this algorithm we take Ry (atzr) = T 'D (agr)D(0y7) in case of problem (5.29).

We add to Assumptions 2.2.A and 2.4 about properties of constraints which were
used in Sect.2.2, the assumptions on properties of the noise &, and regression
functions (see Sect. 5.1). Also, we add one more assumption:

Assumption 5.2. There exists an (m xm) diagonal matrix Er with positive
elements on the main diagonal, such that for any & € 1" we have p limr_, Er G(a)
E;l = G(o), where (m x n) matrix G(a) has an element Vgi(a) in its ith line.
Further, limy—.oo ~/T / Eq < 0o, k = 1,n, where Ey is the kth element on the

main diagonal of the matrix Er.

The assumption above generalizes Assumption2.12, see Sect.2.5. We assume
everywhere below that Assumption 1.2 (on the initial approximation and the
solvability of auxiliary problem (5.29)) holds true.

As before, we assume that the true value of the vector of regression parameters
satisfies the inequality constraints and the equalities (2.14):

gi@)=0iel), g@)<0, iel) Rul)=I={l,..,m}.



5.2 Estimation with Inequality Constraints 193

Assume also thatin / 10 that m; < n, where n is the number of regression parameters.
We need some auxiliary statements which characterize statistical properties of
iterative procedures of calculations based on Algorithms A5.1 and AS5.2.

Lemma 5.3. Suppose that the approximation o obtained by Algorithms AS5.1 and
A5.2 on the kth iteration is the consistent estimate of a® € ©, where © is a compact
set. Suppose also that Condition 5.1 and Assumptions 2.2A, 2.8, 5.1, 5.2 (in case of
using Algorithm AS.2, are fulfilled. Assume that the matrix Dr (o) is of full rank in
any compact set and for any given Ay > 0 there exist w > 0 and Ty, > 0 such that

P{|Ur||> wx} < Ak, T > Ty, Ur = Er(our — o). (5.30)
Then for the solution to auxiliary problem (5.29) on k + 1th iteration X;7 we have

p lim X = p lim Xir = 0, (5.31)
T—00 T—>00

where )_(kT = («/T)_] ErX;r.
Proof. Change the variables:

X = VTE;'X. (5.32)
Then by (5.29)

EX/RT (o57)X — @7 (k)X — min, Gy (o)X < —g7 (otr), (5.33)
where I:{T (akr) is defined in (5.3), @’ (otxr) is defined in (5.4) and
_ _ -1 _
Gr(e) = BrG@E", g = (VT) Erg). (5.34)

where matrices Er, G(a), E7! are defined in Assumption5.2.

Since the matrix Ry (oegr) is positive definite, we have
Ry (o) = MY (otir)Mr (o). (5.35)

Here 1\~/I_T (apr) = 1~\1T/ 2(oc kT)CT(ockT), where /~\1T/ 2 (oegr) is a diagonal matrix with

values Ry (oegr) on the main diagonal, CT (oexr) is an orthogonal matrix.
Put _ _ B
X = My (o)X (5.36)

Then we obtain from (5.33)

X'X — Gr ()X — min,  Gr(eur)X < —gr (o), (5.37)

N | —
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where

a7 (or) = M7 (our)) ar(our),  Gr(owr) = Gr(our)My (o). (5.38)
According to Lemmas 2.6 and 4.8, the solution to (5.37) is given by
Xir = F@r(our).  Grlour). &r(our)). (5.39)
It is continuous in (:]T(oekT) (:}T(akT), gr(axr), which in turn are continuous
functions of oxr.

From (5.4), (5.5), and taking into account (5.14), we obtain after some transfor-
mations that

dr(our) = (ﬁ)_l (Qr — 7 Uip). (5.40)

Further, by (5.40), taking into account (5.15), (5.17), (5.30) and the consistency of
o7 (cf. conditions of the theorem) we arrive at

p lim qr(er) = O, (5.41)
T—o00

Under Assumptions 2.2A and 5.2,

p lim Gr(oyr) = G(a*). (5.42)
T—00
By Lemma?2.4 and (5.19),
p lim My (o) = M(a?), (5.43)
T—o00

where M(a?) = A?(a®)C(a’). Here A(a) is a diagonal matrix with elements
R(”) on its main diagonal, and C(o®) is the modal matrix of R(«’). Then from
(5.38) and (5.41)—(5.43) it follows that

p lim qr(ar) = 0, p lim Gr(oyr) = G(a*). (5.44)
T—o0 T—00

Now we estimate the limit (in probability) of g7 (oi7). Using the mean value
theorem, we have for the ith components of g(ctsr)

gi(oir) = gi () + Vgl (&;17) (our — o),

where the random variable £;;7 € %" is such that ||&xr — o] <|| oxr — ]
Under the conditions of the lemma and the consistency of a7y, we get plimr_ oo

gikT:(YO-
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-1 _ _
Multiplying both parts of the expression for g; (otx7) on (ﬁ ) E7;, where E7; is

the element on the main diagonal of matrix E; defined in Assumption 5.2, we obtain
for the ith component g7;(o) of the vector g (), i € 1,

—1 _
gnlour) = gn(@") + (VT)  EnVeEun)E7' Ui (549)

According to Assumption5.2 on the continuity of functions g;(a),i€l
(Assumption 2.2.A), and using the consistency of &, we get

p lim EnVgl (&) Er Uir = Gl (a?), (5.46)
—00

where G/ (*) is the i th line of matrix G(a*).
Then taking into account (5.30) we get from (5.45)
p lim grn(axr) =0, €1,
T—o00
Ti

E
. = _ = (0 — 5 0 . Ori 0 N 0
pTll)ngo gri(ogr) Tll)n;o gri(a’) = gi(a )Tli)n;o JT gi(a),iel,. (547)

By Assumption 5.2, g; (a”) € (—00,0],i € I).
Taking into account (5.44) and (5.47), we derive from (5.39)

p tim Xer = F(0,.G(a"). g°(@)) = X;. (5.48)
— 0

where g°(a?) = [¢?(«®)],i € I. According to (5.47), the components g° () with
indexesi € I belong to non-positive semi-axis, while the components with indexes
i € 1) are equal to 0.

One can show that the vector Xk is the solution to the problem
155 . ~ 0V R 0( 0
EX X - min, G(a")X < —g’(a”). (5.49)

Since the right-hand side parts of (5.49) are non-negative, we have X; = 0, and
by (5.36) Xir = M7 (o) Xgr. From here and (5.43), (5.48), we obtain

P lim XkT = On.
T—o00

Therefore (5.31) follows by (5.2) and Assumption 5.1.6.

Lemma 5.4. Let the conditions of Lemma 5.3 be satisfied and assume that Assump-
tion 2.4 holds true. Then the Lagrange multipliers of auxiliary problem (5.33)
converge in probability to 0 as T — 00:

p lim Ai(aur) =AY =0,i el (5.50)
T—o00
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Proof. The necessary and sufficient conditions for the existence of the minimum in
(5.33) are

ﬁT(akT)XkT —qr(our) + X Ai(our)Gl(arr) = O, (5.51)

iel
Ai (o) (Ghi(aur)Xar + Zi(our)) =0, Ai(axr) > 0,0 €1, (5.52)

where (_}’Tl-(osz) is the ith (i € I) line of the matrix Gr (otr) defined in (5.33).
From (5.52) and (5.45) we get

/_\i(OCkT) <(ﬁEﬁl)G/Ti(OlkT)XkT + g (060)
+Vgi (€yr)Er Uir) =0, A; (otr)=0.i € I. (5.53)

Taking int_o account Assumptions 5.1 and 5.2, conditions of the lemma and conver-
gence of X7 to zero (see (5.53)) we get p limy_o0 A; (atxr) = 0,7 € I. Hence we
obtain

p lim Ai(axr) =0, i€l (5.54)
T—o00
From (5.51) we have system of equations for m; < n unknown parameters is

Z Ai(our) Gl (otrr) = qr(otxr) — ﬁT (o) X — Z Ai(or)Gly(axr). (5.55)

. 0 . 0
i€l i€l

By (5.19), (5.31), (5.41), (5.42) and (5.54), the right-hand side of (5.55) converges
in probability to 0 as 7 — oo. According to (5.42) and Assumption 2.4, the matrix
in the left-hand side of (5.55) converges in probability to a matrix with linearly
independent columns. From here and Lemma 2.5 we obtain p lim7_, Ai (axr) =0,
iel 10 , which implies together with (5.54) the limit (5.50). O

Put vir(asr) = VT (A (otir) — )_L?) = T Ai(oxr), i = 1, m, since according to
Lemma5.4 A? = 0. Denote by Vi, r the vector with components v; (otxr), i € 10 ,
and by Vy 7 the vector with components v; (ctxr), i € 120 . Below we prove two

lemmas for V;; 7, i = 1,2, using the arguments similar to those in the proofs of
Lemmas 2.8 and 2.9.

Lemma 5.5. Assume that the conditions of Lemma 5.3 are satisfied.

P lim V2k.T = Oml-
T—o0
Proof. From (5.53) we have

vir [(ﬁE;l) G (o) Xer + g1 (@) + Vg (EikT)E;lUT] —0, iel. (556)
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Using (5.31) and that g; («®) < 0 fori € I, we see that fori € 120 the random
variables in square brackets converge in probability to some non-zero constants,
which proves the lemma. O

We need some more notations. Denote

Vgi(€ir)
G(t,y) = ng(fész) ’
Vel (6 i)
where the entries §,7 = [§' ;7 &'ur .- & ur] € R and such that
p lim gy =, Qe (5.57)
By (5.57) we have
p tim GEy) = G(1, ® ) = G(a"), (5.58)

where 1, is the n-dimensional vector with components equal to 1.
Further, denote

G/, (§,7)
_ G’ _
Gr (&) = ”(:EM) = ErG(§,,)E7". (5.59)

G,Tm (gka)

By (5.46), (5.57), (5.58) we get under Condition 5.2

p lim Gr(§,;) = G(a). (5.60)
T—00
It follows from (5.60)
p lim 6 (5,) =GV ). j=1.2, (5.61)

where G(Z”(g «r) (respectively, G(f )(«?)) is the matrix composed from lines of
matrices Gt (£ ;) (respectively, G(a”)) with indexes i € I]Q, j =12
Finally, let

GV @), j=1.2, (5.62)

be the matrix, composed from lines of (_}/Ti (o), i € 1Y, of the matrix G7 (o) defined
in (5.34).
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Lemma 5.6. Let the conditions of Lemma 5.4 be satisfied. Then for given & > 0

there exist e, > 0 and 1, > 0 such that
P{IVikrl|= ek} <8, T > i1

Proof. Since g; (") = 0,i € I?, we have by (5.53)
Vikr (G(Tl)(akT)XkT + G(Tl)(EkT)UkT) =0,

where (_}(Tl_) (otyr) is the matrix defined in (5.62), and }:(kT = VTXyr.
Since Ry (oexr) is positive definite, we get by (5.51), (5.14)

Xir = ﬁ;l(akT)pT(“kT) - ﬁ;l(‘ka) (G(T])(akT)>,V1k,T
—I:{Fl (o) (G (otar)) Var 7,
where, according to (5.4) and (5.40),
pr(our) = VTar(our) = Qr — ®rUsr.
Using (5.64), we obtain from (5.65) after necessary transformations
VikrArVier —Vierhr =0,

where B
Ar = G$) () RT ! (eter) (G?)(Olkr))/,

and

hy = G(Tl)(“kT)ﬁ;l(akT)QT(“kT) + [C(Tl)(ﬁr) — G(Tl)(akr)

xR (o) @ 7]Upr — (_}(rl) (axr)RS! (akT)(G(TZ) (otx7)) Vo 1.

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

For the matrix A7 we have C'7A7rCr = Nr, where Cr is the orthogonal matrix,

Nr = diag(vir, ..., v,r) and v;r is the i th eigenvalue of Ar.

By continuity of the elements of G(«) in & and Assumption 5.2, we see that for

the matrices (_}(Tj)(osz), j =12,
p lim G (o) =GV, j =1.2,

where the matrix G (axr) is defined in (5.62).

(5.70)
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According to (5.19) and Assumption 2.2, we obtain
p lim A7 = A = GV ()R () (G ("))
T—o0

By Assumptions2.4, 5.1.3, the matrix A is positive definite, which implies
by Lemma2.4 that plimyoo Ny = N, plimyo Cr = C, where N =

diag(vy,...,vy), v; is the ith eigenvalue of A, C is the orthogonal matrix such
that CAC = N.
Put v,y = vir, if vir >0, and V;7 = 1 otherwise. Denote NTzdiag
V17, ..., V7). In the proof of Lemma?2.9 we obtained that
- ]
P{N;y =N} > 1—5, T > T. (5.71)

Using the transformation Y;r = NIT/ ZC;IVlr, we obtain from (5.67) (and using
(5.71)) the estimate

- ]
P{Y/TYT + ZY/TKT = 0} > P{NT = NT} >1-— 5, T > Tl, (572)

where K7 = (1/2)N;"*C'rhy.
From (5.15), (5.17), (5.19), (5.56), (5.61), (5.70) and Lemma 5.5 we get

hy = G (@”)R™ («*)Q.

Then the limit distribution of Ky coincides with the distribution of the mi-
dimensional random variable

1 _ —
K — _EN—I/ZC’G(I)(aO)R_I(ocO)Q N(O,,0%J,).

Note that the expression (5.72) completely coincides with (2.56). Therefore,
repeating the arguments from the proof of Lemma 2.9, we obtain (5.63). O

Lemma 5.7. Under the conditions of Lemma 5.4, for given A4y > 0, there exist
wi+1 > 0and Ti4+1 > 0 such that

P{|Uss1.7l1= oks1} < Divr, T > Tiga,

0
where U117 = Er (o417 — o).

Proof. Pute = e + ¢y + &3 4+ €4, withg; > 0,7 = 1,4. According to (5.65) and
(5.66)

P{|Xerl|= &} < PYIRS (o) (G () || | Vikr 1= 1)
+P{|[R; () Qr||= &2} + PR (ur) (G (i) Var 7] > &3}

+P{|IR (akr) D7 Usr||> 4} (5.73)
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The estimate for the first term can be obtained using Lemma 5.6 and following the

proof of (2.67). We only need to replace V7 by V.7, and i’T by ﬁ_lT(akT).
Then, for given §; > 0 there exist &; > 0 and 7; > 0, such that

PAURT @) G5 ) 1] Virlz a1} <81 T> 1z (574

Since Ry (axr)Qr converges in distribution to R~ («®)Q, for given §, > 0 there
exist &, > 0 and 17, > 0, such that

PR ()Qrl|2 €2} <85 T > 2z (5.75)

Taking into account Lemma5.5, for given €3 > 0 and 3 > 0 there exists 3 > 0
such that

P{IR (our) (G (0txr)) Vi r || €3} <83, T > a1 (5.76)

For Cr = l:{;l(ockT)i)T, we have
ller Usrl| <I| ez — Jaull -[| Urr|| + [|Usrl].

According to (5.17), (5.19) and (5.30), p lim7— ¢r = J,. Applying to the above
inequality (5.9)—(5.11), we get for given d4,

P{IR: (axr) @7 Usr||> €4} <8s, T > 4z (5.77)

where &4 and 74 depend on 4.
Combining inequalities (5.74)—(5.77) with (5.73), we obtain that for any § =
Z?zl 5; there exist & = Z?:l ¢; and 1) = max;<;<4{7; }, for which

P{Xul|z e} <8, T > .

By (5.1) we have ||Uxt1.7|| <|| Usrl| + yarlXarl| <I| Usr|| + || Xsr||]- Applying
to it the formulas (5.9)—(5.11), by (5.30) and the previous inequality we derive the
statement of the lemma. a

Now we can formulate the main result of this section.
Theorem 5.3. Assume that:

1. Estimates of regression parameters are calculated by means of Algorithms A5. 1
and A5.2.

2. Condition 5.1, Assumptions 2.2A, 2.8, 5.1, 5.2 (in case of using Algorithm AS.2,
the matrix D7 (o) should be of full rank in any point of a compact set) are
satisfied.
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3. The initial value ayr of the iterative process is the consistent estimate of & € ©,
where © is a compact set, and the value Uor = Er(otor — «®) has a limit
distribution.

Then o, k = 1,2. .. are consistent estimates of o

Proof. Let ||Ur||satisfy (5.30), and suppose that the estimate oy is consistent.
Then we derive from (5.1) and Lemma 5.3 (see (5.31)) that ox 4 7 is also consistent.
Since for ||Ug+1.7|| the conditions of Lemma 5.7 hold true, we get from Lemma 5.3
plimr o0 Xk+1.7 = O,. Taking into account that the estimate o7 is consistent
and k is random, we obtain the statement of the theorem. O

Corollary 5.2. Under conditions of Theorem 5.3, (5.30) hold fork = 0,1,2,....

Proof. For k = 0 the statement is true due to conditions of Theorem5.3. For k =
1,2, ..., the statement follows directly by Theorem 5.3 and Lemma 5.7. O

Theorem 5.4. Suppose that conditions of Theorem 5.3 are satisfied, Assumption 2.4
is fulfilled, and Uor = Er(ator — a®) has a limiting distribution. Then the values
U = Er(a;r — o), k = 1,2,..., where &7 = o4—1.7 + Xi—1.7, converge
(in distribution) to the random variable U which is the solution to the quadratic
programming problem

1, - 3
5Z’R(oc")z —QZ —»min, B;(Z)=G,(a")Z <0, iel}, (5.78)

where (_}; (&e®) is the ith line of the matrix G(a®) defined in Assumption 5.2.
Proof. Put

_ -1

X=(VT) (Z-Ug), Ui =Erlour—ao’). (5.79)
Substituting X from (5.79) in (5.33), and taking into account expressions (5.45) and

(5.66), we obtain after some transformations (we drop all terms which do not depend
on Z)

1 .= _
EZ’RT(akT)Z —d'r(our)Z — min, Glp(or)Z < li(oxr), i €1. (5.80)

Here I:{T (ogr) is defined in (5.3),

dr(esr) = (Rr(er) - ®7(E1r)) U + Qr, (5.81)
li(or) = (Glp(otar) — G(&;7)) Unr, i € 17, (5.82)
l,’ (OtkT) = (G;T(Otk]") — (_}/Tz(gsz)) UkT — E_TigTi(on), 1€ Ig (583)
The solutions to the problems (5.33) and (5.80) are related by

VTXi = Ziti.7 — Usr,
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see (5.79), where Zj 4 7 is the solution to (5.80). From last formula and (5.32) get

Zisrr = Er(our + Xir — @) = Er (@417 — o) = Upgrr.

To investigate the statistical properties of INJkJrLT, consider the quadratic program-
ming problem

1 = _
EZ’RT (our)Z —d'r(axr)Z — min, Gl (ar)Z < li(axr), i €1). (5.84)
Denote its solution by U} 41.7- We show that

Uiiir LU, T — o, (5.85)
where U is the solution to (5.78). Let
y = Mr(our)Z, (5.86)

where the matrix 1\7[T (ar) is defined in (5.35). Using (5.86), we obtain from (5.84)

1 / /3 .
— —vy'd;(atgr) — min,
2yy y'd7(oir) (5.87)

G(Tl)(akT)y < Li(otx7).

Here dr (orer) = (M7 (our)) dr(eter), G(Tl)(akr) = G(Tl)(dkT)MFl(OlkT), where
the matrix (_}(Tl) (o) is defined in (5.62), and L;(o) is a vector with components
Li(er), i € I). Puty = M(a®)Z, with the matrix M(«®) defined in (5.43). In this
notation, (5.78) can be rewritten as

1 ~ =
SYY=yQ—min, GP(e")y = Li(e") = Oy, (5.88)

where GO () = GO ()M (&%), Q = M~ (a?))'Q.
The solutions to (5.87) and (5.88), are, respectively,

~ = (1)
w7 = F(dr(our), G (or), Li(or)) (5.89)

and

~ =)
u=F (Q, G (oY, Ll(ao)) . (5.90)

According to Lemmas 2.6 and 4.8, the function F (&T, (:}(1), L) is continuous in
dr = dr(or), GO = é(l)(akT), and L; = L (otg7), which in turn are continuous
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in oz7. Under consistency of o (Theorem 5.3) we get, using (5.15), (5.17), (5.19),
(5.43), (5.34), (5.81),

. = = ~ P ~
p lim G (o) = GV (), dr(oar)=Q, T — oo. (5.91)

In the limit expression for &T, we use (5.81) and (5.30), which holds true for any
k > 1 (cf. Lemma5.7), and the fact that Uys has a limit distribution. Since o7 is
consistent we get by (5.82)

p lim Li(oxr) = Li(a”) = Oy,
T—00

By (5.89), (5.90) and the last three limit expressions we derive u; LT é ul —
oo. But Uy, | = 1\71;1 (o), and U = M~ («”)u, which implies (5.85).

Now we obtain the limit distribution of I~Jk+1,T. Since RT(akT) is positive
definite, Uy 41,7 = U; 417 provided that

U:—H.T e{Z: G;T(akT)Z <li(axr), i€l}.

The relation above takes place when (_}gT(ockT)UZ sr = li(oxr), i € IV, since
U}, | p satisfies inequality (5.84). Thus,

P{|Uksrr — Uiy 71l = 0} = PGP (aur)Up,, < La(ar)},  (5.92)

where the matrix (—;(Tz) () is defined in (5.62), L, (otg7) is a vector with components
li(akT), I € Ié)
Put

It =—[G?")U~GY (i) Up,, 7 + (G (our) — G (§,7)) Unrl.

where the matrix G® () is defined in (5.61), and components of §,, satisfy the
condition ||§,,7 — &°|| <|| oxr — ||, i € I. Since a7 is consistent, this implies
(5.57), ct. Theorem5.3.

After simple transformations, the inequality (-}(Tz) (our)Ui 7 < La(ar) can

be rewritten as G® («®)U + 'y < —ETg(TZ) (a®), where Q(Tz)(ao) is a vector with
components g7 (a”) < 0,i € 19, of g7 («®). From here we obtain
PGP (@)U +T7 < —Ergy (")} = P{GP (@)U
< —ErgP(@").l'r < -Ergd (@)} = Y P{G?(@)U),
ier)

< —Engn(@’)} = Y P{Tn| > —Engn(a®)} —mo, (5.93)

: 0
i€l



204 5 Asymptotic Properties of Recurrent Estimates of Nonlinear Regression...

where (G® (a®)U); and I';; are ith components of vectors G® («°)U and I'7, and
my is the number of elements in the set 1.
Because o7 and § ;- are consistent, by Corollary 5.2 and (5.85), we get

V4 Tli_)moo I'r = Oun. (5.94)

From (5.34) we conclude, according to Condition 5.1.B.1, Assumption5.2 and
formula (2.14), that

ErEq
VT
see (5.34). By (5.94) and (5.95), for any n;; > 0 there exists 6;; > 0 such that

— Engri(a®) = — gri(@®) - o0, T —o0,i€l, (5.95)

P{|Tq| > —Engn(«”)} < mi, T> i€l (5.96)
Further, by (5.95), for any n,; > 0 there exists 6,; > 0 for which
PGP (a")U); < —Engn(e”)} = 1—ny. T > off €13.

By (5.93) and (5.96) we obtain for T > 0= max; ¢ ;o (617, 62:)
P{GP @)U +Tr < —ErgP @} = 1—n —n. (5.97)

where 7, = Zielf N, N2 = Zielzo n2i. By (5.92) and (5.97), for any n; > 0,
n2>0

P{|Uksir — U 7l =0 > 1= —m, T>0

which together with (5.85) implies the statement of the theorem. O

Changing the algorithm similarly as in Corollary 5.1 (if there are no constraints)
allows to derive the asymptotic distribution of Uz, which is the same as for U,y for
all k.

Theorem 5.5. Assume that conditions of Theorem 5.4 hold true. Let ko be the
iteration number, and yi,r = 1, VT (ko > 0). Assume that starting from the point
oy, AlgorithmsAS5.1 and AS.2 converge. Then for k > ko Uir = Er(otr — o)
converges in distribution as T — 00 to a random variable U which is the solution
to problem (5.78).

Proof. Consider the problem

%X,R(NO)X — (0 —R@")U)x - min, GP(a")x < -GV ("U, (5.98)
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where the matrix C_i(])(oco) consists of the lines of the matrix G(«®) with indexes
i € I (the matrix G(cc®) is defined in Assumption5.2).
Let us find the solution X° to problem (5.98). Write the dual problem:

%Z/(_}(l)(OCO)R—l(aO)((_}(l)(OCO))/Z
—QR (@G (")Z — min, Z > 0,,. (5.99)

Denote by V; the solution to (5.99). It is easy to see that dual problem for (5.78)
coincides with (5.99). Hence, V, = V,, where V|, € %" is the dual variable for
problem (5.78).

The necessary and sufficient conditions of the existence of a minimum in
(5.98) are ~ ~ ~ ~
R(@")X’ + R@)U - Q + (GV(@"))'Vi = 0y,
7 (G (@)YXO+U) =0, i€l

where ¥; is the Lagrange multiplier, V is the vector with components v;, i € I 10.
Further, the necessary and sufficient conditions for the existence of a minimum
in (5.78) are

(5.100)

R(@)U—-Q + (GV(%))V| = 0,.

_ (5.101)
(G (@)Y U=0, iell,

where v; is the Lagrange multiplier, and V is the vector with components v;,i € I 10 .

Since V; = V|, we see from the first equations in (5.100) and (5.101) that
R(a’)X = O,. The matrix R(«”) is non-degenerate (see Assumption 5.1.B.3),
which implies X° = O,,. One can show that X° satisfies also the second condition
in (5.100). Thus, the solution to (5.98) is

X’ =0,. (5.102)
Taking into account (5.40) and (5.45), we can rewrite auxiliary problem (5.33) as:
1 = _
EX/RT (xr)X — (Qr — ®7Uir)'x — min,
G (aur)x < —GYY (&) Us. (5.103)
G (ur)x < —GY (§,7) Uy — Erg® (),

where x = +/TX, and g? () is a vector with components g; (), i € 1.
Consider another problem:

1 = _
EX/RT (axr)x — (Qr — @7 Uir)'x — min,

=0 0 (5.104)
G (o)X < =Gy (87) Usr,

which differs from (5.103) in the absence of the second group of constraints.
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Denote the solutions to (5.103) and (5.104), respectively, by ):(kT = /TXyr and
X7 Puty = My (ayr)X, where the matrix Mz (otxr) is defined in (5.35). From
(5.104) we get

1 ~ _
Ey’y — ¥ [(M7" (k7)) (Qr — @7Uir)] — min,

G(Tl)(akT)y = —G(T])(ﬁkT)UkT,

(5.105)

= (1)
where the matrix G, (o) is defined in (5.87).
Now puty = M(a")x, where M(a") is defined in (5.43). By (5.98) we arrive at

%y/y —¥YIM (@) (Q — R(a’)U)] — min,

2 (5.106)
G («")y < -GV (@"U.

Denote the solutions to (5.105) and (5.106), respectively, by x;; and x". These
solutions are related to the solutions X}, (i.e. the solution to (5.104)) and X (i.e.
the solution to (5.98)) as follows:

X5 = M7 (our)xsy, X0 =M (a”)x". (5.107)

Assume that for any k > ko

Usr>U, T - oo. (5.108)

Taking into account (5.15), (5.17) and the limit (5.91), we get according to

Lemmas 2.6 and 4.8, that if (5.108) holds true, then x,fT =p> x! = M(aO)XO = 0,,
T — oo (cf. (5.102)). Then, taking into account (5.43), we obtain from (5.107)

p lim Xi; =0, (5.109)

Let us find the limit distribution of the solution X7 to (5.103) as T — oo. Since

ﬁr (oegr) is positive definite we have )_(kT = X,’:T, provided that XZ‘T satisfies the
second system of restrictions in (5.103). Thus, we get the expression similar to
(5.92):

PAIRir = X7l = 0f = P {GP @)X} + 67 €, Uir = ~Erg® (@)}
(5.110)
Let
Ir = = [62@)U - 6P @)X}y — 67 6, Unr .

From (5.110) we have

P {||§<kT _X5 || = o} = P{GP@")U + Iy < -Erg@@@)}.  (5.111)
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Suppose that (5.108) holds true; then it implies (5.109). From the existence of these
limits, consistency of o7 and §,;, and the existence of limits (5.70) and (5.61),
we have p limr_.o I'r = O,. Then (5.93) implies inequality (5.97). From (5.111),
taking into account (5.97), we obtain

PR =Xl =0} = 1—n—m, T>6

where 7, n, are some positive numbers, such that n; + n, < 1. From here and
(5.109), we derive the existence of the limit for the solution to (5.103), provided
that (5.108) holds true:

p lim Xy = 0,. (5.112)
T—00

_ -1 =
We have X = («/T ) Xir. Then by (5.32) we see that the solution to the
auxiliary problem satisfies B
Xir = E7' X7

From here and (5.1) we derive

Uit1.r = Uir + yirXar.

From the above equality and (5.112) we obtain (note that y;r is bounded)

Uirir 2 U if U= Uk > ko. (5.113)

According to Theorem 5.4, the asymptotic distribution of ﬁk0+1,T coincides with
the distribution of U. But Uy, 417 = Ugy41.7. Thus using (5.113) we obtain the
statement of the theorem. O

Consider now the matrix of m.s.e. of parameter estimates and their biases at
each iteration. We generalize the concept of active and passive constraints for the
estimate o 7, introduced in Sect. 4.2, to its kth iteration o;7. Then according to (4.8)
and (4.9), the ith constraint on kth iteration is active with accuracy up to & > 0, if
—& < gi(agr) < 0, and is inactive, if g; (axr) < —§&. The value € is defined as in
Sect. 4.2, i.e. it satisfies the condition (4.10).

Denote by p;];), [ = 1,L (where L is the number of possible combinations
of active restrictions) the probability that on kth iteration o7 corresponds to /th
combination of active restrictions. By Theorem 5.3 on the consistency of oy,

Theorem4.1 (Sect. 4.2) holds true for pl(];), I=1,L,k=1,2,....

As it was done in Sect.4.2, put yl(f) = 1 if on kth iteration we obtain /th

combination of active and inactive restrictions, otherwise put Vz(;) =0.
Let
*) I if =& < gi(our) <0, k=12
Nir = ) =12,....
0 if gi(osr) < —E,
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Since for pIUT‘), | =1,L, k = 1,2,... Theorem4.1 holds true, one can apply
Lemma4.1 for ylk) [ = 1,L, and nE’T{), i € I,k = 1,2,.... This implies, in
particular, that

p lim =1, iel’, p tim =0, iell (5.114)

Now we determine the estimate asz of 0 obtained on kth iteration. Similarly to
(4.18), we have

o = ( —n+ Zn(")) Y = filour). (5.115)
t=1

iel

Theorem 5.6. Assume that Assumptions 2.8, 5.1 and conditions of Theorem 5.5 are
satisfied, oty is the consistent estimate of o° , and that Uyr = Er(apr — o°) has a
limit distribution. Then p limr_ oo olfT =02

Proof. We have

T T
oir = (T —n+ i 775?) Sriewn). - Srle) =17 Z;(yl e

5.116
Denote the first multiplier in (5.116) by osz(l). From (5.114), ( )
pTli_)n;OG,fT(l) =1. (5.117)
By Taylor expansion,
St(axr) = St(@®) + VST (a”) (osr — &)
—{—%(c{kT—ao)'(I)T(ockT—ocO), (5.118)

where ® 7 is the matrix of second derivatives of the function S7 (o), calculated
in @ = §,7. The (k,[)-elements of the matrix ®7 are given in (2.27). Moreover,
18,7 — o°|| <|| aar — ||, ;7 € N". Then, since the estimate o® is consistent,
we get
p lim §,, = o’. (5.119)
T—o0

Since S7(a®) = T7! ZIT=1 &2, we have by Assumption?2.8

p lim Sr(a®) = o”. (5.120)
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According to Sect.2.2, see (2.31), we have plimr_o VS7(a?) = O,. Taking
into account the consistency of oz, we obtain that the second summand in (5.118)
converges in probability to zero as T — oo.

Consider the third term in (5.118). Denote by i)r = TE;1<I>TE;1 the matrix
with (k, [)th elements given in (5.16). In this notation, the third term in (5.118) is
(127U i ®7Upr. By (5.119), there exists the limit (5.17), and, moreover, Ur
has a limit distribution (by assumptions of the theorem). Therefore, the third term
in (5.118) converges in probability to zero, as well as the second term. To complete
the proof, we use (5.120) and (5.117). |

Following the proofs from Sect.4.2 and taking into account Theorem 5.6, one
can conclude that all results of Sects.4.2 and 4.3 remain true for consistent
truncated estimates of the matrix of m.s.e. estimates of regression parameters
Kgfc) =Y/, Kl(f) yl(f) and their bias \Ilgfc) =Y, \Il;];) Vz(;{) on kth iteration (for
which conditions of Theorem5.5 also hold true). Here Kfi) is the estimate of
M{U,U’;}, and \Ilg) is the estimate of M {U;}. In our notation U; is the solution
to the quadratic programming problem (4.15).

Consider in detail the truncated sample estimate KkT of the matrix of m.s.e. of the
regression parameter o7, performed on kth iteration. Similarly to (4.53) we have

Kir = KE'}) (R7 (&), G (&kr), Gxr),

where [ = [(&r) is the number of combinations of active restrictions with accuracy
&€, which correspond to the estimate & for a?, calculated on the kth iteration.
According to the expression (5.115) of the sample estimate for o> we obtain

6 = (T —n+y. ﬁf?) DINCTENACT

iel =1
where
. 1 if—§ < gi(qur) <0,
nir = e n
0 ifgi(dur) < —E.
By definition of K,

Kir = M{U U, (5.121)

where Uy is the solution to the problem
1, , = ~ -
EZ/RT (&kT)Z — Q/TZ — min, G; (&kT)Z < Omr» I € I(&kT)

Here I(&r) = {i : —§ < gi(dur) < 0,i € I}, mr = [I(&r)| is the
number of elements in /(&7), and Qr = E;ID/T (oxr)er. For large T according to
/}ssumption 2.8 (Sect.2.5.1) on the noise in the regression €7, we may assume that

Q ~ N(O7, 65 Rr (qur)).
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This fact also takes place if 7 is small, and e7 ~ N(Orp, OZJT), i.e. components
of er are independent and normally distributed.

For calculation of KkT by (5.121) one can use the same methods as for the matrix
K7, defined in (4.56).

In case of no constraints we have according to Theorems5.2 and 5.6 Ky =
02 R; (o7) and Wiz = O,. The sample estimate K7 is obtained from the
expression for Kyr when o = 7.

It is natural to take as the initial approximation of agr the estimate of the
regression parameters under no constraints. Obtained results can also be generalized
to the case of inequality constraints, see the problems (1.74) and (1.75).



Chapter 6
Prediction of Linear Regression Evaluated
Subject to Inequality Constraints on Parameters

In this chapter we investigate statistical properties of the prediction in a regression
with constraints. This problem is very complicated, since even in the case of
linear regression and linear constraints the estimation of parameters is a nonlinear
problem. Especially, the problem of interval prediction, i.e., of finding the confi-
dence interval for the estimated value, is highly non-trivial. In Sect. 6.1 the interval
prediction is constructed based on the distribution function of the prediction error,
whose parameters are the true regression parameter o” and the variance o of the
noise. Section6.2 is devoted to the interval prediction based on the conditional
distribution function of the prediction error.

6.1 Dispersion of the Regression Prediction with Inequality
Constraints: Interval Prediction Under Known
Distribution Function of Errors

In this section we investigate statistical properties of the prediction of dependent
variable in the linear regression y; = X';o0 + &, with constraints g’;o¢ — b; < 0,
i = 1,m. We construct the prediction for the moment 1 = 6 > T, where T is
the number of observations, i.e., Y9 = X'gor. The true value of the prediction is
yog =X g0’ + g4, and the error is of the form

9 = Yo — yo = Xg(ar — o) — &y. 6.1)

Here o7 is the solution to the problem (4.58), see Sect. 4.4.

Considering that the regressor has a trend and satisfies Assumptions2.9 and
2.11, and that constraints satisfy Assumptions2.10 and 2.12, we can transform
this problem. Using the notation introduced in Assumption2.12, we can write the
problem of finding o7 as follows:

1 . ~ —
EY’RTY —Y'Q; » min, G7Y < Er(b—Ga), (6.2)
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where
Y =Er(a —a’), Qr =E;'X'rer, (6.3)

andXr =[x1 xo ... xrler=Jer & ... er].
Put Y = Ly Z, where the transformation matrix is

L; = C/M; ' *H/ 7 117 (6.4)
Then we obtain from (6.2) the minimization problem

1 _
5Z’z —Z'P* > min, N;yZ <Er(b-Ga’), P*~ N(O,,02J,). (6.5)

where Ny = [BTme,n_m], and the triangular matrix By was determined in
Sect. 4.6.1 (note that in Sect. 4.6.1 index T in By was omitted). Taking into account
(6.3), we have

P*=L'7Qr = L'7E;' X rer. (6.6)

Matrices Cr, M7, Hr used in (6.4) were introduced in Sect. 4.6.1 for transforming

the problem (4.149), and Iy = ™" %+ |, see Sect. 4.6.1 for the definition of

the diagonal matrix 7.
By Assumption 2.8 we derive that the prediction dispersion is given by

85 = E{(Fo — y0)*} = xp(E{(ar —a”)(ar —a’)D)xg + 0%, (6.7)

where E{(ar — ) (ar — a®)'} = E;'KSE;!. Here K = E{UrU’r} and
Ur =Er(ay — on) are the normalized matrix of m.s.e. of the regression parameter
estimate, introduced in (4.111); the matrix E7 is defined in Assumption 2.8.

According to Sect.4.1 and Theorem4.3, the expectation of the prediction is
E{Jg} = XygE{ar} # x9a’ = yg, as E{ar} # E{a’}. Thus, in contrast to
the prediction in the regression without constraints, in general prediction is biased.

Define the confidential interval for the true value of yy. For this we find the
distribution of the prediction error &y under the assumption that the regression errors
are normally distributed, i.e., Assumption 4.1 holds true. From (6.1) we have

£y = ow'gVr — &g, (6.8)

where wy = L/TE;‘ Xg, the matrix L is defined in (6.4); Vr = L;‘ Er(ar—a’)/o
is the solution to the problem

1 _
Ez’z —UZ — min, N;7Z <o 'Er(b—Ga’), U~ N(,.J,), (6.9

which follows from (6.5) by division of the cost function by ¢ and by division of
both parts of the constraints by o. In (6.9) we have V7 = L7'Er (o — &®) /0.
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According to Sect. 4.6.1, we have in (6.9) U = [%}, whereu € ", U € W',

Let wp = [:;Z], Vr = [5;], where wig € N, wyy € RN, Vir € R™,

Vor € W and Vo7 = U. V7 is the solution to the problem

1 _
Ez’z —u'z — min, u~ N(O,.J,). Brz<o 'Er(b—Ga’). (6.10)

Using this notation we obtain from (6.8)

Eg =owWoVr —ep = E19 + 0, E10 = oW 19Vir, &9 = oW Vor —eg.

6.11)

Independence of V7 and V,r = U follows from the independence of u and U,
since V7 is the function of u. This property of V7 and V,r implies independence
of &1p and &4 in (6.8). Therefore the distribution function of & is the convolution
of distribution functions of &9 and &p.

Denote the distribution functions of &y, £jy, and &g, respectively, by Fy(x) =
P{§o < x}, Fio(x) = P{§1p < x}, Fao(x) = P{&p < x}.

Theorem 6.1. Under Assumptions 2.9, 4.1, and 4.2, the distribution function of the
prediction error €9 = Yo — Vg is a convolution of functions Fig9(x) and Fyg(x)

Folt) = / " Fult = x)dFy (). 6.12)

—00

Letv = P{l; < & < I}, where [; and [, are determined as the solutions to the
minimization problem

12—11 — min, Fg(lg)—F@(ll)ZU, lzle,

where Fy(x) is given by (6.12).

Then the confidential interval for yg can be found from the inequality
l1 <& <l,where &y = yg —yg: Yo + 1 < yo < yo + 1.

Let us compare the accuracy of prediction by regression with (respectively,
without) the constraints on parameters. When the regression parameter is estimated
by the least squares estimates method (LL.S) without constraints, the dispersion of the
estimate is given by

85 = Xo(E{(a} — a®) (e} — ) Pxs + 07, (6.13)

where E{(a — a®)(ak — a®)'} = E7'K)E;!, af is the LS estimate of the
regression parameter. Here K(} = o2Ry is the normalized matrix of m.s.e of the
estimate a..

By (6.7) and (6.13) we have 55 -8 = X sE7 (K. — K9)E;'xg. From this
expression we see that the difference of the dispersions of prediction is completely



214 6 Prediction of Linear Regression Evaluated Subject to Inequality Constraints...

determined by the difference of matrixes of m.s.e. of the estimate of regression
parameters I~((} — K(}. In case of one constraint this difference KT — K7 was
investigated in Theorem4.7, under the assumption that in K7 and K7 the same
estimate for o2 is used. According to Sect. 4.7, Theorem4.7 will remain in true if
we replace K7 and K7, respectively, with K‘% and K(}. Thus we obtain the theorem
formulated below.

Theorem 6.2. I[fm = 1 and Assumptions 2.9, 4.1, and 4.2 hold true, then

(a) 55—85 >0forn > 1

(b) 82 —82>0forn =1

(c) SS — 55 > 0 for n > 1, provided that the first component of the n-dimensional
vector ¥y = HTHTM;I/ZC/TE;IXQ is not equal to zero

Denote estimates of prediction dispersions given in (6.7) and (6.13), respectively,
by d92 and dez. Comparing these estimates we assume, as in Sects. 4.6 and 4.7, that
they are calculated with the same estimate of the dispersion of the noise o%. Then
we obtain d? = xgE;'KrE;'xg + 02, d? = X 9E;'KrE;'xg + 02, implying
that d 5 —di =xyE;! Ky — K7)E7'xg. The result below follows from the above
expression and Theorem4.7.

Theorem 6.3. Let m = 1, and assume that Assumptions 2.9, 4.1, and 4.2 hold true.
Then

(a) dé—dez >0forn > 1

(b) b2 —d} > 0forn =1

) 55 —d 92 > 0 for n > 1, if the first component of the n-dimensional vector Wy =
HTHTM;UzC’TE;le is not equal to zero

If there are two constraints, then one can conclude about the accuracy of the
prediction from the theorem below.

’[‘heorem 64. If m = 2, and Assumptions2.9, 4.1, and 4.2 hold true, then
d; — dzg > 0, provided that the dispersion is calculated as d} = x'¢E7'K&E7!
Xg +O07.

Proof. The statement of the theorem follows from d} — d} = x¢E;'(Kr —
K%)E;'xg and Theorem4.9. O

Let us replace in (6.7) and (6.13) o2 with its estimate: when the estimation is
performed under constraints, we replace o with o7, and when the estimation is
performed without constraints, we replace o> with (0)?. We obtain the following
expressions for dispersions of the prediction:

with restrictions: dj = X'¢E7'K7E7'xg + 07
without restrictions: d} = x'¢E7'KrE7'xg + (07)?

Theorem 6.5. IfAssumptions2.9,2.11,4.1, and 4.2 hold true, then p limy_, o (cig—
dz) — 0.
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Proof. From two formulas above we derive

72 2 —1 —1 2 2

dj —dj = x'9E7' (Kr —Kr)Er'xg + (07)” — oF.

Note that KT is the consistent LS estimate of the covariance. According to
Theorem 4.6, the matrix Kr is the consistent estimate of the m.s.e. of the parameter
estimate (under constraints). Therefore, the difference Ky — K7 has a limit in
probability as T — oo. Under Assumption 2.11, E;lx@ — 0, as T — 00, which
implies that the first term in the expression for ciez — d92 converges in probability to
zero. Taking into account that both (07')* and o are the consistent estimates of o
(see Lemma4.10 for U%), we arrive at the statement of the Theorem. ad

According to Theorem 6.5, when the sample size increases, the difference in
accuracy of the prediction with and without constraints decreases.

Except the interval prediction, the results obtained in this section can be applied
for samples with arbitrary size, provided that the noise is normally distributed. It
is also possible to apply these results for large samples if the noise is not normally
distributed, but satisfies Assumption 2.8, because in this case the random variable U
in (6.9) is normal.

Described method of determining the confidence interval for the prediction is
based on the calculation of the error function under the condition that the right-hand
side in (6.10) is known, i.e., it is assumed that dispersions of o2 and o” are known.
If these values are unknown, one should replace them with the corresponding
estimates. In this case the right-hand side of inequality (6.10) depends on the
estimates o and o>. We consider this problem in the next section.

6.2 Interval Prediction Under Unknown Variance of the Noise

6.2.1 Computation of the Conditional Distribution
Function of the Prediction Error

To determine the confidence interval for the dependent variable y74, = X'74 .07,
we find the distribution function of ©74, = ér4. /07, where T + 7 =6,7 > 0 is
an integer, and (07)? is the estimate of the dispersion o> of the noise by LS, i.e.,

T
et O — XQO{?)2 _ ¢'rarer
T —n T—n'

(07) = (6.14)

where o is the estimate of ” by LS (without constraints); e = [e1, &2, ..., e7]';
ar = Jr — X7 (X'7X7)"' X7 is the idempotent matrix, whose trace is equal to
T —n.
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From (6.1) we have

/ 0
@, = ST4r _ Xric(@r —o)  erie
T+t — oF = o - oF
T T T

(6.15)
Set

e L e O O
P = | _ = s P* = L , P = 2 s 6.16
e |:P2,T+r] |:<9T+1: P; 2T ET41 (6.16)

where Pry. € W' the vector P* is defined in (6.5), and E,P’f e W P, = P*,
P74, € RHITM PY e R,

Denote
- - -
Pri:= —5Prie. Pr=Pir=—P1, Prry:=—FPorye. (6.17)
Or Or Or

Divide the objective function of the problem (6.5) by (cr;i)2 , and both parts of
its constraints by o7. Further, in the left-hand side of the constraint we replace
o’ by a7. After such transformations, we come from (6.5) to the problem

1 * . 1
Ez’z —Z'P*(07)"" - min, N7Z < (67) '"Er(b—Gar), (6.18)
where Z = L;7'Er (e — &%) /o7

In order to solve (6.18) we fix for a concrete sample the right side of its constraint.
Replacing in the constraints the random variables O’Tk and o7 with their estimates,
we can rewrite the problem as

1 % . ~ ~ At
EZ’Z—Z’P (07)"' — min, N7rZ <br, br = (67)""Er(b—Gar). (6.19)

As it was done in Sect. 6.1, we represent the solution V7 to the problem (6.19) in

the form of two subvectors V7 = [3; ], where Vi7 € R, Vor € R, From

(6.19) and the structure of the matrix N7 (see the comments to (6.5)), we see that
Vor = (1/07)P5 € W™, V7 is the solution to the problem

1 N
EZ/Z —p'rz — min, Brz <br, (6.20)

where z € ", and the vector py € W is defined in (6.17).
Further we regard the distribution V7 as conditional, assuming that b7 is fixed.

Proposition 6.1. Suppose that Assumption4.1 holds true. Then the vector Pry.,
determined in (6.17), has n + 1 dimensional Student distribution with q = T —n
degrees of freedom.
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Proof. From (6.6) and (6.16) we have

— P* L' 7EZ'X _ _
Pry, = |: ] = |: rEr X O ] er, whereer = [ er ]
ET 41 Oir —1 ET+1

Let us show that P, does not depend on 0%. From (6.14) we obtain (U;)2 =

ar  On

0, 0 ] Taking into account this expression for

?TETET/T —n, where ar = [
L'7E-'X'r Oy

Oir -1
matrix O, 41 7+1. Then according to Demidenko (1981, Appendix P.5), §T+r and
(T — n)(07)? are independent.

On the other hand, according to Assumption 4.1, components ep are
independent and normally distributed: €7 ~ N(O,+1,0%J,+1), and the trace
of the matrix ar is tray = T — n. Thus, E{?TETET} = (T — n)o>.
Therefore E{((c7)*)/0?} = 1, which implies that (6)> has x? distribution
with ¢ =T — n degrees of freedom. By (6.17) we have PT_H:FT_H/O';:,
which implies the statement of the proposition. O

Thus, Pr4:~T(On+1,(q/q — 2)Ju+1), where T(M;,M;) denotes multi-
dimensional Student distribution with expectation M; and covariance matrix M.
By (6.16) and (6.17), Py, € W"*! can be written in the form

ar one can show that the product of matrices Lrar = [ ] ar is a zero

Pr
Pm+1.T
o =[ Pir ] 621)
: Por4e
Dnt
| Pn+1.T+7

where pr = Pir € X", pyyi 74 = €74./07. Moreover,

[ Pmtir ]
. % *
Py /o7
PZ’T_"_.[ = pnT = DY
DPn+1T+1
L Pn+1,T+7 -

According to Zellner (1971, Chapter 12), P, 71, which is a marginal of the vector
P74, has the multi-dimensional Student distribution with g degrees of freedom:

Poryc~T (On—ls LJn_l) . (6.22)
q—2
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Denote
/ —1
Ary, = |:L TET XT+T] _ |:A1,T+r:| ’ (6.23)
-1 Ao Tyq
where Al,T+r e N, A2,T+‘L’ e Jrtl-m,
From (6.15) and (6.23) we have
Or+r = A1 r4:Vir + Ao 14 Parir. (6.24)

Set

A/ TP T
— 2 2THT 2 T4 (6.25)

U7y
! [|A2, 74|

According t0 (6.16), Py 74+, = 05P274r ~ N(Opt1—m, 02Jut1-m), Which implies
that

A4 Poris

eryr = ~ N(0,02). (6.26)
|| A2 74|
After some transformations we arrive at
Orir = eTI’/ o (6.27)
or/o

But e74./0 ~ N(0, 1), and the random variable (07)?/0? has the x> distribution
with ¢ = T — n degrees of freedom. Therefore we derive from (6.27) that ¥7 4,
has one-dimensional Student distribution with g degrees of freedom. From (6.24) to
(6.27) we obtain

Or+r = Ay 14 Vir + ||Ao 14| 1074+ (6.28)

Suppose that we have no constraints. In this case, the solution to (6.20) is V|7 =
pr. According to Zellner (1971, Chap. 12), the distribution of the m-dimensional
vector pr is the marginal distribution of the vector Pr4, ~ T(0,+1,(q/q —
2)Ju+1). Thus, pr ~ T(O,,(g/q — 2)Jn). By (6.21), (6.25) and Assumption
6.1, ¥ is not correlated with p7. Thus, in this case (see Zellner 1971, Chap. 12),
Ory: = ||Ar+<|IN7+¢, where np+. ~ T(0,9/q — 2). Using (6.23) we obtain
|Ar+:|> = 1 + X7 E7'LyL/7E7 'x74.=1 + x'74.R;'X74,. Finally, by
(6.15), the standardized prediction error {74 /07 (1 + X'74+. Ry 'x74.)!/? has one-
dimensional Student distribution with g degrees of freedom. We note that the
denominator in this fraction is the estimate of the m.s.e. of the prediction.

Thus, in case of no constraints we obtained from (6.28) the known result used
for finding a confidence interval for prediction of the dependent variable in classical
regression analysis (Demidenko 1981, § 2.2):

Ir+r —dotp(q) < Y14 < V1+4< + dotp(q), (6.29)
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where d92 = (0}“)2(1 +x T+IR;1XT+1) is the estimate of the prediction dispersion,
t5(q) is the p-quantile of Student distribution with g degrees of freedom, defined
by Pit > 1,(q); = p-

Set
Al 740
Ury, = ——" ", (6.30)
||A2. 74l
By (6.28), the distribution function of ®7; is equal to
Fric(h) = P{®ry; <h} = P{-Ur Vir + V74, < H}, (6.31)

where H = H(h) = h/||A274<||.
Introduce the sets

oy = {Z :Brz<br,ze 5)%’"},

® = 0(h) ={Z:zn41 < Upy,z+ H() = LU (2.h).2 € R},

h
H(h) = , (6.32)
|| A2, 74|l
and
wo=1{Z:Brz <br,ze R",Zc R},
w ={Z:Brz<br,zeRN", Ze®"™), i=1m,
wijzwiﬂwj, (i,j)G‘Ijz, |\I’2| :anv
wjk = w; Nw; Ny, (0, j,k) e V3, [V3] = Cn31,...,
wiom ={Z :Brz <b,z e R, Z c X"}, (6.33)
wherez=[z1 ... zu]  Z=1[2 zm+1]’, |¥:|,i=2,3,..., is the number of elements

in ¥;, and C,j'q, I = 2,3,...1s the number of combinations from m elements in i .
In (6.32) and further the indexes of the linear function L;(-) denote the following:
i is the number of the variable, which is determined by this function,i <m + 1; j
is the number of the function (the numeration is done inside the variable), the upper
index m is determined by the number of constraints in the estimation problem.
Set

w, =w, NOdNDy,i = l,m;@j :w,-jﬂfbﬂd)o,(i,j) € \Pz;aijk
Iwijkﬂq)ﬂq)o,(i,j,k) E\Ilg,;...,
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According to (6.31), the distribution function of ®7 4, can be written in this notation
as follows:

m

Fric(h) =) ¢i(@dz+ Y pij(2)dz

i=0 720 (i.j)ew Y €i

+Z/

(i.jk)ews ¥ 7€

(e 4+ / bom(@dz,  (6.34)

Z€D12..m

where ¢ (2).1 = 0,m:;¢;(2), (i, J) € W21 dy(2), (i, j. k) € V3., d12.m(2) are,
respectively, the densities of probability distributions supported in the sets w;,i =
0, m;@j, (i, j) € \I—’z;aijk, (i, ],k) € lI—’3; D12 m-

Making orthogonal transformations of the space of regression parameters,
described in Sect.4.6.2, one can calculate Fry.(h) using (6.34) for m < 3 and
arbitrary dimension n of the regression parameter.

6.2.2 Calculation of Confidence Intervals for Prediction

Suppose that v is the (assigned) probability with which the confidence interval
covers yrir, i.e., v = Pl{lg(v)) < Or4; < lo(vz)}, where ®r 4, is determined

in (6.31), lg(v;) and lg(v,) are the quantiles of orders, respectively, v; and v,,
related to ®74 ., and let v = v; — v,. Assume that the probabilities v, and v, (and,
consequently, the quantiles /g(v;) and /g (v;)) are unknown.

Taking into account (6.15), the confidence interval for yr 4. is of the form

Vi F07lo) < yroe < ¥7p, +07le(v2). (6.35)
In the particular case when there are no constraints, we obtain from (6.35) and (6.29)
lo(v1) = =t ()1 +X74.R7'x74) "% lo(v2) = 1,(Q) (1 +X 74 R7'x740) /2.
Moreover, we get vy = p/2,v, =1 —(p/2),v=1— p.

In the general case one can find the values /1o(v;) and le(vy) in (6.35) by
solving the problem

le(v2) — lg(v1) — min,
Fri(le(v2)) — Fr4:(le(v1)) = v,

lo(v2) = lo(v1),

where the distribution function Fr4.(h) of ®74. is given by (6.31).
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The above algorithms are implemented (using Mathcad) when the number
of constraints m is 1 or 2. Calculations for the real data and computer
simulations show that in case of inequality constraints the prediction error is

smaller and the confidence interval is more accurate (see Korkhin and Minakova
2009).
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this section is based on the method of linearization (Pshenichnyi 1983).
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The results of Sect.2.1 concerning general approaches of finding consistent esti-
mates in nonlinear non-parametric regression models are presented in the papers
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the theory of asymptotical estimation proved in Le Cam (1953), Huber (1867),
Jennrich (1969), Pfanzagl (1969), and Dorogovtsev (1982). The results stated in
Sects. 2.2-2.4 on the limit distribution of a multi-dimension regression parameter
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in Korkhin (1985). In Sect. 2.3, this method of obtaining limit distributions was
adopted to the case of non-convex constrains, and in Sect.2.4, to the case of
constraint-inequalities. Section 2.5 is based on the results proved in Korkhin (2009).
Limit distribution of the estimate of the non-linear regression parameter under
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Section 3.1 is based on the results proved in Knopov (1997a—c, 1998) and Knopov
and Kasitskaya (1995, 1999, 2002). The general approach for investigation of
consistency of estimates is presented in Hampel et al. (1986), Huber (1967, 1981),
Chiang Tse-pei (1959), Dorogovtsev (1975, 1976, 1982, 1992), Jennrich (1969),
Pfanzagl (1969), Dzhaparidze and Sieders (1987), Ibramhalilov and Skorokhod
(1980), Ivanov and Leonenko (1989), Knopov (1980), Grenander (1950), Heble
(1961), Ibragimov and Has’minskii (1981), Ibragimov and Linnik (1971), Wald
(1949), Walker (1973), Prakasa Rao (1987), Yadrenko (1980), Zwanzig (1997)
and others. Section 3.2 is devoted to consistency conditions for regression mod-
els for long memory systems. This section is based on the results proved in
Ivanov and Leonenko (2001, 2002) and Moldavskaya (2002). In Sect.3.3, we
present some results concerning the method of empirical means in stochastic
optimization problems. We quote some results from Dupacova and Wets (1986)
and Norkin (1989, 1992). Section3.4 is devoted to asymptotic distributions of
estimates obtained by the method of empirical means for systems with weak or
strong dependence. This section is based on Ivanov and Leonenko (2001, 2002),
Knopov (1976a—c, 1981, 1997a), Knopov and Kasitskaya (1989a, b, 1999, 2002)
and Moldavskaya (2007). In Sect. 3.5, we present some results on large devia-
tions for estimates obtained by the method of empirical means for, in general,
independent variables. Presented results are taken from Knopov and Kasitskaya
(2004, 2005, 2010).

Chapter 4

Sections 4.2—4.3 are devoted to the construction of the truncated estimate of the
matrix of m.s.e. of the estimate of multi-dimensional regression parameter. In such
a construction inactive constraints are not taken into account. Another approach
(which takes into account all constraints) is considered in Sects.4.4-4.7. This
chapter is based on the results obtained in Korkhin (1994, 1998, 2002a, 2005,
20064, b, 2009).

Chapter 5

Asymptotic properties of iterative estimates of regression parameters in nonlinear
regression with and without constraints are investigated, in Sects.5.1 and 5.2,
respectively. The results of this chapter are based on Korkhin (2002b, c).
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Section 6.1 is devoted to interval prediction under known distribution function of the
prediction error. In Sect. 6.2 interval prediction is constructed in the case when the
noise dispersion is unknown. The results of this chapter rely on Korkhin (2002a—d).
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